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FOREWORD

016(E)

ISO (the International Organization for Standardization) and IEC (the International Electrotechnical
Commission) form the specialized system for worldwide standardization. National bodies that are
members of ISO or [EC participate in the development of International Standards through technical
committees established by the respective organization to deal with particular fields of technical
activity. ISO and IEC technical committees collaborate in fields of mutual interest. Other
international organizations, governmental and non-governmental, in liaison with ISO and IEC, also
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The pro

Cedures used to develop this document and those intended for its furtherphainten

describdd in the ISO/IEC Directives, Part 1. In particular the different approval criteria ne|

the diffe

rent types of document should be noted. This document was drafted.in)accordance

editorial rules of the ISO/IEC Directives, Part 2 (see www.iso.org/directives).

Attentio

h is drawn to the possibility that some of the elements of thiss\document may be th

of pategt rights. ISO and IEC shall not be held responsible for identifying any or all suc

rights.

etails of any patent rights identified during the development of the document will

Introdugtion and/or on the ISO list of patent declarations received (see www.iso.org/patent]

d a joint

hnce are
eded for
with the

e subject
h patent
be in the

5).

Any trade name used in this document is information.given for the convenience of users 3
not congftitute an endorsement.

For an ¢xplanation on the meaning of ISO spetific terms and expressions related to co

assessm
Barriers

ent, as well as information about ISQ’s adherence to the WTO principles in the T
to Trade (TBT), see the following URL: Foreword — Supplementary information.

ISO/IEC| 40314 was prepared by W3€ and was adopted, under the PAS procedure,
Technicgl Committee ISO/IEC JTCy1, Information technology, in parallel with its app
national|bodies of ISO and IEC.

nd does

nformity
echnical

by Joint
roval by

© ISO/IEC 2016 - All rights reserved

iii


http://www.iso.org/patents
https://iecnorm.com/api/?name=b1f67f221c3e9728efa6b4f62cc7373f

ISO/IEC 40314:2016(E)

Contents
1 [Introduction 9
1.1  Mathematics and its Notation . . . . . . . ... ... ... ... .......... 9
1.2 Originsand Goals . . . . . . . . .. .. N 10
1.2.1 Design Goalsof MathML . . . . ... ... ... ... .. ... /5N ... 10
1.3 Overview . . . ... . e N 11
1.4 AFirstExample . . . . . . . ... s D 11
2 |MathML Fundamentals 14
2.1 MathML Syntax and Grammar . . . . . . ... ... ... &5 L. 14
2.1.1 General Considerations . . . . . . . ... ... ..N" ... 14
2.1.2  MathML and Namespaces . . . ... ... .. O ... ... ... ..... 14
2.1.3  Children versus Arguments . . . . . . . . ~% ... ... 15
2.1.4 MathML and Rendering . . . . ... . < ... . .. 15
2.1.5 MathML Attribute Values . . . . . .M . . o . o L 15
2.1.6  Attributes Shared by all MathML Elements . . . . . .. ... ... ... ... 20
2.1.7 Collapsing Whitespace in Input\s=> . . . . . . . .. Lo 21
2.2 The Top-Level <math> Element . ..\ .. . . . . ... ... ... ... ..., 22
22.1 Attributes . . ... s oo 22
2.2.2  Deprecated Attributes__ . . . . . L. L 24
2.3 Conformance . . . . . . N7 . 24
23.1 MathML Conformance . . . . . . . . . .. ... ... 24
2.3.2 Handlingof Ergors . . . . . . . . ... 27
2.3.3 Attributes for unspecifieddata . . . . ... ... Lo 27
3 |Presentation Markup 28
3.1 Introduction™. . . . . . ... e 28
3.1.1,) What Presentation Elements Represent . . . . . .. .. ... ... .. .... 28
3.1(2) " Terminology Used In This Chapter . . . . . . .. .. ... ... ... ..... 29
313 Required Arguments . . . . ..o Lo 30
3.1.4 FElements with Special Behaviors . . . . . .. . ... ... .. ... ... .. 31
315 Directionality 32
3.1.6  Displaystyle and Scriptlevel . . . . ... .. ... ... 0. 33
3.1.7 Linebreaking of Expressions . . . . . . . . . ... ... .. 34
3.1.8  Warning about fine-tuning of presentation . . . . . ... ... ... ... ... 35
3.1.9 Summary of Presentation Elements . . . . . ... ... ... ......... 37
3.1.10 Mathematics style attributes common to presentation elements . . . . . . . . . 38
32 TokenElements . . . . . . . . . ... 38
3.2.1 Token Element Content Characters, <mglyph/>. . . . . . . . ... ... ... 39
3.2.2 Mathematics style attributes common to token elements . . . . . . ... ... 41
3.2.3 Identifier <mi> . . . . .. L 45
4

© ISO/IEC 2016 — All rights reserved


https://iecnorm.com/api/?name=b1f67f221c3e9728efa6b4f62cc7373f

ISO/IEC 40314:2016(E)

CONTENTS 3
3224 Number <mn> . . . . . .. L 46

3.2.5 Operator, Fence, Separator or Accent <mo> . . . . . . . . .. ... ...... 47

32.6 Text<mtexXxt> . . . . . . . . 60

327 Space <mSPACEe/> . . . i i e e e e e e e e 62

3.2.8 String Literal <ms> . . . . . . . ... 64

3.3 General Layout Schemata . . . . . . . . ... ... 64
3.3.1 Horizontally Group Sub-Expressions <mrow> . . . . . . ... ... ...... 64

3.3.2 Fractions <mfrac> . . . . . .. ... 67

3.3.3 Radicals <msqrt>, <mroot> . . . . . ... L. 69
334 Style Change <mstyle> . . . . . - - - - - - - - - - - - - -~ 69

3.3.5 Error Message <merror> . . . . . . .. ... N 72

3.3.6  Adjust Space Around Content <mpadded>. . . . . . . ... ... ...¢ON . 73

3.3.7 Making Sub-Expressions Invisible <mphantom> . . . . .. ... ... .. 78

3.3.8 Expression Inside Pair of Fences <mfenced> . . .. ... ... .0.% .. .. 80

3.3.9 Enclose Expression Inside Notation <menclose> . . . . . . . a32) . . . . .. 83

3.4 Scriptand Limit Schemata . . . . . . . ... .. ... 85
34.1 Subscript<msub> . . . ... ... WS 86

3.4.2  Superscript <msup> . . . . .. ..o 0N 87

3.4.3  Subscript-superscript Pair <msubsup> . . . . .. .. Lo oo 87

3.4.4 Underscript <munder> . . . . . . . . ... LS Lo 88

345 Overscript<mover> . . . ... ... ... {07 o oo 89

3.4.6  Underscript-overscript Pair <munderover> ). . . . . . ... ... ... ... 91

3.47 Prescripts and Tensor Indices <mmultiscripts>, <mprescripts/>, <none/> |93

35 TabularMath . . . . . . . . ... 95
3.5.1 Table or Matrix <mtable> . . . &, . . . . . . ... 95

3.5.2 RowinTable or Matrix <mtr>%>. . . . . . . ... Lo 99

3.5.3 Labeled Row in Table or Mafrix <mlabeledtr> . . .. ... .. ... .... 99

3.54 Entryin Table or Matrix €mtd> . . . . . . ... .. ... ... 101

3.5.5 Alignment Markers <mlaligngroup/>, <malignmark/> . . . . ... ... .. 101

3.6 Elementary Math . . . Nl . . . . . L | 10
3.6.1 Stacks of Charasters <mstack> . . . ... ... ... ... ... ... 111

3.6.2 Long Division<mlongdiv> . . . . . .. .. ... ... ... 113

3.6.3  Group Rows with Similiar Positions <msgroup> . . ... ... ........ | 14

3.6.4 Rowgin Elementary Math <msrow> . . . . . . . .. ... ... ... ..... 115

3.6.5 Carriés, Borrows, and Crossouts <mscarries> . . . . . . . . . . . . . . . .. 115

3.6.6 _SA\Single Carry <mscarry> . . . . ... oo e e 116

3.64R% Horizontal Line <msline/> . . . . . . . . . . . ... . 117

3.6.8" FElementary Math Examples . . . . . .. ... ... ... ... ... ..... | 18

3.7 \Bnlivening Expressions . . . . . . . . .. ... L e 1 24
3.7.1 Bind Action to Sub-Expression <maction> . . . . . .. ... ... ... ... 1 24

3.8 Semantics and Presentation . . . . . . .. ... oL oL 126
4 Content Markup 127
4.1 Introduction . . . . . . . . .. e 127
4.1.1 The Intent of Content Markup . . . . . ... ... ... ... ... ...... 127

4.1.2  The Structure and Scope of Content MathML Expressions . . . . . . ... .. 128

4.13 StrictContent MathML . . . . . . . .. ... L o 128

4.1.4 Content Dictionaries . . . . . . . . . . ... 129

4.1.5 Content MathML Concepts . . . . . . . . . . . .. . 130

4.2 Content MathML Elements Encoding Expression Structure . . . . . . . . ... .. .. 131

© ISO/IEC 2016 — All rights reserved


https://iecnorm.com/api/?name=b1f67f221c3e9728efa6b4f62cc7373f

ISO/IEC 40314:2016(E)

6 CONTENTS
4.2.1 Numbers <cn> . . . . ...l 132

422 Content Identifiers <ci> . . . . . . .. ... Lo 138

4.2.3 Content Symbols <csymbol> . . . ... ... ... ... ... . 140

424 String Literals <cs> . . . . . . ... 142

4.2.5 Function Application <apply>. . . . . . . . . . ... ... ... ... .. 143

4.2.6 Bindings and Bound Variables <bind> and <bvar>. . ... ... ... .. .. 146

4277 Structure Sharing <share>. . . . . . . . . . . ... 148

4.2.8 Attribution viasemantics . . . . ... Lo 150

429 Error Markup <cerror> . . . . . . .. ... 151
47210 Encoded Bytes <cbytes> . . . - - - - - - - - - - - - - ... .. ... . 152

4.3 Content MathML for Specific Structures . . . . . . . . . . .. ... ... . NS 152
43.1 ContainerMarkup . . . . .. .. ... O 153

4.3.2 Bindings with <apply> . . . .. . ... oo e 1 54

433 Qualifiers . . . . . ... O 156

4.3.4 Operator Classes . . . . . . . . oo v v i it e A 162

4.3.5 Non-strict Attributes . . . . . . . ..o (e 169

4.4 Content MathML for Specific Operators and Constants . . . . . &, . . ... .. .. 170
4.4.1 FunctionsandInverses . . . . .. ... ... ... 0N 170

4.4.2  Arithmetic, Algebraand Logic . . . . . .. ... .. .. ... ... .... | 80

443 Relations . . . .. ..o D00

444 Calculus and Vector Calculus . . . . . . . &, 7. oo D05

445 TheoryofSets . ... ... ... ... 80 ... .. D24

4.4.6 Sequencesand Series . . . . . . ... N D33

4477 Elementary classical functions . . ¢« ). . . . . . ... ... D43

448 Statistics . . ... oo Dy e e e e e e e DAT

449 Linear Algebra . . . . . . . X0 . . D53
4.4.10 Constant and Symbol Elemefits . . . . . . . .. ... ... ... ... ... . D60

4.5 Deprecated Content Elements . .\W" . . . . . . . .. . Lo D68
45.1 Declare <declare> (). . .« v v v i it e e D68

452 Relation<reln> sl . . . . . ... D68

4.5.3 Relation <fn>SN7. . oL oL D68

4.6 The Strict Content MathML Transformation . . . . . . . . ... ... ... ...... D68
5 |Mixing Markup Languages for Mathematical Expressions P72
5.1 AnnotationlFramework . . . . . . . . . ... D72
5.1.1 <Amotationelements . . . . . ... ... ... D72
S5.1,20Annotation keys . . . ... Lo D73

5437 Alternate representations . . . . . . .. ..o u .o e D74

51.4 Contentequivalents . . . . . . . ... ..o D75

5.1.5 Annotationreferences . . . . . . . . ... D76

5.2 Elements for Semantic Annotations . . . . . . ... .. Lo Lo L. 76
5.2.1 The<semantics>element. . . . . . . . ... ... ... ... 276

5.2.2 The <annotation>element . . . . . . . . . . ... ... ... ... ... 277

5.2.3 The <annotation-xml>element . . . . . . . ... ... ... ........ 278

5.3 Combining Presentation and Content Markup . . . . . ... ... .. ... ...... 281
5.3.1 Presentation Markup in Content Markup . . . . . .. .. ... ... .. .... 281

5.3.2 Content Markup in Presentation Markup . . . . . . . .. ... ... ... ... 282

54 Parallel Markup . . . . . . 282
5.4.1 Top-level Parallel Markup . . . . .. ... ... .. ... ... ... .. ... 282

5.4.2 Parallel Markup via Cross-References . . . . . . .. ... ... ... ..... 283

© ISO/IEC 2016 — All rights reserved


https://iecnorm.com/api/?name=b1f67f221c3e9728efa6b4f62cc7373f

ISO/IEC 40314:2016(E)

CONTENTS 7
6 Interactions with the Host Environment 286
6.1 Introduction . . . . . . . . . L 286
6.2 Invoking MathML Processors . . . . . . . . . . . . .. ... 286
6.2.1 RecognizingMathMLin XML . . . . . ... ... ... ... ... ... 286

6.2.2 Recognizing MathML inHTML . . . . . ... ... ... ... ... ... 287

6.2.3 Resource Types for MathML Documents . . . . . . ... ... ........ 287

6.2.4 Names of MathML Encodings . . . . . . . ... .. ... ... .. .. .... 287

6.3 Transferring MathML . . . . . . . . ... 288
6.3.1 Basic Transfer Flavor Names and Contents . . . . . .. ... ... ...... 288

6.3.2 Recommended Behaviors when Iransterring . . . - - - - - - - - - - - - - - . D89

6.3.3  Discussion . . . ... e D89

6.34 Examples . . . . .. L e O P90

6.4 Combining MathML and Other Formats . . . . . . .. ... ... et . D92
6.4.1 Mixing MathML and XHTML . . . . . .. ... ... ... . .%o .. D94

6.4.2 Mixing MathML and non-XML contexts . . . . . . .. ... a5 ... ... D94

6.4.3 Mixing MathML and HTML . . . . . . . . ... . .. (... DO4

644 Linking . . . ... ... S DIO5

6.4.5 MathML and Graphical Markup . . . . . . ... ... . L. D96

6.5 UsingCSSwithMathML . . . . .. ... ........ ... ... ... ...... DO7
6.5.1 Order of processing attributes versus style sheets & . . . . . . ... ... ... D98

7 |Characters, Entities and Fonts P99
7.1 Introduction . . . . . ... ... ... L e D99
7.2 Unicode Character Data . . . . . . . . . . NN ..o D99
7.3 Entity Declarations . . . . . . . . ... 4t L B00
7.4 Special Characters Notin Unicode . > . . . . .. . . ... ... ... . B00
7.5 Mathematical Alphanumeric Symbolss . . . . . . . .. ... B00
7.6 Non-Marking Characters . . . .~ . . . ..o L B03
7.7 Anomalous Mathematical Characters . . . . . . . . . .. ... ... ... ....... B03
7.7.1 Keyboard Characters™. . . . . . . . . . .. . . L B03

7.77.2  Pseudo-scriptssald . . . L. B04

7.7.3 Combining Chdracters . . . . . . . . . . .. ... BO6

A [Parsing MathML 308
A.1 Use of MathME as Well-Formed XML . . . . . .. ... ... ... ... .. ..... B08
A.2 Using the'RelaxNG Schema for MathML3 . . . . . . . ... ... .. ... .. .... B08
A2 K AFullMathML . . . . . . ... B09
A:2.2) Elements Common to Presentation and Content MathML . . . . . . .. .. .. B09
Av2.3  The Grammar for Presentation MathML . . . . . .. ... ... ... ... .. B11
A.2.4 The Grammar for Strict Content MathML3 . . . . . .. ... ... ... ... 323
A2 55— The Grammmar for ComtemtMathtMtE——————"——"——"————————————————————————————— 325
A.2.6 MathML as a module in a RelaxXNG Schema . . . . ... ... ... ... .. 332

A3 Usingthe MathML DTD . . . . . . . . ... .. 333
A.3.1 Document Validation Issues . . . . .. ... .. ... ... ... ... .... 333
A.3.2 Attribute values in the MathML DTD . . . . ... ... ... ... ... ... 333
A.3.3 DOCTYPE declaration for MathML . . . . . ... ... ... ... ... ... 334

A.4 Using the MathML XML Schema . . . . . ... ... ... ... ... .. ..... 334
A.4.1 Associating the MathML schema with MathML fragments . . . . . . ... .. 334

A5 Parsing MathML in XHTML . . . . . . . ... ... 334
A.6 Parsing MathML in HTML . . . . . . . ... ... ... .. . 334

© ISO/IEC 2016 — All rights reserved


https://iecnorm.com/api/?name=b1f67f221c3e9728efa6b4f62cc7373f

ISO/IEC 40314:2016(E)

8 CONTENTS
B Media Types Registrations 335
B.1 Selection of Media Types for MathML Instances . . . . . . ... ... ... ..... 335
B.2 Media type for Generic MathML . . . . . . . ... ... oL 336
B.3 Media type for Presentation MathML . . . . . .. ... ... o000 337
B.4 Media type for Content MathML . . . . . . ... ... . ... ... ... 338
C Operator Dictionary (Non-Normative) 340
C.1 Indexing of the operator dictionary . . . . . . . . ... ... ... ... ... .... 340
C.2 Format of operator dictionary entries . . . . . . . . . . . .. it 340
C.3 I\VTUt\zD UII 191.1(1\.40 aud LDPG\JC Clttl ;butbb ......................... ?’41
C.4 Operator dictionary entries . . . . . . . . . . ..o v v v i e p Y B41
D [Glossary (Non-Normative) 379
E [Working Group Membership and Acknowledgments (Non-Normative) 383
E.1 The Math Working Group Membership . . . . . .. ... ... ... D% .. ..... B83
E.2 Acknowledgments . . . .. ... ... ... ... . ... 0N B8O
F [Changes (Non-Normative) 387
F.1 Changes between MathML 3.0 First Edition and Second Edition . . . . ... ... .. B87
F.2 Changes between MathML 2.0 Second Edition and MathML 3.0 . . . . ... ... .. 390
G |Normative References 391
H |References (Non-Normative) 393
I [Index (Non-Normative) 395
[.L1  MathML Elements . . . . . . . . & . o o B95
1.2 MathML Attributes . . . . . . oS0 o000 0 100

© ISO/IEC 2016 — All rights reserved


https://iecnorm.com/api/?name=b1f67f221c3e9728efa6b4f62cc7373f

ISO/IEC 40314:2016(E)

Chapter 1

Introduction

1.1 Mathematics and its Notation

A distinguishing feature of mathematics is the use of a complex and highly evolged’system of tpvo-
dimjensional symbolic notation. As J. R. Pierce writes in his book on communieation theory, mfth-
emitics and its notation should not be viewed as one and the same thing [Rieree1961]. Mathematjcal
idegs can exist independently of the notation that represents them. However) the relation between mgan-
ing|and notation is subtle, and part of the power of mathematics to describe and analyze derives ffom
its pbility to represent and manipulate ideas in symbolic form. The challenge before a Mathematjcal
Matkup Language (MathML) in enabling mathematics on the Wotld Wide Web is to capture both |no-
tatipn and content (that is, its meaning) in such a way that.documents can utilize the highly evoljved
notption of written and printed mathematics as well as théuew potential for interconnectivity in ejec-
troic media.

Mathematical notation evolves constantly as peoplé’continue to innovate in ways of approaching pnd
expressing ideas. Even the common notation of\arithmetic has gone through an amazing variety of
styles, including many defunct ones advocated-by leading mathematical figures of their day [Cajori1$28].
Modern mathematical notation is the product of centuries of refinement, and the notational conventijons
for jhigh-quality typesetting are quite ¢gmplicated and subtle. For example, variables and letters whjich
stapd for numbers are usually typesét today in a special mathematical italic font subtly distinct ffom
thelusual text italic; this seems to-have been introduced in Europe in the late sixteenth century. Spading
aropind symbols for operations such as +, -, X and / is slightly different from that of text, to reflect don-
ventions about operator precedence that have evolved over centuries. Entire books have been devotef to
the[conventions of mathematical typesetting, from the alignment of superscripts and subscripts, to rjiles
for |choosing parenthesis sizes, and on to specialized notational practices for subfields of mathemaJ:cs.
The¢ manuals deseribing the nuances of present-day computer typesetting and composition systems fcan
run|to hundreds‘of pages.

Nofational 'conventions in mathematics, and in printed text in general, guide the eye and make prif
expres$sions much easier to read and understand. Though we usually take them for granted, we, as
ern : . B : .

and even the device of decimal-like numbering of sections such as is used in this document. Such nota-
tional conventions are perhaps even more important for electronic media, where one must contend with
the difficulties of on-screen reading. Appropriate standards coupled with computers enable a broaden-
ing of access to mathematics beyond the world of print. The markup methods for mathematics in use
just before the Web rose to prominence importantly included TgX (also written TeX) [Knuth1986] and
approaches based on SGML ([AAP-math], [Poppelier1992] and [ISO-12083]).

It is remarkable how widespread the current conventions of mathematical notation have become. The
general two-dimensional layout, and most of the same symbols, are used in all modern mathematical
communications, whether the participants are, say, European, writing left-to-right, or Middle-Eastern,
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10 Chapter 1. Introduction

writing right-to-left. Of course, conventions for the symbols used, particularly those naming functions
and variables, may tend to favor a local language and script. The largest variation from the most com-
mon is a form used in some Arabic-speaking communities which lays out the entire mathematical
notation from right-to-left, roughly in mirror image of the European tradition.

However, there is more to putting mathematics on the Web than merely finding ways of displaying
traditional mathematical notation in a Web browser. The Web represents a fundamental change in the
underlying metaphor for knowledge storage, a change in which interconnection plays a central role.
It has become important to find ways of communicating mathematics which facilitate automatic pro-
cessing, searching and indexing, and reuse in other mathematical applications and contexts, With this
adviance in communication technology, there is an opportunity to expand our ability to represeit,|en-
code, and ultimately to communicate our mathematical insights and understanding with eachcother.[We
belfeve that MathML as specified below is an important step in developing mathematics on the Web.

1.2 Origins and Goals

1.211 Design Goals of MathML

MafhML has been designed from the beginning with the following ulfimate goals in mind.
MathML should ideally:

Encode mathematical material suitable for all edu¢ational and scientific communication
Encode both mathematical notation and mathemdtical meaning.

Facilitate conversion to and from other mathématical formats, both presentational and|se-
mantic. Output formats should include:

—  graphical displays

—  speech synthesizers

—  input for computer algebras§¥stems

—  other mathematics typesetting languages, such as TgX
—  plain text displays,.e.2.*VT100 emulators

- international print'miedia, including braille

It is recognized that.conversion to and from other notational systems or media may erftail
loss of information in the process.

Allow the passing of information intended for specific renderers and applications.
Support efficient browsing of lengthy expressions.

Provide fot extensibility.

Bewéll suited to templates and other common techniques for editing formulas.
Be-legible to humans, and simple for software to generate and process.

No|matterhow successfully MathML achieves its goals as a markup language, it is clear that MathML
is ysetwd only if it is implemented well. The W3C Math Working Group has identified a short list of
additional implementation goals. These goals attempt to describe concisely the minimal functionality
MathML rendering and processing software should try to provide.

° MathML expressions in HTML (and XHTML) pages should render properly in popular Web
browsers, in accordance with reader and author viewing preferences, and at the highest qual-
ity possible given the capabilities of the platform.

° HTML (and XHTML) documents containing MathML expressions should print properly and
at high-quality printer resolutions.
° MathML expressions in Web pages should be able to react to user gestures, such those as

with a mouse, and to coordinate communication with other applications through the browser.
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1.3. Overview 11

° Mathematical expression editors and converters should be developed to facilitate the creation
of Web pages containing MathML expressions.

The extent to which these goals are ultimately met depends on the cooperation and support of browser
vendors and other developers. The W3C Math Working Group has continued to work with other work-
ing groups of the W3C, and outside the W3C, to ensure that the needs of the scientific community will
be met. MathML 2 and its implementations showed considerable progress in this area over the situation
that obtained at the time of the MathML 1.0 Recommendation (April 1998) [MathML1]. MathML3
and the developing Web are expected to allow much more.

1.3 Overview

MafthML is a markup language for describing mathematics. It is usually expressed in XML synfax,
altjough HTML and other syntaxes are possible. A special aspect of MathML is_that ‘there are fwo
main strains of markup: Presentation markup, discussed in Chapter 3, is used to display mathematjcal
expressions; and Content markup, discussed in Chapter 4, is used to convey(mathematical meanjng.
Content markup is specified in particular detail. This specification makes usef an XML format cajled
Content Dictionaries This format has been developed by the OpenMath $ogiety, [OpenMath2004] with
the|dictionaries being used by this specification involving joint development by the OpenMath Socjety
and the W3C Math Working Group.

Furldamentals common to both strains of markup are coveredin Chapter 2, while the means for c¢m-
bin|ng these strains, as well as external markup, into singleMathML objects are discussed in Chaptdr 5.
How MathML interacts with applications is covered in Chapter 6. Finally, a discussion of special sym-
bolf, and issues regarding characters, entities and fonts; is given in Chapter 7.

1.4 A First Example

Thq¢ quadratic formula provides a simple’but instructive illustration of MathML markup.

_ —b+ Vb —4dac
B 20

X

MathML offers twoflavors of markup of this formula. The first is the style which emphasizes the acfual
prepentation of\dformula, the two-dimensional layout in which the symbols are arranged. An exanjple
of this type‘is-given just below. The second flavor emphasizes the mathematical content and an exanlple
of ] follows the first one.

owW>
<mi>x</mi>
<mo>=</mo>
<mfrac>

<m

<mrow>
<mrow>
<mo>-</mo>
<mi>b</mi>
</mrow>
<mo>&PlusMinus;</mo>
<msqrt>
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<mrow>

<msup>
<mi>b</mi>
<mn>2</mn>

</msup>

<mo>-</mo>

<mrow>
<mn>4</mn>
<mo>&InvisibleTimes ;</mo>
<mi>a</mi>
<mo>&InvisibleTimes;</mo>
<mi>c</mi>

</mrow>

</mrow>
</msqrt>
</mrow>
<mrow>
<mn>2</mn>
<mo>&InvisibleTimes;</mo>
<mi>a</mi>
</mrow>
4/mfrac>
</nrow>

of 3 superscript in other situations depends on the €ontext. A letter with a superscript can be usedl to
signify a particular component of a vector, or maybe the superscript just labels a different type of sgme
strycture. Similarly two letters written one just after the other could signify two variables multip|ied
toggther, as they do in the quadratic formula, or they could be two letters making up the name of a sijgle
var|able. What is called Content Marktip in MathML allows closer specification of the mathematjcal
megning of many common formulasiThe quadratic formula given in this style of markup is as follgws.

CO{SidCI‘ the superscript 2 in this formula. It represents’the squaring operation here, but the mearing

<apply>

deq/>

4ci>x</ci>

{apply>

<divide/>

<apply>
<plus/>
fapply>

<minus/>

e>b<Fet
</apply>
<apply>
<root/>
<apply>
<minus/>
<apply>
<power/>
<ci>b</ci>
<cn>2</cn>
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</apply>
<apply>
<times/>
<cn>4</cn>
<ci>a</ci>
<ci>c</ci>
</app1y>
</app1y>
</apply>
</apply~>
<apply>
<times/>
<cn>2</cn>
<ci>a</ci>
</apply>
{/apply>
</4pply>
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Chapter 2

MathML Fundamentals

2.1 MathML Syntax and Grammar
2.1/1 General Considerations

Thg basic ‘syntax’ of MathML is defined using XML syntax, but other syntaxe$ that can encode labgled
tregs are possible. Notably the HTML parser may also be used with MathiVilZ. Upon this, we laygr a
‘grammar’, being the rules for allowed elements, the order in which_they'can appear, and how they
may be contained within each other, as well as additional syntactic*tules for the values of attributes.
Thgse rules are defined by this specification, and formalized by RelaxNG schema [RELAX-NG].
Th¢ RelaxNG Schema is normative, but a DTD (Document Type Definition) and an XML Sch¢ma
[XMLSchemas] are provided for continuity (they were nopmative for MathML2). See Appendix A

MathML’s character set consists of legal characters as specified by Unicode [Unicode], further restri¢ted
by the characters not allowed in XML. The use of Unicode characters for mathematics is discussefl in
Chapter 7.

The following sections discuss the general @spects of the MathML grammar as well as describe|the
syntaxes used for attribute values.

2.1)2 MathML and Namespaces

An| XML namespace [Namespaces] is a collection of names identified by a URI. The URI for|the
MathML namespace is:

ht{p://wuw.w3.ong/,t998/Math/MathML

To fleclare a namespace when using the XML serialisation of MathML, one uses an xm1ns attributg, or
an attribute with’an xm1ns prefix. When the xmlns attribute is used alone, it sets the default namespace
for|the element on which it appears, and for any child elements. For example:

<mgtly xmlns="http://wuw.w3.org/1998/Math/MathML">
<mgow. ..</mrow>
</math>

When the xmlns attribute is used as a prefix, it declares a prefix which can then be used to explicitly
associate other elements and attributes with a particular namespace. When embedding MathML within
XHTML, one might use:

<body xmlns:m="http://www.w3.org/1998/Math/MathML">
<m:math><m:mrow>...</m:mrow></m:math>

</body>

14

© ISO/IEC 2016 — All rights reserved


https://iecnorm.com/api/?name=b1f67f221c3e9728efa6b4f62cc7373f

ISO/IEC 40314:2016(E)

2.1. MathML Syntax and Grammar 15

HTML does not support namespace extensibility in the same way, the HTML parser has in-built
knowledge of the HTML, SVG and MathML namespaces. xmlns attributes are just treated as nor-
mal attributes. Thus when using the HTML serialisation of MathML, prefixed element names must not
be used. xmlns="http://wuw.w3.0rg/1998/Math/MathML" may be used on the math element,
it will be ignored by the HTML parser, which always places math elements and its descendents in
the MathML namespace (other than special rules described in Appendix Afor invalid input, and for
annotation-xml. If a MathML expression is likely to be in contexts where it may be parsed by an
XML parser or an HTML parser, it SHOULD use the following form to ensure maximum compatibility:

<math xmlns="http://www.w3.org/1998/Math/MathML">

</math>

2.143 Children versus Arguments

Most MathML elements act as ‘containers’; such an element’s children are not distingtiished from ejach
other except as individual members of the list of children. Commonly there is no limit imposed on|the
nurpber of children an element may have. This is the case for most presentation elements and sqme
conjtent elements such as set. But many MathML elements require a-specific number of childfen,
or gttach a particular meaning to children in certain positions. Such(elements are best consideredl to
repfesent constructors of mathematical objects, and hence thouglit of as functions of their childfen.
Thgrefore children of such a MathML element will often be referred to as its arguments instead of
mefely as children. Examples of this can be found, say, in Section 3.1.3.

Thgre are presentation elements that conceptually accept.only a single argument, but which for don-
venfience have been written to accept any number of ¢hildren; then we infer an mrow containing those
children which acts as the argument to the element.itvquestion; see Section 3.1.3.1.

In the detailed discussions of element syntax_given with each element throughout the MathML spec-
ificption, the correspondence of children with’ arguments, the number of arguments required and their
ordpr, as well as other constraints on the content, are specified. This information is also tabulated|for
the|presentation elements in Section 3.1.3.

2.14 MathML and Rendering

MathML presentation eléments only recommend (i.e., do not require) specific ways of rendering; fhis
is if order to allow for medium-dependent rendering and for individual preferences of style.

Neyertheless, some ‘parts of this specification describe these recommended visual rendering rulep in
detjil; in those descriptions it is often assumed that the model of rendering used supports the concgpts
of & well-defined ’current rendering environment’ which, in particular, specifies a ’current fonf, a
“cufrent(display’ (for pixel size) and a ’current baseline’. The ’current font’ provides certain mdtric
propetti€s and an encoding of glyphs.

2.1.5 MathML Attribute Values

MathML elements take attributes with values that further specialize the meaning or effect of the ele-
ment. Attribute names are shown in a monospaced font throughout this document. The meanings of
attributes and their allowed values are described within the specification of each element. The syntax
notation explained in this section is used in specifying allowed values.

Except when explicitly forbidden by the specification for an attribute, MathML attribute values may
contain any legal characters specified by the XML recommendation. See Chapter 7 for further clarifi-
cation.
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Chapter 2. MathML Fundamentals

Syntax notation used in the MathML specification

To describe the MathML-specific syntax of attribute values, the following conventions and notations
are used for most attributes in the present document. We use below the notation beginning with U+ that
is recommended by Unicode for referring to Unicode characters [see [Unicode], page xxviii].

Notation

‘What it matches

decimal-digit
hexadecimal-digit

a decimal digit from the range U+0030 to U+0039
a hexadecimal (base 16) digit from the ranges U+0030 to U+0039, U+0041 to

U+0046 and U+0061 to U+0066

un
poy

intd

uns

nury

cha
stri
len
uni
nar
col
id

1drd

UR

ital
"lit

ignied-integer . a suing ol decimal-digils, tepresenting a non-negatve integer

itive-integer a string of decimal-digits, but not consisting solely of "0"s (U+0030), represenfing
a positive integer

ger an optional "-" (U+002D), followed by a string of decimal digits, andyrepresenfing
an integer

igned-number  a string of decimal digits with up to one decimal point (U+Q02E), representing a
non-negative terminating decimal number (a type of ratiomal number)

hber an optional prefix of "-" (U+002D), followed by an unsignied number, represenfing
a terminating decimal number (a type of rational number)

racter a single non-whitespace character

hg an arbitrary, nonempty and finite, string of characters

bth a length, as explained below, Section 2.1.5,2

f a unit, typically used as part of a length§.as explained below, Section 2.1.5.2

hedlength a named length, as explained below, Séction 2.1.5.2

b1 a color, as explained below, Section2.1.5.3
an identifier, unique within thezdocument; must satisfy the NAME syntax of]the
XML recommendation [ XML]

f an identifier referring to-another element within the document; must satisfy|the
NAME syntax of the XML recommendation [XML]

[ a Uniform Resource Identifier [RFC3986]. Note that the attribute value is typed
in the schema as.anyURI which allows any sequence of XML characters. Syst¢ms
needing to.use-this string as a URI must encode the bytes of the UTF-8 encoding
of any characters not allowed in URI using %HH encoding where HH are the fyte
value'in hexadecimal. This ensures that such an attribute value may be interpr¢ted
ag an IRI, or more generally a LEIRI, see [IRI].

cized word values as explained in the text for each attribute; see Section 2.1.5.4

pral" quoted symbol, literally present in the attribute value (e.g. "+" or "+’)

‘types’ (described above, except for string, may be combined into composite patterns using|the
owing operators. The whole attribute value must be delimited by single (*) or double (") quotafion
ksGn the marked up document. Note that double quotation marks are often used in this specificafion

In the table below a form f means an instance of a type described in the table above. The combining
operators are shown in order of precedence from highest to lowest:
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Notation What it matches

(f) same as f

f7 an optional instance of f

f* zero or more instances of f, with separating whitespace characters

f+ one or more instances of f, with separating whitespace characters

fifh.. 1 one instance of each form f;, in sequence, with no separating whitespace

fi, H, ..., 1, one instance of each form f;, in sequence, with separating whitespace characters (but no
commas)

filf|...11f, any one of the specified forms f;

The notation we have chosen here is in the style of the syntactical notation of the RelaxNG used|for
MathML'’s basic schema, Appendix A.

Sinfe some applications are inconsistent about normalization of whitespace, for maximuin‘interoper-
ability it is advisable to use only a single whitespace character for separating parts of aalue. Moreoper,
leadling and trailing whitespace in attribute values should be avoided.

Forl most numerical attributes, only those in a subset of the expressible values are sensible; values
outpide this subset are not errors, unless otherwise specified, but rather are.xounded up or down (at{the
dis¢retion of the renderer) to the closest value within the allowed subset. The set of allowed values hay
depend on the renderer, and is not specified by MathML.

If alnumerical value within an attribute value syntax description js‘declared to allow a minus sign (|-"),
e.gl, number or integer, it is not a syntax error when one is provided in cases where a negative vglue
is not sensible. Instead, the value should be handled by the{processing application as described in|the
pregeding paragraph. An explicit plus sign (’+’) is notallowed as part of a numerical value except when
it iy specifically listed in the syntax (as a quoted "+}»0r""+"), and its presence can change the mearfing
of the attribute value (as documented with each attribute which permits it).

2.1]5.2  Length Valued Attributes

Mot presentation elements have attribtites that accept values representing lengths to be used for sjize,
spafing or similar properties. Thé.syntax of a length is specified as

Tye Syntax
length number | number unit | namedspace

Thgre should be no space between the number and the unit of a length.

Thg possible units and namedspaces, along with their interpretations, are shown below. Note tha{ al-
thopgh the ufits'and their meanings are taken from CSS, the syntax of lengths is not identical. A few
MathML . &lements have length attributes that accept additional keywords; these are termed pseudo-upits
and spécified in the description of those particular elements; see, for instance, Section 3.3.6.

A trailing "% represents a percent ol a reference value; unless otherwise stated, the reierence value
is the default value. The default value, or how it is obtained, is listed in the table of attributes for each
element along with the reference value when it differs from the default. (See also Section 2.1.5.4.) A
number without a unit is intepreted as a multiple of the reference value. This form is primarily for
backward compatibility and should be avoided, prefering explicit units for clarity.

In some cases, the range of acceptable values for a particular attribute may be restricted; implementa-
tions are free to round up or down to the closest allowable value.

The possible units in MathML are:
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Unit Description

em an em (font-relative unit traditionally used for horizontal lengths)
ex an ex (font-relative unit traditionally used for vertical lengths)

px pixels, or size of a pixel in the current display

in inches (1 inch = 2.54 centimeters)

cm centimeters

mm millimeters

pt points (1 point = 1/72 inch)

pc picas (1 pica = 12 points)

yA peTCTItage of tie defautt vatue

Sorpe additional aspects of units are discussed further below, in Section 2.1.5.2.

The following constants, namedspaces, may also be used where a length is needed; they. ar€ typichlly
usefl for spacing or padding between tokens. Recommended default values for these.constants|are
shown; the actual spacing used is implementation specific.

narpedspace Recommended defpult
"vgryverythinmathspace" 1/18em
"vgrythinmathspace" 2/18em
"tjinmathspace" 3/18em
"mgdiummathspace" 4/18em
"tlickmathspace" 5/18em
"vgrythickmathspace" 6/18em
"vgryverythickmathspace" 7/18em
"'nggativeveryverythinmathspace" -1/18em
"'nggativeverythinmathspace" -2/18em
"nggativethinmathspace" -3/18em
"nggativemediummathspace" -4/18em
"nggativethickmathspace" -5/18em
"nggativeverythickmathspace" -6/18em
"nggativeveryverythickmathspace" -7/18em

Ad(litional notes about units

Lerjgths are only used in MathML for presentation, and presentation will ultimately involve rendefing
in ¢r on some meditm. For visual media, the display context is assumed to have certain propeities
avajlable to the réndering agent. A px corresponds to a pixel on the display, to the extent that is mdan-
cm,

this

v y sizes
of namedspaces. Since these units track the display context, and in particular, the user’s preferences for
display, the relative units em and ex are generally to be preferred over absolute units such as px or cm.

Two additional aspects of relative units must be clarified, however. First, some elements such as Sec-
tion 3.4 or mfrac, implicitly switch to smaller font sizes for some of their arguments. Similarly, mstyle
can be used to explicitly change the current font size. In such cases, the effective values of an em or ex
inside those contexts will be different than outside. The second point is that the effective value of an em
or ex used for an attribute value can be affected by changes to the current font size. Thus, attributes that
affect the current font size, such as mathsize and scriptlevel, must be processed before evaluating
other length valued attributes.
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If, and how, lengths might affect non-visual media is implementation specific.

2.1.5.3  Color Valued Attributes

The color, or background color, of presentation elements may be specified as a color using the following

syntax:

Type Syntax

color #RGB | #RR GGB B | html-color-name
A geleris-specified—eitherby—H—FeHowed-byhexadeetnalvalues+o FPO-

nents, with no intervening whitespace, or by an html-color-name. The color components can be\€ither
1-djgit or 2-digit, but must all have the same number of digits; the component ranges from.0_(conjpo-
nent not present) to FF (component fully present). Note that, for example, by the digitsdoubling fule
spefified under Colors in [CSS21] #123 is a short form for #112233.

Color values can also be specified as an html-color-name, one of the color-namekeywords definedl in
[HTMLA] ("aqua", "black", "blue", "fuchsia", "gray", "green", "lime", "maroon", "nayy",
"olive", "purple", "red", "silver", "teal", "white", and "yellow"){Note that the color ngme
keyjwords are not case-sensitive, unlike most keywords in MathML attribute values, for compatibility
with CSS and HTML.

When a color is applied to an element, it is the color in which,the-content of tokens is rendered. Ad-
ditipnally, when inherited from a surrounding element or fromnthe environment in which the compjete
MathML expression is embedded, it controls the color of @ll other drawing due to MathML elemejts,
including the lines or radical signs that can be drawn in tendering mfrac, mtable, or msqrt.

When used to specify a background color, the keyword "transparent" is also allowed. The rec¢m-
mefpded MathML visual rendering rules do not define the precise extent of the region whose backgrofind
is dffected by using the background attribute~on an element, except that, when the element’s confent
dogs not have negative dimensions and its\drawing region is not overlapped by other drawing dug to
surfounding negative spacing, this regién should lie behind all the drawing done to render the confent
of the element, but should not lie behind any of the drawing done to render surrounding expressigns.
Thg effect of overlap of drawing reégions caused by negative spacing on the extent of the region affe¢ted
by the background attribute.is'riot defined by these rules.

2.1|15.4  Default values of attributes

Default values f6r-MathML attributes are, in general, given along with the detailed description§ of
spefific elements in the text. Default values shown in plain text in the tables of attributes for an elenjent
are|literal sbuf when italicized are descriptions of how default values can be computed.

Defauly yalues described as inherited are taken from the rendering environment, as described in Jec-

tior3-34ortrsome—cases twhicharcdeseribed-mdividuaty)-takenfrom-the-vatuesofotherattribtites
of surrounding elements, or from certain parts of those values. The value used will always be one
which could have been specified explicitly, had it been known; it will never depend on the content
or attributes of the same element, only on its environment. (What it means when used may, however,
depend on those attributes or the content.)

Default values described as automatic should be computed by a MathML renderer in a way which will
produce a high-quality rendering; how to do this is not usually specified by the MathML specification.
The value computed will always be one which could have been specified explicitly, had it been known,
but it will usually depend on the element content and possibly on the context in which the element is
rendered.
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Other italicized descriptions of default values which appear in the tables of attributes are explained
individually for each attribute.

The single or double quotes which are required around attribute values in an XML start tag are not
shown in the tables of attribute value syntax for each element, but are around attribute values in exam-
ples in the text, so that the pieces of code shown are correct.

Note that, in general, there is no mechanism in MathML to simulate the effect of not specifying at-
tributes which are inherited or automatic. Giving the words ‘inherited’ or ‘automatic’ explicitly will
not work, and is not generally allowed. Furthermore, the mstyle element (Section 3.3.4) can even be

not
ted

by PTD-based specifications.

In general, there are a number of properties of MathML rendering that may be thenght of as ovdrall
properties of a document, or at least of sections of a large document. Examples might be mathsjze
(thg¢ math font size: see Section 3.2.2), or the behavior in setting limits on,@perators such as integyals
or ums (e.g., movablelimits or displaystyle), or upon breaking formulas over lines (e.g.
ligebreakstyle); for such attributes see several elements in Sectiom3.2. These may be thought to
be Inherited from some such containing scope. Just above we have mentioned the setting of defhult
valyies of MathML attributes as inherited or automatic; there is,a third source of global default values
for|behavior in rendering MathML, a MathML operator dictionary. A default example is providedl in
Appendix C. This is also discussed in Section 3.2.5.7 and examples are given in Section 3.2.5.2.

2.116 Attributes Shared by all MathML Elements

In gddition to the attributes described specifically for each element, the attributes in the following tgble
arelallowed on every MathML element. Also allowed are attributes from the xml namespace, sucHf as
xm] :lang, and attributes from namespdces other than MathML, which are ignored by default.

‘ Nhme ‘ values ‘ defaglt

id| ‘ id ‘ nong
Establishes a unique, identifier associated with the element to support linking, cross-
references and parallel markup. See xref and Section 5.4.

xtef ‘ idref ‘ none
References.another element within the document. See id and Section 5.4.
clhss ‘ Stridg ‘ nong

Associates the element with a set of style classes for use with [XSLT] and [CSS21].
Typically this would be a space separated sequence of words, but this is not specified by
MathML. See Section 6.5 for discussion of the interaction of MathML and CSS.
style \ string \ none
Associates style information with the element for use with [XSLT] and [CSS21]. This
typically would be an inline CSS style, but this is not specified by MathML. See Sec-
tion 6.5 for discussion of the interaction of MathML and CSS.
href ‘ URI ‘ none
Can be used to establish the element as a hyperlink to the specfied URI.

Note that MathML 2 had no direct support for linking, and instead followed the W3C Recommendation
‘XML Linking Language’ [XLink] in defining links using the x1ink:href attribute. This has changed,
and MathML 3 now uses an href attribute. However, particular compound document formats may
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specify the use of XML linking with MathML elements, so user agents that support XML linking
should continue to support the use of the xlink:href attribute with MathML 3 as well.

See also Section 3.2.2 for a list of MathML attributes which can be used on most presentation token
elements.

The attribute other, is deprecated (Section 2.3.3) in favor of the use of attributes from other names-

paces.
‘ Name ‘ values default
Of ar. ‘ ot‘rv’ng ‘ nane

DEPRECATED but in MathML 1.0.

2147 Collapsing Whitespace in Input

In MathML, as in XML, ‘whitespace’ means simple spaces, tabs, newlines, or cdfriage returns, |.e.,
chafracters with hexadecimal Unicode codes U+0020, U+0009, U+000A, or U+000D, respectively;|see
als¢ the discussion of whitespace in Section 2.3 of [XML].

MathML ignores whitespace occurring outside token elements. Non-wHitéspace characters are no{ al-
lowled there. Whitespace occurring within the content of token elements , except for <cs>, is norrhal-
as follows. All whitespace at the beginning and end of the gontent is removed, and whitesgjace
intdrnal to content of the element is collapsed canonically, i.e.;&each sequence of 1 or more whitesgace

Authors wishing to encode white §pace characters at the start or end of the content of a token, of in
seqpences other than a single space, without having them ignored, must use &nbsp; (U+00AO) or other
nor]-marking characters that are not trimmed. For example, compare the above use of an mtext elenjent
wit
<mtext>

&nlysp; Theorems&nbsp;1:
</gtext>

When thesfitst example is rendered, there is nothing before ‘Theorem’, one Unicode space charafter
betveenTheorem’ and ‘1:’, and nothing after ‘1:’. In the second example, a single space character is to
be tendéred before ‘Theorem’; two spaces. one a Unicode space character and one a Unicode no-b
space character, are to be rendered before ‘1:’; and there is nothing after the ‘1:’.

Note that the value of the xm1: space attribute is not relevant in this situation since XML processors
pass whitespace in tokens to a MathML processor; it is the requirements of MathML processing which
specify that whitespace is trimmed and collapsed.

For whitespace occurring outside the content of the token elements mi, mn, mo, ms, mtext, ci, cn,
cs, csymbol and annotation, an mspace element should be used, as opposed to an mtext element
containing only whitespace entities.
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2.2 The Top-Level <math> Element

MathML specifies a single top-level or root math element, which encapsulates each instance of MathML
markup within a document. All other MathML content must be contained in a math element; in other
words, every valid MathML expression is wrapped in outer <math> tags. The math element must al-
ways be the outermost element in a MathML expression; it is an error for one math element to contain
another. These considerations also apply when sub-expressions are passed between applications, such
as for cut-and-paste operations; See Section 6.3.

The math element can contain an arbitrary number of child elements. They render by default as if they
welfe contained in an mrow element.

2.211 Attributes

Thq math element accepts any of the attributes that can be set on Section 3.3.4, including the comrhon
attrjbutes specified in Section 2.1.6. In particular, it accepts the dir attribute for\setting the ovdrall
dirgctionality; the math element is usually the most useful place to specify thedirectionality (See Sec-
tion} 3.1.5 for further discussion). Note that the dir attribute defaults to "I&r" on the math elenjent
(buf inherits on all other elements which accept the dir attribute); this pfoyides for backward compat-
ibiljty with MathML 2.0 which had no notion of directionality. Also, 4t accepts the mathbackgropnd
attrjbute in the same sense as mstyle and other presentation eleménts to set the background colof of
the|bounding box, rather than specifying a default for the attribfite (see Section 3.1.10)

In gddition to those attributes, the math element accepts:

Name ‘ values ‘ default
Isplay "block" | "inline" ‘ inline
specifies whether the enclosed MathMI expression should be rendered as a separate
vertical block (in display style) or inline, aligned with adjacent text. When display=
"block", displaystyle isinitialized to "true", whereas when display="inline",
displaystyle is initialized to\*false"; in both cases scriptlevel is initialized to
0 (See Section 3.1.6). Moreover, when the math element is embedded in a larger doc-
ument, a block math element should be treated as a block element as appropriate for
the document type (typically as a new vertical block), whereas an inline math element
should be treated-as-inline (typically exactly as if it were a sequence of words in normal
text). In particular, this applies to spacing and linebreaking: for instance, there should
not be spacés.or line breaks inserted between inline math and any immediately following
punctuationr. When the display attribute is missing, a rendering agent is free to initialize
as appropriate to the context.

npaxwidth ‘ length ‘ available width
specifies the maximum width to be used for linebreaking. The default is the maximum

o

Widt}l availablc ill t}lC buuuuudiu&; CllVilUlllllUllt. If t}lat va}uc L,auuut 1UC dCtCllllillUd, t}lU
renderer should assume an infinite rendering width.

overflow ‘ "linebreak" | "scroll" | "elide" | "truncate" | "scale" ‘ linebreak
specifies the preferred handing in cases where an expression is too long to fit in the
allowed width. See the discussion below.

nln

altimg ‘ URI ‘ none
provides a URI referring to an image to display as a fall-back for user agents that do not
support embedded MathML.

altimg-width ‘ length ‘ width of altimg

specifies the width to display altimg, scaling the image if necessary; See
altimg-height.
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Name ‘ values ‘ default
altimg-height ‘ length ‘ height of altimg

specifies the height to display altimg, scaling the image if necessary; if only one of the
attributes altimg-width and altimg-height are given, the scaling should preserve
the image’s aspect ratio; if neither attribute is given, the image should be shown at its
natural size.
altimg-valign | Iength | "top" | "middle" | "bottom" Oex
specifies the vertical alignment of the image with respect to adjacent inline material.
A positive value of altimg-valign shifts the bottom of the image above the current
baseline, while a negative value lowers it. The keyword "top" aligns the top of the image
with the top of adjacent inline material; "center" aligns the middle of the image to the
middle of adjacent material; "bottom" aligns the bottom of the image to the bottom 0f
adjacent material (not necessarily the baseline). This attribute only has effect when
display="inline". By default, the bottom of the image aligns to the baselifie,

alttext ‘ string ‘ nene
provides a textual alternative as a fall-back for user agents that do not suppoert embedded
MathML or images.

cflgroup ‘ URI ‘ none

specifies a CD group file that acts as a catalogue of CD basesfér locating OpenMath
content dictionaries of csymbol, annotation, and annotation-xml elements in this
math element; see Section 4.2.3. When no cdgroup attfibute is explicitly specified, the
document format embedding this math element mayyprovide a method for determining
CD bases. Otherwise the system must determine.a CD base; in the absence of specific
information http://www.openmath.org/cdis’assumed as the CD base for all
csymbol, annotation, and annotation=xml elements. This is the CD base for the
collection of standard CDs maintained by the OpenMath Society.

In dases where size negotiation is not possible or fails (for example in the case of an expression thgt is
tooflong to fit in the allowed width)s;the overflow attribute is provided to suggest a processing method
to the renderer. Allowed values are:

Value Meaning

"linebreak”.{:*The expression will be broken across several lines. See Sec-
tion 3.1.7 for further discussion.

"scroll!’ The window provides a viewport into the larger complete dis-
play of the mathematical expression. Horizontal or vertical
scroll bars are added to the window as necessary to allow the
viewport to be moved to a different position.

"elide" The display is abbreviated by removing enough of it so that

thc lclllailldcl ﬁtb illtU t}lc Will\.‘lUW. FUI CAallllJlC, d }aléc PU}_y'
nomial might have the first and last terms displayed with ‘+ ...
+ between them. Advanced renderers may provide a facility
to zoom in on elided areas.

"truncate” | The display is abbreviated by simply truncating it at the right
and bottom borders. It is recommended that some indication
of truncation is made to the viewer.
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Value Meaning

"scale" The fonts used to display the mathematical expression are
chosen so that the full expression fits in the window. Note that
this only happens if the expression is too large. In the case of
a window larger than necessary, the expression is shown at its
normal size within the larger window.

2.2.2 Deprecated Attributes

Thq following attributes of math are deprecated:

Nhme ‘ values ' defaflt

MACTOS ‘ URI * [ nong
intended to provide a way of pointing to external macro definition files. Macres.are not

part of the MathML specification.

mpde "display" | "inline" ‘ inlin
specified whether the enclosed MathML expression should be renderedin a display style

or an inline style. This attribute is deprecated in favor of the display attribute.

197

2.3 Conformance

Infgrmation nowadays is commonly generated, processed ‘and rendered by software tools. The exjpo-
nential growth of the Web is fueling the development of advanced systems for automatically searching,
cat¢gorizing, and interconnecting information. In addition, there are increasing numbers of Web per-
vicgs, some of which offer technically based materials and activities. Thus, although MathML caij be
wriften by hand and read by humans, wheth&® machine-aided or just with much concentration, |the
futyre of MathML is largely tied to the ability to process it with software tools.

Thgre are many different kinds of MathML processors: editors for authoring MathML expressi¢ns,
trarjslators for converting to and.from other encodings, validators for checking MathML expressigns,
computation engines that eval@iafe, manipulate, or compare MathML expressions, and rendering [en-
gings that produce visual, aural, or tactile representations of mathematical notation. What it mean§ to
support MathML varies-widely between applications. For example, the issues that arise with a valiglat-
ing|parser are very differeént from those for an equation editor.

section giyes\guidelines that describe different types of MathML support and make clear |the
extent of MathNML support in a given application. Developers, users, and reviewers are encouragegl to
use]| these guudelines in characterizing products. The intention behind these guidelines is to facilifate
reupe by.and interoperability of MathML applications by accurately setting out their capabilitief in

The W3C Math Working Group maintains MathML Compliance Guidelines. Consult this document
for future updates on conformance activities and resources.

2.3.1 MathML Conformance

A valid MathML expression is an XML construct determined by the MathML RelaxNG Schema to-
gether with the additional requirements given in this specification.
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We shall use the phrase ‘a MathML processor’ to mean any application that can accept or produce a
valid MathML expression. A MathML processor that both accepts and produces valid MathML expres-
sions may be able to ‘round-trip’ MathML. Perhaps the simplest example of an application that might
round-trip a MathML expression would be an editor that writes it to a new file without modifications.

Three forms of MathML conformance are specified:

1. A MathML-input-conformant processor must accept all valid MathML expressions; it should
appropriately translate all MathML expressions into application-specific form allowing na-
tive application operations to be performed.

2 AN ath N 13t salid Aot b NAT 1

ot £, ot cer-ret-can s atals ”
vt Ottt pHt- oottt processor st generate-vartarviativ-approprateryrepre-

senting all application-specific data.
3. A MathML-round-trip-conformant processor must preserve MathML equivalence. Two MathML
expressions are ‘equivalent’ if and only if both expressions have the same interpretation| (as
stated by the MathML Schema and specification) under any relevant circumstances, by pny
MathML processor. Equivalence on an element-by-element basis is diséussed elsewherg in
this document.

Beyond the above definitions, the MathML specification makes no demands.8findividual processory. In
ordpr to guide developers, the MathML specification includes advisory material; for example, there|are
mafy recommended rendering rules throughout Chapter 3. However, 411 general, developers are given
wide latitude to interpret what kind of MathML implementation is.theaningful for their own particplar
application.

To ¢larify the difference between conformance and interpretation of what is meaningful, consider sqme
examples:

1. In order to be MathML-input-conformant, & validating parser needs only to accept expfes-
sions, and return ‘true’ for expressions ‘that are valid MathML. In particular, it need [not
render or interpret the MathML expressions at all.
2. A MathML computer-algebra iritetface based on content markup might choose to ignorg all
presentation markup. Provided the interface accepts all valid MathML expressions including
those containing presentation markup, it would be technically correct to characterize|the
application as MathML£mput-conformant.
3. An equation editor ‘might have an internal data representation that makes it easy to export
some equations as MathML but not others. If the editor exports the simple equations as vhlid
MathML, andvmerely displays an error message to the effect that conversion failed for|the
others, it i§ still technically MathML-output-conformant.

2.3[1.1 MathML Test Suite and Validator

As the preyious examples show, to be useful, the concept of MathML conformance frequently involves
a jydgment about what parts of the language are meaningfully implemented, as opposed to parts that
are merely processed 1n a technically correct way with respect to the definitions of conformance. 1his
requires some mechanism for giving a quantitative statement about which parts of MathML are mean-
ingfully implemented by a given application. To this end, the W3C Math Working Group has provided
a test suite.

The test suite consists of a large number of MathML expressions categorized by markup category
and dominant MathML element being tested. The existence of this test suite makes it possible, for
example, to characterize quantitatively the hypothetical computer algebra interface mentioned above
by saying that it is a MathML-input-conformant processor which meaningfully implements MathML
content markup, including all of the expressions in the content markup section of the test suite.
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Developers who choose not to implement parts of the MathML specification in a meaningful way are
encouraged to itemize the parts they leave out by referring to specific categories in the test suite.

For MathML-output-conformant processors, information about currently available tools to validate
MathML is maintained at the W3C MathML Validator. Developers of MathML-output-conformant
processors are encouraged to verify their output using this validator.

Customers of MathML applications who wish to verify claims as to which parts of the MathML specifi-
cation are implemented by an application are encouraged to use the test suites as a part of their decision
processes.

2.3|1.2  Deprecated MathML 1.x and MathML 2.x Features

MafthML 3.0 contains a number of features of earlier MathML which are now deprecated. The following
poihts define what it means for a feature to be deprecated, and clarify the relation between deprecgted
feafures and current MathML conformance.

1. In order to be MathML-output-conformant, authoring tools may not generate MathML mgrkup
containing deprecated features.
2. In order to be MathML-input-conformant, rendering and reading tools must support depre-

cated features if they are to be in conformance with MathML' 1.x or MathML 2.x. They do
not have to support deprecated features to be consideredsin conformance with MathML B.0.
However, all tools are encouraged to support the old‘forms as much as possible.
3. In order to be MathML-round-trip-conformantsiasprocessor need only preserve MathML
equivalence on expressions containing no deptecated features.

2.3|1.3  MathML Extension Mechanisms andEonformance

MafhML 3.0 defines three basic extension mechanisms: the mglyph element provides a way of flis-
playing glyphs for non-Unicode characters," and glyph variants for existing Unicode characters; the
mag¢tion element uses attributes fronvother namespaces to obtain implementation-specific parametgrs;
and content markup makes use of the- definitionURL attribute, as well as Content Dictionaries pnd
the|cd attribute, to point to external definitions of mathematical semantics.

Thgse extension mechanisms are important because they provide a way of encoding concepts that|are
beylond the scope of MathML 3.0 as presently explicitly specified, which allows MathML to be used for
exploring new ideas mot yet susceptible to standardization. However, as new ideas take hold, they tpay
become part of future standards. For example, an emerging character that must be represented by|an
mglyph element today may be assigned a Unicode code point in the future. At that time, represenfing
the|characterdirectly by its Unicode code point would be preferable. This transition into Unicode [has
alrdady faken place for hundreds of characters used for mathematics.

Bedause the pn<<ihilitv of futnre obsolescence is inherent in the use of extension mechanisms to fagili-

tate the discussion of new ideas, MathML can reasonably make no conformance requirements concern-
ing the use of extension mechanisms, even when alternative standard markup is available. For example,
using an mglyph element to represent an ’x’ is permitted. However, authors and implementers are
strongly encouraged to use standard markup whenever possible. Similarly, maintainers of documents
employing MathML 3.0 extension mechanisms are encouraged to monitor relevant standards activi-
ty (e.g., Unicode, OpenMath, etc.) and to update documents as more standardized markup becomes
available.
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2.3.2 Handling of Errors

If a MathML-input-conformant application receives input containing one or more elements with an
illegal number or type of attributes or child schemata, it should nonetheless attempt to render all the
input in an intelligible way, i.e., to render normally those parts of the input that were valid, and to render
error messages (rendered as if enclosed in an merror element) in place of invalid expressions.

MathML-output-conformant applications such as editors and translators may choose to generate
merror expressions to signal errors in their input. This is usually preferable to generating valid, but
possibly erroneous, MathML.

2.3]3 Attributes for unspecified data

Thq¢ MathML attributes described in the MathML specification are intended to allow fori'\good pregen-
tatipn and content markup. However it is never possible to cover all users’ needs formarkup. Ideglly,
the|MathML attributes should be an open-ended list so that users can add specific attributes for spedific
renflerers. However, this cannot be done within the confines of a single XME DTD or in a Schepma.
Although it can be done using extensions of the standard DTD, say, somécauthors will wish to [use
nor]-standard attributes to take advantage of renderer-specific capabiliti€sywhile remaining strictly in
conformance with the standard DTD.

To pllow this, the MathML 1.0 specification [MathML1] allowed(the attribute other on all elemejts,
for|use as a hook to pass on renderer-specific information. In-particular, it was intended as a hook{ for
pasping information to audio renderers, computer algebra<systems, and for pattern matching in fufure
magro/extension mechanisms. The motivation for this approach to the problem was historical, looNing
to PostScript, for example, where comments are widely used to pass information that is not parf of
PodtScript.

In the next period of evolution of MathML theldevelopment of a general XML namespace mechanfsm
seemed to make the use of the other attribute obsolete. In MathML 2.0, the other attribute is depre-
cat¢d in favor of the use of namespace, prefixes to identify non-MathML attributes. The other attritpute
renjains deprecated in MathML 3.0:

Forlexample, in MathML 1.0, if was recommended that if additional information was used in a rendefer-
spefific implementation for the maction element (Section 3.7.1), that information should be passefl in
usipg the other attribute;

<mgction actiontlype="highlight" other="color=’#ff0000’"> expression </macti¢n>
From MathML 2i00nwards, a color attribute from another namespace would be used:

<bqdy xmlusymy="http://www.example.com/MathML/extensions">

<mgction’ actiontype="highlight" my:color="#ff0000"> expression </maction>

</body>

Note that the intent of allowing non-standard attributes is not to encourage software developers to use
this as a loophole for circumventing the core conventions for MathML markup. Authors and applica-
tions should use non-standard attributes judiciously.

© ISO/IEC 2016 — All rights reserved


https://iecnorm.com/api/?name=b1f67f221c3e9728efa6b4f62cc7373f

ISO/IEC 40314:2016(E)

Chapter 3

Presentation Markup

3.1 Introduction

Thiks chapter specifies the ‘presentation’ elements of MathML, which can be used toldescribe the layout
stricture of mathematical notation.

3.1 What Presentation Elements Represent

Prepentation elements correspond to the ‘constructors’ of traditional mathematical notation — tha} is,
to the basic kinds of symbols and expression-building structures out of which any particular piec¢ of
traditional mathematical notation is built. Because of the impottance of traditional visual notation,|the
desgriptions of the notational constructs the elements represent are usually given here in visual tefms.
Hoyever, the elements are medium-independent in the.$¢nse that they have been designed to confain
endugh information for good spoken renderings as well. Some attributes of these elements may mfake
senfe only for visual media, but most attributes cairbe treated in an analogous way in audio as well [for
example, by a correspondence between time dutation and horizontal extent).

MathML presentation elements only suggest (i.e. do not require) specific ways of rendering in oyder
to gllow for medium-dependent rendering and for individual preferences of style. This specificafion
desfribes suggested visual rendering-rules in some detail, but a particular MathML renderer is frep to
use|its own rules as long as its réfderings are intelligible.

The presentation elements, are meant to express the syntactic structure of mathematical notatiof in
mufh the same way as titles, sections, and paragraphs capture the higher-level syntactic structure pf a
texfual document. Because of this, a single row of identifiers and operators will often be represerjted
by multiple nestedsxmrow elements rather than a single mrow. For example, ‘x + a / b’ typically is
repfesented as:

<mfyow>
dmi>(x)</mi>
dmo>/+ </mo>
<mrow>
<mi> a </mi>
<mo> / </mo>
<mi> b </mi>
</mrow>

</mrow>

Similarly, superscripts are attached to the full expression constituting their base rather than to the just
preceding character. This structure permits better-quality rendering of mathematics, especially when
details of the rendering environment, such as display widths, are not known ahead of time to the docu-
ment author. It also greatly eases automatic interpretation of the represented mathematical structures.

28
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Certain characters are used to name identifiers or operators that in traditional notation render the
same as other symbols or usually rendered invisibly. For example, the entities &DifferentialD;,
&ExponentialE;, and &ImaginaryI; denote notational symbols semantically distinct from visual-
ly identical letters used as simple variables. Likewise, the entities &InvisibleTimes;,
&ApplyFunction;, &InvisibleComma; and the character U+2064 (INVISIBLE PLUS) usually ren-
der invisibly but represent significant information. These entities have distinct spoken renderings, may
influence visual linebreaking and spacing, and may effect the evaluation or meaning of particular ex-
pressions. Accordingly, authors should use these entities wherever they are applicable. For instance, the
expression represented visually as ‘ f(x)” would usually be spoken in English as ‘f of x” rather than just

‘f § - MathMIL conveys this meaning by using (e ZApplyFunction; operator alter e J , Which, in

thiq case, can be aurally rendered as ‘of’.

Th¢ complete list of MathML entities is described in [Entities].

3.1{2 Terminology Used In This Chapter

It ig strongly recommended that, before reading the present chapter, one read Section 2.1 on MathML
syntax and grammar, which contains important information on MathML notations and conventiong. In
parficular, in this chapter it is assumed that the reader has an understanding of basic XML terminolpgy
desfribed in Section 2.1.3, and the attribute value notations and convenfions described in Section 2.[.5.

Thg¢ remainder of this section introduces MathML-specific termifiology and conventions used in fhis
chapter.

3.112.1  Types of presentation elements

Thg presentation elements are divided into two classés. Token elements represent individual symbpls,
narhes, numbers, labels, etc. Layout schemata build expressions out of parts and can have only elem¢nts
as dontent (except for whitespace, which theyzignore). These are subdivided into General Layout, Sdript
and Limit, Tabular Math and Elementary~Math schemata. There are also a few empty elements ysed
only in conjunction with certain layout.se¢hemata.

Allfindividual ‘symbols’ in a mathematical expression should be represented by MathML token gle-
ments. The primary MathML ‘token element types are identifiers (e.g. variables or function namfs),
nurhbers, and operators (ingluding fences, such as parentheses, and separators, such as commas). There
arelalso token elementgused to represent text or whitespace that has more aesthetic than mathematjcal
sighificance and othér glements representing ‘string literals’ for compatibility with computer alggbra
sysfems. Note that\although a token element represents a single meaningful ‘symbol’ (name, numper,
labg¢l, mathematical symbol, etc.), such symbols may be comprised of more than one character. For[ex-
ample sin and’24 are represented by the single tokens <mi>sin</mi> and <mn>24</mn> respectively.

In tfaditional mathematical notation, expressions are recursively constructed out of smaller expressigns,
andultimately out of single symbols, with the parts grouped and positioned nusing one of a small sat of

notational structures, which can be thought of as ‘expression constructors’. In MathML, expressions are
constructed in the same way, with the layout schemata playing the role of the expression constructors.
The layout schemata specify the way in which sub-expressions are built into larger expressions. The
terminology derives from the fact that each layout schema corresponds to a different way of ‘laying
out’ its sub-expressions to form a larger expression in traditional mathematical typesetting.

3.1.2.2  Terminology for other classes of elements and their relationships

The terminology used in this chapter for special classes of elements, and for relationships between
elements, is as follows: The presentation elements are the MathML elements defined in this chapter.
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These elements are listed in Section 3.1.9. The content elements are the MathML elements defined in
Chapter 4.

A MathML expression is a single instance of any of the presentation elements with the exception of
the empty elements none or mprescripts, or is a single instance of any of the content elements which
are allowed as content of presentation elements (described in Section 5.3.2). A sub-expression of an
expression E is any MathML expression that is part of the content of E, whether directly or indirectly,
i.e. whether it is a ‘child’ of E or not.

Since layout schemata attach special meaning to the number and/or positions of their children, a child of
a layout schema 1s also called an argument o1 that element. As a consequence ol the above dellmitigns,
the|content of a layout schema consists exactly of a sequence of zero or more elements that,arq its
arghments.

3.13 Required Arguments

Mahy of the elements described herein require a specific number of arguments (always 1, 2, or 3). In
the|detailed descriptions of element syntax given below, the number of requited arguments is impliditly
ind|cated by giving names for the arguments at various positions. A féw elements have additignal
reqpirements on the number or type of arguments, which are described-with the individual element. [For
example, some elements accept sequences of zero or more arguments — that is, they are allowedl to
occur with no arguments at all.

Nofe that MathML elements encoding rendered space do €ount as arguments of the elements in which
they appear. See Section 3.2.7 for a discussion of the proper use of such space-like elements.

3.113.1 Inferred <mrow>s

Thg elements listed in the following table as fequiring 1* argument (msqrt, mstyle, merror, mpadded,
mpllantom, menclose, mtd, mscarry, and*'math) conceptually accept a single argument, but actuplly
accppt any number of children. If the fumber of children is O or is more than 1, they treat their contgnts
as 4 single inferred mrow formed from all their children, and treat this mrow as the argument.

Forlexample,

<m{d>

</mtd>

is tfeated as if it were
<m{d>

4mrow>

4/mrowp
</mbds

and
<msqrt>

<mo> - </mo>

<mn> 1 </mn>
</msqrt>
is treated as if it were
<msqrt>

<mrow>

<mo> - </mo>
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<mn> 1 </mn>
</mrow>
</msqrt>

This feature allows MathML data not to contain (and its authors to leave out) many mrow elements that
would otherwise be necessary.

3.1.3.2  Table of argument requirements

For convenience, here is a table of each element’s argument count requirements and the roles of indi-

vid - oW

as (lescribed above. Although the math element is not a presentation element, it is listed below|for

corhpleteness.

Element Required argument count  Argument roles (when these differ by position)

mrqw 0 or more

mfyac 2 numerator denominator

msqrt 1*

mrqot 2 base index

ms{yle 1*

meqror 1*

mpddded 1*

mpHantom 1*

mfgnced 0 or more

mefclose 1*

msyb 2 base subscript

msyp 2 base’superscript

msybsup 3 base subscript superscript

muijder 2 base underscript

moyer 2 base overscript

muijderover 3 base underscript overscript

mmyltiscripts 1 or more base (subscript superscript)* [<mprescripts/>
(presubscript presuperscript)*]

mtdble 0 or more rows 0 or more mtr or mlabeledtr elements

mlgbeledtr 1 or more a label and 0 or more mtd elements

mty O-ermore 0 or more mtd elements

mtd 1*

msfack 0 or more

mlgngdiv 3 or more divisor result dividend (msrow | msgroup | mscarrjes
| msline)*

msgroup 0 or more

mstou QO or more

mscarries 0 or more

mscarry I*

maction 1 or more depend on actiontype attribute

math 1*

3.14 Elements with Special Behaviors

Certain MathML presentation elements exhibit special behaviors in certain contexts. Such special be-
haviors are discussed in the detailed element descriptions below. However, for convenience, some of
the most important classes of special behavior are listed here.
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Certain elements are considered space-like; these are defined in Section 3.2.7. This definition affects
some of the suggested rendering rules for mo elements (Section 3.2.5).

Certain elements, e.g. msup, are able to embellish operators that are their first argument. These elements
are listed in Section 3.2.5, which precisely defines an ‘embellished operator’ and explains how this
affects the suggested rendering rules for stretchy operators.

3.1.5 Directionality

In the notations familiar to most readers, both the overall layout and the textual symbols are arranged
frofn left to right (LTR). Yet, as alluded to in the introduction, mathematics written in Hebrew,.of in
locjles such as Morocco or Persia, the overall layout is used unchanged, but the embedded-symols
(offen Hebrew or Arabic) are written right to left (RTL). Moreover, in most of the Arabi¢, Spealjing
wofld, the notation is arranged entirely RTL; thus a superscript is still raised, but it follow$ the bas¢ on
thelleft rather than the right.

MathML 3.0 therefore recognizes two distinct directionalities: the directionality-of the text and symipols
within token elements and the overall directionality represented by Layout SChemata. These two fagets
are|discussed below.

3.115.1  Overall Directionality of Mathematics Formulas

Thg overall directionality for a formula, basically the direction of the Layout Schemata, is specified
by the dir attribute on the containing math element (see Section 2.2). The default is 1tr. When djr=
"r1" is used, the layout is simply the mirror image of the'conventional European layout. That is, sHifts
up pr down are unchanged, but the progression in laying out is from right to left.

Forj example, in a RTL layout, sub- and supersctipts appear to the left of the base; the surd for a foot
applears at the right, with the bar continuing-over the base to the left. The layout details for elem¢nts
whese behaviour depends on directionality\are given in the discussion of the element. In those disq¢us-
sioms, the terms leading and trailing afe)used to specify a side of an object when which side to [use
depends on the directionality; ie. Ieading means left in LTR but right in RTL. The terms left and r{ght
may otherwise be safely assumed.to mean left and right.

The overall directionality is,usually set on the math, but may also be switched for individual subfornjula
by psing the dir attributecon mrow or mstyle elements. When not specified, all elements inherit|the
dirgctionality of theif container.

3.1]5.2  Bidifectional Layout in Token Elements

Thg textdirectionality comes into play for the MathML token elements that can contain text (
mtextymo, mi, mn and ms) and is determined by the Unicode properties of that text. A token elen
comkameexchrsive ) isdisphayed-stratehtforwardiy—tmthe—givendirection.
When a mixture of directions is involved used, such as RTL Arabic and LTR numbers, the Unicode
bidirectional algorithm [Bidi] is applied. This algorithm specifies how runs of characters with the same
direction are processed and how the runs are (re)ordered. The base, or initial, direction is given by the
overall directionality described above (Section 3.1.5.1) and affects how weakly directional characters
are treated and how runs are nested. (The dir attribute is thus allowed on token elements to specify the
initial directionality that may be needed in rare cases.) Any mglyph or malignmark elements appearing
within a token element are effectively neutral and have no effect on ordering.

The important thing to notice is that the bidirectional algorithm is applied independently to the contents
of each token element; each token element is an independent run of characters.
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Other features of Unicode and scripts that should be respected are ‘mirroring’ and ‘glyph shaping’.
Some Unicode characters are marked as being mirrored when presented in a RTL context; that is, the
character is drawn as if it were mirrored or replaced by a corresponding character. Thus an opening
parenthesis, ‘(’, in RTL will display as ©)’. Conversely, the solidus (/ U+002F) is not marked as mir-
rored. Thus, an Arabic author that desires the slash to be reversed in an inline division should explicitly
use reverse solidus (\ U+005C) or an alternative such as the mirroring DIVISION SLASH (U+2215).

Additionally, calligraphic scripts such as Arabic blend, or connect sequences of characters together,
changing their appearance. As this can have an significant impact on readability, as well as aesthetics, it
. L . . . L ; . ken

Plepse note that for the transfinite cardinals represented by Hebrew characters, the code points\U+21[35-
U+p138 (ALEF SYMBOL, BET SYMBOL, GIMEL SYMBOL, DALET SYMBOL) should be used.
Thgse are strong left-to-right.

3.1{6 Displaystyle and Scriptlevel

So-called ‘displayed’ formulas, those appearing on a line by themselves,typically make more generous
use|of vertical space than inline formulas, which should blend into the-adjacent text without intruding
intg neighboring lines. For example, in a displayed summation, the‘limits are placed above and bejow
the|summation symbol, while when it appears inline the limits yould appear in the sub and supersdript
posiition. For similar reasons, sub- and superscripts, nested, fractions and other constructs typichlly
display in a smaller size than the main part of the formulat MathML implicitly associates with eyery
prepentation node a displaystyle and scriptlewveljreflecting whether a more expansive vertjcal
layput applies and the level of scripting in the current,context.

Thgse values are initialized by the math element according to the display attribute. They are autorpat-
ically adjusted by the various script and limifschemata elements, and the elements mfrac and mrdot,
which typically set displaystyle false and increment scriptlevel for some or all of their afgu-
ments. (See the description for each element for the specific rules used.) They also may be set explicit-
ly via the displaystyle and scriptlevel attributes on the mstyle element or the displaystyle
attrjbute of mtable. In all other ¢ases, they are inherited from the node’s parent.

Thg displaystyle affects.the amount of vertical space used to lay out a formula: when true,|the
mofe spacious layout ¢f displayed equations is used, whereas when false a more compact layouf of
inlipe formula is used.JThis primarily affects the interpretation of the largeop and movablelimjts
attrjbutes of the ‘mo element. However, more sophisticated renderers are free to use this attributg to
renfler more or less compactly.

Thg mairreffect of scriptlevel is to control the font size. Typically, the higher the scriptlevel,|the
smgllér the font size. (Non-visual renderers can respond to the font size in an analogous way for their

meditn-Whenever-the-seriptterettschangedwhetherantomatieallyorexpherttytheeurrentfont
size is multiplied by the value of scriptsizemultiplier to the power of the change in
scriptlevel. However, changes to the font size due to scriptlevel changes should never reduce
the size below scriptminsize to prevent scripts becoming unreadably small. The default
scriptsizemultiplier is approximately the square root of 1/2 whereas scriptminsize defaults
to 8 points; these values may be changed on mstyle; see Section 3.3.4. Note that the scriptlevel
attribute of mstyle allows arbitrary values of scriptlevel to be obtained, including negative values
which result in increased font sizes.

The changes to the font size due to scriptlevel should be viewed as being imposed from ‘outside’
the node. This means that the effect of scriptlevel is applied before an explicit mathsize (see
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Section 3.2.2) on a token child of mfrac. Thus, the mathsize effectively overrides the effect of
scriptlevel. However, that change to scriptlevel changes the current font size, which affects the
meaning of an "em" length (see Section 2.1.5.2) and so the scriptlevel still may have an effect in
such cases. Note also that since mathsize is not constrained by scriptminsize, such direct changes
to font size can result in scripts smaller than scriptminsize.

Note that direct changes to current font size, whether by CSS or by the mathsize attribute (See Sec-
tion 3.2.2), have no effect on the value of scriptlevel.

TeX’s \displaystyle, \textstyle, \scriptstyle, and \scriptscriptstyle correspond to displaystyle and

scyipttevet = *true*amt+ofatset a0t fatsetamd— HHamd fatseamd 24 re-
speftively. Thus, math’s display="block" corresponds to \displaystyle, while display="inIipe"
corfesponds to \textstyle.

3.147 Linebreaking of Expressions
3.1]7.1  Control of Linebreaks

MathML provides support for both automatic and manual (forced) linebreaking of expressions to break
excessively long expressions into several lines. All such linebreaks take place within mrow (including
infgrred mrow; see Section 3.1.3.1) or mfenced. The breaks typically“take place at mo elements pnd
alsg, for backwards compatibility, at mspace. Renderers may also chioose to place automatic linebrdaks
at gqther points such as between adjacent mi elements or even{within a token element such as a yery
long mn element. MathML does not provide a means to spegcifysuch linebreaks, but if a render chogses
to linebreak at such a point, it should indent the following line according to the indentation attribfites
thaf are in effect at that point.

Aufomatic linebreaking occurs when the containing'math element has overflow="1linebreak" pnd
the|display engine determines that there is not\effough space available to display the entire formpla.
Thg available width must therefore be knownto the renderer. Like font properties, one is assumed t¢ be
inhgrited from the environment in which the MathML element lives. If no width can be determined{ an
infihite width should be assumed. Inside-0f amtable, each column has some width. This width may be
spefified as an attribute or determined by the contents. This width should be used as the line wrapging
width for linebreaking, and each entry in an mtable is linewrapped as needed.

e

Forced linebreaks are spedified by using 1inebreak="newline" on a mo or mspace element. Hoth
autpmatic and manual lingbreaking can occur within the same formula.

Aufomatic linebreaking of subexpressions of mfrac, msqrt, mroot and menclose and the various
script elements/is not required. Renderers are free to ignore forced breaks within those elements if they
chdose.

Attfibutés on mo and possibly on mspace elements control linebreaking and indentation of the following
lind. The aspects of linebreaking that can be controlled are:

° Where — attributes determine the desirability of a linebreak at a specific operator or space,
in particular whether a break is required or inhibited. These can only be set on mo and
mspace elements. (See Section 3.2.5.2.)

° Operator Display/Position — when a linebreak occurs, determines whether the operator will
appear at the end of the line, at the beginning of the next line, or in both positions; and how
much vertical space should be added after the linebreak. These attributes can be set on mo
elements or inherited from mstyle or math elements. (See Section 3.2.5.2.)

° Indentation — determines the indentation of the line following a linebreak, including in-
denting so that the next line aligns with some point in a previous line. These attributes can
be set on mo elements or inherited from mstyle or math elements. (See Section 3.2.5.2.)
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When a math element appears in an inline context, it may obey whatever paragraph flow rules are
employed by the document’s text rendering engine. Such rules are necessarily outside of the scope of
this specification. Alternatively, it may use the value of the math element’s overflow attribute. (See
Section 2.2.1.)

3.1.7.2  Automatic Linebreaking Algorithm (Informative)

One method of linebreaking that works reasonably well is sometimes referred to as a "best-fit" algo-
rithm. It works by computing a "penalty" for each potential break point on a line. The break point with
the [Smallest penally is chosen and the algorithm then Works on the next line. Ihree uselul 1actors jn a
penalty calculation are:

1. How much of the line width (after subtracting of the indent) is unused? The more-unused,
the higher the penalty.

2. How deeply nested is the breakpoint in the expression tree? The expression tree’s depth is
roughly similar to the nesting depth of mrows. The more deeply nestedthe break point,|the
higher the penalty.

3. Does a linebreak here make layout of the next line difficult? If theuiext line is not the last |ine

and if the indentingstyle uses information about the linebreak{ point to determine how mpuch
to indent, then the amount of room left for linebreaking on\the next line must be considefed;
i.e., linebreaks that leave very little room to draw the next\line result in a higher penalty.
4. Whether "linebreak" has been specified: "nobredk" effectively sets the penalty to infini-
ty, "badbreak" increases the penalty "goodbreak! decreases the penalty, and "newlipe"
effectively sets the penalty to 0.

This algorithm takes time proportional to the number oftoken elements times the number of lines.

3.117.3  Linebreaking Algorithm for Inline:Expressions (Informative)

A dommon method for breaking inline expressions that are too long for the space remaining on|the
curfent line is to pick an appropriate break point for the expression and place the expression up to fhat
poiht on the current line and place the remainder of the expression on the following line. This car} be

dorje by:

1. Querying the text processing engine for the minimum and maximum amount of space ayail-
able on the current line.

2. Using a variafion of the automatic linebreaking algorithm given above), and/or using hjnts
provided by linebreak attributes on mo or mspace elements, to choose a line break. The goal
is thatthe first part of the formula fits "comfortably" on the current line while breaking pt a
point that results in keeping related parts of an expression on the same line.

3. jFhe remainder of the formula begins on the next line, positioned both vertically and hpri-
zontally according to the paragraph flow; MathML’s indentation attributes are ignored in fhis
algorithm.

4. If the remainder does not fit on a line, steps 1 - 3 are repeated for the second and subsequent
lines. Unlike the for the first line, some part of the expression must be placed these lines so
that the algorithm terminates.

3.1.8 Warning about fine-tuning of presentation

Some use-cases require precise control of the math layout and presentation. Several MathML elements
and attributes expressly support such fine-tuning of the rendering. However, MathML rendering agents
exhibit wide variability in their presentation of the the same MathML expression due to difference
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in platforms, font availability, and requirements particular to the agent itself (see Section 3.1). The
overuse of explicit rendering control may yield a ‘perfect’ layout on one platform, but give much worse
presentation on others. The following sections clarify the kinds of problems that can occur.

3.1.8.1  Warning: non-portability of ‘tweaking’

For particular expressions, authors may be tempted to use the mpadded, mspace, mphantom, and mtext
elements to improve (‘tweak’) the spacing generated by a specific renderer.

Without explicit spacing rules, various MathMI. renders may use different spacing algorithms, Conse-
qugntly, different MathML renderers may position symbols in different locations relative to each{other.
Say| that renderer B, for example, provides improved spacing for a particular expression overtenderer
A. Authors are strongly warned that ‘tweaking’ the layout for renderer A may produce very.poor resplts
in renderer B, very likely worse than without any explicit adjustment at all.

Evgn when a specific choice of renderer can be assumed, its spacing rules may beximproved in suc¢es-
sivg versions, so that the effect of tweaking in a given MathML document may grow worse with tijne.
Alsp, when style sheet mechanisms are extended to MathML, even one ver$ion of a renderer may |use
difflerent spacing rules for users with different style sheets.

—_

Therefore, it is suggested that MathML markup never use mpadded-Or mspace elements to tweak
the|rendering of specific expressions, unless the MathML is generated solely to be viewed using pne
spefific version of one MathML renderer, using one specific style sheet (if style sheets are availablp in
tha{ renderer).

In dases where the temptation to improve spacing proves too strong, careful use of mpadded, mphantfom,
or ghe alignment elements (Section 3.5.5) may givermore portable results than the direct insertiof of
extfa space using mspace or mtext. Advice givento the implementers of MathML renderers migh} be
still more productive, in the long run.

3.1]18.2  Warning: spacing should not:be used to convey meaning

MathML elements that permit hégative spacing’, namely mspace, mpadded, and mo, could in thdory
be yised to simulate new notations or ‘overstruck’ characters by the visual overlap of the renderingp of
mofe than one MathML sub-expression.

Thik practice is strongly-discouraged in all situations, for the following reasons:

° it willgive different results in different MathML renderers (so the warning about ‘tweaking’
appli€s), especially if attempts are made to render glyphs outside the bounding box of]|the
MathML expression;
it is likely to appear much worse than a more standard construct supported by good rendergrs;
such expressions are almost certain to be uninterpretable by audio renderers, computer ajge-
bra systems, text searches for standard symbols, or other processors of MathML input.

More generally, any construct that uses spacing to convey mathematical meaning, rather than simply
as an aid to viewing expression structure, is discouraged. That is, the constructs that are discouraged
are those that would be interpreted differently by a human viewer of rendered MathML if all explicit
spacing was removed.

Consider using the mglyph element for cases such as this. If such spacing constructs are used in spite
of this warning, they should be enclosed in a semantics element that also provides an additional
MathML expression that can be interpreted in a standard way. See Section 5.1 for further discussion.
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The above warning also applies to most uses of rendering attributes to alter the meaning conveyed by
an expression, with the exception of attributes on mi (such as mathvariant) used to distinguish one

variable from another.

3.19 Summary of Presentation Elements

3.1.9.1 Token Elements

mi identifier

mn number

mo operator, fence, or separjitor
mtext text

mspace space

ms string literal

Adglitionally, the mglyph element may be used within Token elements to representnpn-standard sym-

bolf as images.

3.119.2  General Layout Schemata

mrqw
mffac
msqrt
mrqot
msfyle
mejror
mpgdded
mphantom
mfgnced
melclose

3.119.3  Script and Limit Schemata

msyb

msyp

msybsup
murder

movyer
murderover
mmyltiscripts

group any number of sub-expressions-horizontally
form a fraction from two sub-expressions

form a square root (radical without an index)

form a radical with specified index

style change

enclose a syntax error'message from a preprocessor
adjust space arobiid content

make contentidnvisible but preserve its size
surround gontent with a pair of fences
enclosg.content with a stretching symbol such as a long division sjgn.

attach a subscript to a base

attach a superscript to a base

attach a subscript-superscript pair to a bag
attach an underscript to a base

attach an overscript to a base

attach an underscript-overscript pair to a hase
attach prescripts and tensor indices to a bgse

[¢]

3.1.9.4  Tables and Matrices

mtable

mlabeledtr

mtr

mtd

maligngroup and malignmark
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3.1.9.5  Elementary Math Layout

mstack columns of aligned characters

mlongdiv similar to msgroup, with the addition of a divisor and result
msgroup a group of rows in an mstack that are shifted by similar amounts
msrow arow in an mstack

mscarries row in an mstack that whose contents represent carries or borrows
mscarry one entry in an mscarries

msline horizontal line inside of mstack

3.119.6  Enlivening Expressions

madtion bind actions to a sub=expresdion

3.1j10 Mathematics style attributes common to presentation elements

In gddition to the attributes listed in Section 2.1.6, all MathML presentation elements accept the fol-
lowling two attributes:

Nhme ‘ values ‘ default

mpthcolor ‘ color ‘ inherited|
Specifies the foreground color to use when drawing the cemponents of this element,
such as the content for token elements or any lines, sufds, or other decorations. It al-
so establishes the default mathcolor used for childyeléements when used on a layout
element.

mhpthbackground | color | "transparent” transpargnt
Specifies the background color to be used t&fill in the bounding box of the element
and its children. The default, "transparent”,\lets the background color, if any, used in the
current rendering context to show throvgh.

Thgse style attributes are primarily intended for visual media. They are not expected to affect|the
intgnded semantics of displayed expressions, but are for use in highlighting or drawing attention tofthe
affgcted subexpressions. For example, a red "x" is not assumed to be semantically different than a bllack

nen

x"| in contrast to variables with different mathvariant (See Section 3.2.2).

Sinpe MathML expression$hare often embedded in a textual data format such as HTML, the MathML
renflerer should inherit{ the foreground color used in the context in which the MathML appears. Npte,
however, that MathML/doesn’t specify the mechanism by which style information is inherited from|the
renflering envirofimient. See Section 3.2.2 for more details.

Note that the siiggested MathML visual rendering rules do not define the precise extent of the region
whese background is affected by the mathbackground attribute, except that, when the content does{not
have regative dimensions and its drawing region is not overlapped by other drawing due to surrounding

negatrve-spacing-thisregtonshowld-He-behind-at-the-drawingedone-torender-the-eontent-butshould
not lie behind any of the drawing done to render surrounding expressions. The effect of overlap of
drawing regions caused by negative spacing on the extent of the region affected by the
mathbackground attribute is not defined by these rules.

3.2 Token Elements

Token elements in presentation markup are broadly intended to represent the smallest units of math-
ematical notation which carry meaning. Tokens are roughly analogous to words in text. However, be-
cause of the precise, symbolic nature of mathematical notation, the various categories and properties of
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token elements figure prominently in MathML markup. By contrast, in textual data, individual words
rarely need to be marked up or styled specially.

Frequently, tokens consist of a single character denoting a mathematical symbol. Other cases, e.g. func-
tion names, involve multi-character tokens. Further, because traditional mathematical notation makes
wide use of symbols distinguished by their typographical properties (e.g. a Fraktur ’g’ for a Lie algebra,
or a bold ’x’ for a vector), care must be taken to insure that styling mechanisms respect typographi-
cal properties which carry meaning. Consequently, characters, tokens, and typographical properties of
symbols are closely related to one another in MathML.

and
spafing (mspace). The mglyph element may be used within token elements to represent non-stangard
symbols by images. Preceding detailed discussion of the individual elements, the next two stibsections
dis¢uss the allowable content of token elements and the attributes common to them.

3211 Token Element Content Characters, <mglyph/>

Character data in MathML markup is only allowed to occur as part of the gontent of token elemepnts.
Whiitespace between elements is ignored. With the exception of the empty’mspace element, token
elefnents can contain any sequence of zero or more Unicode characters,”or mglyph or malignmark
eleﬂents. The mglyph element is used to represent non-standard characters or symbols by images;|the
malignmark element establishes an alignment point for use within table constructs, and is othervwise
invisible (See Section 3.5.5).

Characters can be either represented directly as Unicode ¢haracter data, or indirectly via numeri¢ or
chafracter entity references. See Chapter 7 for a discussion of the advantages and disadvantage§ of
nurheric character references versus entity references, and [Entities] for a full list of the entity nafnes
avajlable. Also, see Section 7.7 for a discussion of the appropriate character content to choose|for
cerfain applications.

Toljen elements (other than mspace) should be rendered as their content, if any, (i.e. in the visual cfse,
as g closely-spaced horizontal row of standard glyphs for the characters or images for the mglyphs in
thefr content). An mspace elementistendered as a blank space of a width determined by its attributes.
Reirdering algorithms should also'take into account the mathematics style attributes as described bellow,
and modify surrounding spacing by rules or attributes specific to each type of token element. [The
dirgctional characteristic§wof the content must also be respected (see Section 3.1.5.2).

3.2(1.1  Alphanumeric symbol characters

A lprge clasgofsmathematical symbols are single letter identifiers typically used as variable name} in
forfnulas, Pifferent font variants of a letter are treated as separate symbols. For example, a Fraktui|’g’
mightdenote a Lie algebra, while a Roman ’g’ denotes the corresponding Lie group. These letter-]ike
synpbols are traditionally typeset differently than the same characters appearing in text, using diffefent
spacing and ligature conventions. These characters must also be treated specially by style mechanisms,

since arbitrary style transformations can change meaning in an expression.

For these reasons, Unicode contains more than nine hundred Math Alphanumeric Symbol characters
corresponding to letter-like symbols. These characters are in the Secondary Multilingual Plane (SMP).
See [Entities] for more information. As valid Unicode data, these characters are permitted in MathML
and, as tools and fonts for them become widely available, we anticipate they will be the predominant
way of denoting letter-like symbols.

MathML also provides an alternative encoding for these characters using only Basic Multilingual Plane
(BMP) characters together with markup. MathML defines a correspondence between token elements
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with certain combinations of BMP character data and the mathvariant attribute and tokens containing
SMP Math Alphanumeric Symbol characters. Processing applications that accept SMP characters are
required to treat the corresponding BMP and attribute combinations identically. This is particularly
important for applications that support searching and/or equality testing.

The mathvariant attribute is described in more detail in Section 3.2.2, and a complete technical
description of the corresponding characters is given in Section 7.5.

3.2.1.2  Using images to represent symbols <mglyph/>

Defcription

The¢ mglyph element provides a mechanism for displaying images to represent non-standard-symbpls.
It npay be used within the content of the token elements mi, mn, mo, mtext or ms where existing Unicpde
chafracters are not adequate.

Unjcode defines a large number of characters used in mathematics and, in most cases, glyphs repres¢nt-
ing|these characters are widely available in a variety of fonts. Although these-characters should njeet
almost all users needs, MathML recognizes that mathematics is not static and fhat new characters pnd
symbols are added when convenient. Characters that become well accepted will likely be eventuplly
incprporated by the Unicode Consortium or other standards bodies, but-that is often a lengthy procgss.

Nofe that the glyph’s src attribute uniquely identifies the mglyph;*two mglyphs with the same yal-
ues| for src should be considered identical by applications that must determine whether two chafac-
terg/glyphs are identical.

Attibutes

Th¢ mglyph element accepts the attributes listedin Section 3.1.10, but note that mathcolor hag no
effgct. The background color, mathbackground, should show through if the specified image has trgns-
pargncy.

mglyph also accepts the additional attributes listed here.

‘ Nhme ‘ values ‘ default

st ‘ URI ‘ required
Specifies the location,of the image resource; it may be a URI relative to the base-URI
of the source of the MathML, if any.

width ‘ length ‘ from image
Specifies,the\desired width of the glyph; see height.
hdgight ‘ length ‘ from image

Speeifies the desired height of the glyph. If only one of width and height are given,

the image should be scaled to preserve the aspect ratio; if neither are given, the image

should be displayed at its natural size.

valign ‘ length ‘ Oex
Specifies the baseline alignment point of the image with respect to the current baseline.
A positive value shifts the bottom of the image above the current baseline while a nega-
tive value lowers it. A value of 0 (the default) means that the baseline of the image is at
the bottom of the image.

alt string required

Provides an alternate name for the glyph. If the specified image can’t be found or dis-

played, the renderer may use this name in a warning message or some unknown glyph

notation. The name might also be used by an audio renderer or symbol processing sys-

tem and should be chosen to be descriptive.
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Note that the src and alt attributes are required for correct usage in MathML 3, however this is not
enforced by the schema due to the deprecated usage described below.

Example

The following example illustrates how a researcher might use the mglyph construct with a set of images
to work with braid group notation.

<mrow>

<mi><mglyph src="my-braid-23" alt="2 3 braid"/></mi>
dmo>+</mo>
4mi><mglyph src="my-braid-132" alt="1 3 2 braid"/></mi>
4mo>=</mo>
4mi><mglyph src="my-braid-13" alt="1 3 braid"/></mi>
</nrow>

This might render as:
X+ =0

Deprecated Attributes

Originally, mglyph was designed to provide access to non*standard fonts. Since this functionality pvas
seldom implemented, nor were downloadable web fonts\widely available, this use of mglyph has been
deprecated. For reference, the following attributes were previously defined:

Nhme ‘ values

fontfamily ‘ string

the name of a font that may be available to a MathML renderer, or a CSS font specifi-
cation; See Section 6.5 and CSS\[€SS21] for more information.

index | integer

Specified a position of ¢he~desired glyph within the font named by the fontfamily
attribute (see Section 3.2.2.1).

In MathML 1 and 2, bgthywere required attributes; they are now optional and should be ignored unfess
the|src attribute is missing.

Addlitionally, irMathML 2, mglyph accepted the attributes described in Section 3.2.2 (mathvarignt
and mathsize) along with the attributes deprecated there); to make clear that mglyph is not a token
elementand since these attributes have no effect in any case, these attributes have been deprecated

3.2.2 Mathematics style attributes common to token elements

In addition to the attributes defined for all presentation elements (Section 3.1.10), MathML includes
two mathematics style attributes as well as a directionality attribute valid on all presentation token
elements, as well as the math and mstyle elements; dir is also valid on mrow elements. The attributes
are:
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Name values ‘ default ‘

mathvariant | "normal" | "bold" | "italic" | "bold-italic" | "double-struck” | normal (except on <mi>)
| "bold-fraktur" | "script" | "bold-script" | "fraktur" | "sans-
serif” | "bold-sans-serif" | "sans-serif-italic" | "sans-serif-
bold-italic" | "monospace" | "initial" | "tailed" | "looped" |
"stretched"
Specifies the logical class of the token. Note that this class is more than styling, it typi-
cally conveys semantic intent; see the discussion below.
mathsize "small" | "normal" | "big" | length inherited
Specifies the size to display the token content. The values "small" and "big" choose
a size smaller or larger than the current font size, but leave the exact proportions un-
specified; "normal" is allowed for completeness, but since it is equivalent to "100%"
or "lem", it has no effect.
"l | rtl” ‘ inherited
specifies the initial directionality for text within the token: 1tr (Left To Right) or rtl
(Right To Left). This attribute should only be needed in rare cases involying weak or
neutral characters; see Section 3.1.5.1 for further discussion. It has no.gffect on mspace.

Thg¢ mathvariant attribute defines logical classes of token elements./Eaeh class provides a collecfion
of fypographically-related symbolic tokens. Each token has a specifie meaning within a given mfth-
emitical expression and, therefore, needs to be visually distinguished and protected from inadverfent
dodqument-wide style changes which might change its meanimg,"Each token is identified by the combi-
natjon of the mathvariant attribute value and the character data in the token element.

When MathML rendering takes place in an environmént-where CSS is available, the mathematics s}yle
attrjbutes can be viewed as predefined selectors forCSS style rules. See Section 6.5 for discussion of
thelinteraction of MathML and CSS. Also, see [MathMLforCSS] for discussion of rendering MathML
by CSS and a sample CSS style sheet. When €SS is not available, it is up to the internal style mgch-
ani$m of the rendering application to visually distinguish the different logical classes. Most MathML
renflerers will probably want to rely on §0me degree to additional, internal style processing algorithjms.
In particular, the mathvariant atttibute does not follow the CSS inheritance model; the default vglue
is "mormal" (non-slanted) for alktokens except for mi with single-character content. See Section 3|2.3
for |[details.

Renderers have complete.fteedom in mapping mathematics style attributes to specific rendering proper-
tiesf However, in practi¢e, the mathematics style attribute names and values suggest obvious typogrdph-
ical properties, andxtenderers should attempt to respect these natural interpretations as far as possiple.
Forjexample, itisreasonable to render a token with the mathvariant attribute set to "sans-serif|' in
Helvetica or'Arial. However, rendering the token in a Times Roman font could be seriously misleading
and should'be avoided.

In grinc¢iple, any mathvariant value may be used with any character data to define a specific symbplic
token. In practice, only certain combinations of character data and mathvariant values will be visually
distinguished by a given renderer. For example, there is no clear-cut rendering for a "fraktur alpha" or a
"bold italic Kanji" character, and the mathvariant values "initial", "tailed", "looped", and "stretched"
are appropriate only for Arabic characters.

Certain combinations of character data and mathvariant values are equivalent to assigned Unicode
code points that encode mathematical alphanumeric symbols. These Unicode code points are the ones
in the Arabic Mathematical Alphabetic Symbols block U+1EEQ0 to U+1EEFF, Mathematical Alphanu-
meric Symbols block U+1D400 to U+1D7FF, listed in the Unicode standard, and the ones in the Let-
terlike Symbols range U+2100 to U+214F that represent "holes" in the alphabets in the SMP, listed in
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Section 7.5. These characters are described in detail in section 2.2 of UTR #25. The description of each
such character in the Unicode standard provides an unstyled character to which it would be equiva-
lent except for a font change that corresponds to a mathvariant value. A token element that uses the
unstyled character in combination with the corresponding mathvariant value is equivalent to a token
element that uses the mathematical alphanumeric symbol character without the mathvariant attribute.
Note that the appearance of a mathematical alphanumeric symbol character should not be altered by
surrounding mathvariant or other style declarations.

Renderers should support those combinations of character data and mathvariant values that corre-
spond to Unicode characters, and that they can visually distinguish using available font characters.
Renderers may ignore or support those combinations of character data and mathvariant valu@s,fhat
do hot correspond to an assigned Unicode code point, and authors should recognize that support| for
mathematical symbols that do not correspond to assigned Unicode code points may vary widely ffom
ong renderer to another.

Sinfe MathML expressions are often embedded in a textual data format such as XHTML, the surroynd-
ing|text and the MathML must share rendering attributes such as font size, so/that the renderings ill
be ¢ompatible in style. For this reason, most attribute values affecting text réndering are inherited ffom
the|rendering environment, as shown in the ‘default’ column in the tableyabove. (In cases where|the
surfounding text and the MathML are being rendered by separate software, e.g. a browser and a plug-
in, |t is also important for the rendering environment to provide thetMathML renderer with additignal
inf¢rmation, such as the baseline position of surrounding text,dvhich is not specified by any MathML
attrjbutes.) Note, however, that MathML doesn’t specify the‘mechanism by which style informatiop is
inhgrited from the rendering environment.

If the requested mathsize of the current font is not available, the renderer should approximate it infthe
mapner likely to lead to the most intelligible, highest quality rendering. Note that many MathML gle-
mefts automatically change the font size in some of their children; see the discussion in Section 3.|.6.

3.2]12.1  Deprecated style attributes ofitoken elements

Th¢ MathML 1.01 style attributes listed below are deprecated in MathML 2 and 3. These attributes Were
aligned to CSS but, in renderig eénvironments that support CSS, it is preferable to use CSS directly to
control the rendering properties corresponding to these attributes, rather than the attributes themselyes.
Hoyever as explained above, direct manipulation of these rendering properties by whatever mdans
should usually be ayoided. As a general rule, whenever there is a conflict between these deprecgted
attrjbutes and the derresponding attributes (Section 3.2.2), the former attributes should be ignored.

Th¢ deprecated‘attributes are:
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Name ‘ values ‘ default
fontfamily ‘ string ‘ inherited

Should be the name of a font that may be available to a MathML renderer, or a CSS
font specification; See Section 6.5 and CSS [CSS21] for more information. Deprecated
in favor of mathvariant.

fontweight | "normal" | "bold" ‘ inherited
Specified the font weight for the token. Deprecated in favor of mathvariant.
fontstyle "normal” | "italic" ‘ normal (except on <mi>)
Specified the font style to use for the token. Deprecated in favor of mathvariant.
fontsize | length | inherited
Specified the size for the token. Deprecated in favor of mathsize.
cqlor ‘ color ‘ inherited
Specified the color for the token. Deprecated in favor of mathcolor.
bgckground ‘ color | "transparent” ‘ transparent

Specified the background color to be used to fill in the bounding box of the glement and
its children. Deprecated in favor of mathbackground.

3.2)2.2  Embedding HTML in MathML

MathML can be combined with other formats as described in Seetion 6.4. The recommendation if to

embed other formats in MathML by extending the MathML $§ehema to allow additional elementf to

be thildren of the mtext element or other leaf elements as“\appropriate to the role they serve in|the

expression (see Section 3.2.6.4). The directionality, fontsize, and other font attributes should inHerit

fror those that would be used for characters of the cditaining leaf element (see Section 3.2.2).
e

Hete is an example of embedding SVG inside ofiratext in an HTML context:
<mfable>
qmtr>
<mtd>
<mtext><input type="text" placeholder="what shape is this?"/></mtext>
</mtd>
4/mtr>
qmtr>
<mtd>
<mtext>

<svg.xmlns="http://www.w3.0rg/2000/svg"
width="4cm" height="4cm" viewBox="0 0 400 400">
<rect x="1" y="1" width="398" height="398"
style="fill:none; stroke:blue"/>
<path d="M 100 100 L 300 100 L 200 300 z"
style="fill:red; stroke:blue; stroke-width:3"/>

</svg>
</mtext>
</mtd>
</mtr>
</mtable>
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3.2.3 Identifier <mi>

3.2.3.1  Description

An mi element represents a symbolic name or arbitrary text that should be rendered as an identifier.
Identifiers can include variables, function names, and symbolic constants. A typical graphical renderer
would render an mi element as its content (See Section 3.2.1), with no extra spacing around it (except
spacing associated with neighboring elements).

Not all ‘mathematical identifiers’ are represented by mi elements — for example, subscripted or primed

varj

ables should be represented using msub or msup respectively. Conversely, arbitrary text playing

the

rolg
sho

It s
sho
a nj
ind

actyially intended to represent mathematical identifiers is not perfect. For aif\€lement whose seman

is g

3.2

mi

of a ‘term’ (such as an ellipsis in a summed series) can be represented using an mi elemeént
wn in an example in Section 3.2.6.4.

hould be stressed that mi is a presentation element, and as such, it only indicates_that-its con
uld be rendered as an identifier. In the majority of cases, the contents of an mi will@ctually repre
athematical identifier such as a variable or function name. However, as the preceding paragy
cates, the correspondence between notations that should render as identifiefs and notations that

uaranteed to be that of an identifier, see the description of ci in Chapter4.

3.2  Attributes

blements accept the attributes listed in Section 3.2.2, but.jn one case with a different default valj

as

ent
ent
aph
are
tics

1N

N

hme values ‘ default

mj

"normal” | "bold" | "italic" | ."bold-
italic" | "double-struck" | "bold>fraktur" |
"script" | "bold-script" | "fraktur" | "sans-
serif” | "bold-sans-serif" | "sans-serif-italic"
| "sans-serif-bold-italic*, " "monospace” |
"initial" | "tailed" | "looped" | "stretched"

pthvariant (depends on content; described beloy

)

Specifies the logical class:gf the token. The default is "normal" (non-slanted) unless
the content is a single character, in which case it would be "italic".

No
on

No
tior
the

e that the deprecatedefontstyle attribute defaults in the same way as mathvariant, depend
he content.

e that for purposes of determining equivalences of Math Alphanumeric Symbol characters (See §
7.5 and Section 3.2.1.1) the value of the mathvariant attribute should be resolved first, includ
special defaulting behavior described above.

3.2

3.3

Examples

ing

ing

<mi> x </mi>

<mi> D </mi>

<mi> sin </mi>

<mi mathvariant=’script’> L </mi>
<mi></mi>

An mi element with no content is allowed; <mi></mi> might, for example, be used by an ‘expression
editor’ to represent a location in a MathML expression which requires a ‘term’ (according to conven-
tional syntax for mathematics) but does not yet contain one.
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Identifiers include function names such as ‘sin’. Expressions such as ‘sin x” should be written using the
character U+2061 (which also has the entity names &af ; and &ApplyFunction;) as shown below; see
also the discussion of invisible operators in Section 3.2.5.

<mrow>
<mi> sin </mi>
<mo> &ApplyFunction; </mo>
<mi> x </mi>

</mrow>

Miscellaneous text that should be treated as a ‘term’ can also be represented by an mi element, as in:

<mfow>

dmn> 1 </mn>

dmo> + </mo>

qmi> &hellip; </mi>
dmo> + </mo>

dmi> n </mi>
</nrow>

When an mi is used in such exceptional situations, explicitly setting the mathvariant attribute pay
give better results than the default behavior of some renderers.

Thg names of symbolic constants should be represented as mi elerents:
<mi> &pi; </mi>

<mi> &ImaginaryIl; </mi>

<mi> &ExponentialE; </mi>

3.214 Number <mn>
3.214.1  Description

An|mn element represents a ‘numeric literal’ or other data that should be rendered as a numeric litgral.
Generally speaking, a numeric literalis a sequence of digits, perhaps including a decimal point, repre-
senfing an unsigned integer orréal number. A typical graphical renderer would render an mn elenjent
as ifs content (See Section 3.2.1), with no extra spacing around them (except spacing from neighbofing
eleLentS such as mo). mn<eleéments are typically rendered in an unslanted font.

Thq mathematical concept of a ‘number’ can be quite subtle and involved, depending on the context| As
a consequence, notf\all mathematical numbers should be represented using mn; examples of matherat-
ical numbers_that-should be represented differently are shown below, and include complex numbgrs,
ratips of numbers shown as fractions, and names of numeric constants.

P to
X 1gh
that content may not be unambiguously interpretable as a number according to any particular standard
encoding of numbers as character sequences. As a general rule, however, the mn element should be
reserved for situations where its content is actually intended to represent a numeric quantity in some
fashion. For an element whose semantics are guaranteed to be that of a particular kind of mathematical
number, see the description of cn in Chapter 4.

wvefsely, since mn is a presentation element, there are a few situations where it may be desirabl

3.24.2  Attributes

mn elements accept the attributes listed in Section 3.2.2.
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3.24.3  Examples

<mn> 2 </mn>

<mn> 0.123 </mn>

<mn> 1,000,000 </mn>
<mn> 2.1e10 </mn>
<mn> OxFFEF </mn>
<mn> MCMLXIX </mn>
<mn> twenty one </mn>

3.2[4.4  Numbers that should not be written using <mn> alone

Mahy mathematical numbers should be represented using presentation elements other than mn algne;
thi§ includes complex numbers, ratios of numbers shown as fractions, and names of numeric constants.
Exdmples of MathML representations of such numbers include:

<mipow>

dmn> 2 </mn>

dmo> + </mo>

dmrow>

<mn> 3 </mn>

<mo> &InvisibleTimes; </mo>
<mi> &Imaginaryl; </mi>
4/mrow>

</nrow>

<mfrac> <mn> 1 </mn> <mn> 2 </mn> </mfrac>
<mi> &pi; </mi>

<mi> &ExponentialE; </mi>

3.215 Operator, Fence, Separator or Accent <mo>
3.2{5.1 Description

An|mo element represents an operator or anything that should be rendered as an operator. In gendral,
the|notational conventions'\for mathematical operators are quite complicated, and therefore MathML
propides a relatively sdphisticated mechanism for specifying the rendering behavior of an mo elemgnt.
As | consequence, inMathML the list of things that should ‘render as an operator’ includes a nunjber
of fotations that.are not mathematical operators in the ordinary sense. Besides ordinary operators with
infik, prefix, orpostfix forms, these include fence characters such as braces, parentheses, and ‘abso|ute
valyie’ bars;-séparators such as comma and semicolon; and mathematical accents such as a bar or tjlde
over asymbol. We will use the term "operator” in this chapter to refer to operators in this broad serse.

Typteatg W 2= tonal
spacing around the element determined by its attributes and further described below. Renderers without
access to complete fonts for the MathML character set may choose to render an mo element as not pre-
cisely the characters in its content in some cases. For example, <mo> &le; </mo> might be rendered
as <= to a terminal. However, as a general rule, renderers should attempt to render the content of an
mo element as literally as possible. That is, <mo> &le; </mo>and <mo> &1t;= </mo> should render
differently. The first one should render as a single character representing a less-than-or-equal-to sign,
and the second one as the two-character sequence <=.

T W

All operators, in the general sense used here, are subject to essentially the same rendering attributes and
rules. Subtle distinctions in the rendering of these classes of symbols, when they exist, are supported
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using the Boolean attributes fence, separator and accent, which can be used to distinguish these
cases.

A key feature of the mo element is that its default attribute values are set on a case-by-case basis from
an ‘operator dictionary’ as explained below. In particular, default values for fence, separator and
accent can usually be found in the operator dictionary and therefore need not be specified on each mo
element.

Note that some mathematical operators are represented not by mo elements alone, but by mo elements
‘embellished” with (for example) surrounding superscripts; this is further described below. Conversely,
as [presentation elements, Mo CleMments can contain arbitrary text, even wihen that text has no standard
intdrpretation as an operator; for an example, see the discussion ‘Mixing text and mathematies| in
Sedtion 3.2.6. See also Chapter 4 for definitions of MathML content elements that are guaranteeql to
have the semantics of specific mathematical operators.

Nofe also that linebreaking, as discussed in Section 3.1.7, usually takes place at operators (either before
or after, depending on local conventions). Thus, mo accepts attributes to encodetthe desirability of
brepking at a particular operator, as well as attributes describing the treatment of the operator pnd
indgntation in case the a linebreak is made at that operator.

3.2|5.2  Attributes

mo plements accept the attributes listed in Section 3.2.2 and theéfadditional attributes listed here. Since
the|display of operators is so critical in mathematics, the_mo”element accepts a large number of| at-
tributes; these are described in the next three subsections.

Mokt attributes get their default values from an enclosing mstyle element, math element, from|the
containing document, or from the Section 3.2.5.7. When a value that is listed as ‘inherited’ is not
expllicitly given on an mo, mstyle element, math element, or found in the operator dictionary for a
giveén mo element, the default value shown inparentheses is used.
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Dictionary-based attributes

Name values default

form "prefix" | "infix" | "postfix"  set by position of operator in an mrow
Specifies the role of the operator in the enclosing expression. This role and the operator
content affect the lookup of the operator in the operator dictionary which affects the
spacing and other default properties; see Section 3.2.5.7.

fence "true" | "false" set by dictionary (false)

Specifies whether the operator represents a ‘fence’, such as a parenthesis. This attribute

gaenaralluyhac oo oot offont o tho vacal vondoring bt coav bhao pncofl 10 cnooni acac
SeRerar oS Ho-arectrerrecrohtme-YiStarfeRae RS ottay-oe-userdrih-SpeciHec-eabess

such as non-visual renderers.

sepprator "true" | "false" set by dictionary (false)

Specifies whether the operator represents a ‘separator’, or punctuation. This attributé
generally has no direct effect on the visual rendering, but may be useful in-specific
cases, such as non-visual renderers.

Ispace length set by dictionary (thickmathspage)

Specifies the leading space appearing before the operator; see Section 3.2.5.7. (Note
that before is on the right in a RTL context; see Section 3.1.5).

rspjice length set by dictionary (thickimathspace)

Specifies the trailing space appearing after the operator; see Section 3.2.5.7. (Note that
after is on the left in a RTL context; see Section 3.1.5).

strgtchy "true" | "false" set by dictiondry; (false)
Specifies whether the operator should stretch to the'size of adjacent material; see Sec-
tion 3.2.5.8.

sympmetric "true" | "false" set by,dictionary (false)

Specifies whether the operator should bexkept symmetric around the math axis when
stretchy. Note this property only applies to vertically stretched symbols. See Sec-
tion 3.2.5.8.
maksize length | "infinity" set by dictionary (infinity)
Specifies the maximum size of the operator when stretchy; see Section 3.2.5.8. Unitless
or percentage values indicaté a multiple of the reference size, being the size of the
unstretched glyph.
mirjsize length set by dictionary (100%)
Specifies the miimum size of the operator when stretchy; see Section 3.2.5.8. Unitless
or percentage'vdlues indicate a multiple of the reference size, being the size of the
unstretched-glyph.
largeop "true" | "false" set by dictionary (false)
Specifies whether the operator is considered a ‘large’ operator, that is, whether it should
be_drawn larger than normal when displaystyle="true" (similar to using TgX’s
\displaystyle). Examples of large operators include &int; and &prod;. See Sec-
tion 3.1.6 for more discussion.
movablelimits "true" | "false"” set by dictionary (false)
Specifies whether under- and overscripts attached to this operator ‘move’ to the more
compact sub- and superscript positions when displaystyle is false. Examples of op-
erators that typically have movablelimits="true" are &sum;, &prod;, and 1im. See
Section 3.1.6 for more discussion.
accent "true" | "false" set by dictionary (false)
Specifies whether this operator should be treated as an accent (diacritical mark) when
used as an underscript or overscript; see munder, mover and munderover.
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Linebreaking attributes

The following attributes affect when a linebreak does or does not occur, and the appearance of the
linebreak when it does occur.

Name values default
linebreak "auto" | "newline" | "nobreak" | "goodbreak" | | auto
"badbreak"

Specifies the desirability of a linebreak occurring at this operator: the default "auto"
indicates the renderer should use its default linebreaking algorithm to determine
Whether fo break; "mewliner is used to force a linebreak; For automatic linebreak-
ing, "nobreak" forbids a break; "goodbreak" suggests a good position; "badbreak"
suggests a poor position.

ligeleading length inherited (100%)
Specifies the amount of vertical space to use after a linebreak. For tall lines¢it is of-
ten clearer to use more leading at linebreaks. Rendering agents are free te choose an
appropriate default.

lipebreakstyle "before" | "after" | "duplicate" | "infixlinebreak- | set.by dictionary (before)
style"
Specifies whether a linebreak occurs ‘before” or ‘after’ the operdafor when a linebreaks
occur on this operator; or whether the operator is duplicated. *before" causes the oper-
ator to appears at the beginning of the new line (but possibly indented); "after" causes
it to appear at the end of the line before the break. "duplicate" places the operator at
both positions. "infixlinebreakstyle" uses the value that has been specified for in-
fix operators; This value (one of "before", "afiter" or "duplicate") can be specified
by the application or bound by mstyle ("be&fiore" corresponds to the most common
style of linebreaking).

limebreakmultchar ‘ string ‘ inherited (&InvisibleTimes;)
Specifies the character used to make ‘an &InvisibleTimes; operator visible at a linebreak.
For example, 1linebreakmultchar="&#xB7;" would make the multiplication visible
as a center dot.

ligebreak values on adjacent mo and mspaceelements do not interact; l1inebreak="nobreak'l on
a mp does not, in itself, inhibit a break on a preceding or following (possibly nested) mo or mspgce
element and does not interact with the linebreakstyle attribute value of the preceding or follow|ng
mo ¢lement. It does prevent breaks from occurring on either side of the mo element in all other situati¢ns.

Indentation attiibutes

Thg following attributes affect indentation of the lines making up a formula. Primarily these attrib
contrél/the positioning of new lines following a linebreak, whether automatic or manual. Howeper,
ind et atrd—rrd t t atsocontrot-thepostttontngofstngtetineformuta—with-
out any linebreaks. When these attributes appear on mo or mspace they apply if a linebreak occurs at
that element. When they appear on mstyle or math elements, they determine defaults for the style
to be used for any linebreaks occurring within. Note that except for cases where heavily marked-up
manual linebreaking is desired, many of these attributes are most useful when bound on an mstyle or
math element.

Note that since the rendering context, such as the available width and current font, is not always avail-
able to the author of the MathML, a render may ignore the values of these attributes if they result in a
line in which the remaining width is too small to usefully display the expression or if they result in a
line in which the remaining width exceeds the available linewrapping width.
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Name ‘ values ‘ default ‘
indentalign "left" | "center" | "right" | "auto" | "id" ‘ inherited (auto)

Specifies the positioning of lines when linebreaking takes place within an mrow; see
below for discussion of the attribute values.
indentshift | length | inherited (0)
Specifies an additional indentation offset relative to the position determined by
indentalign. When the value is a percentage value or number without unit, the value is
relative to the horizontal space that a MathML renderer has available, this is the current
target width as used for linebreaking as specified in Section 3.1.7
indenttarget | idref | inherited (none)
Specifies the id of another element whose horizontal position determines the position
of indented lines when indentalign="1id". Note that the identified element may(be
outside of the current math element, allowing for inter-expression alignment, orimay
be within invisible content such as mphantom; it must appear before being refésenced,
however. This may lead to an id being unavailable to a given renderer or in a’position
that does not allow for alignment. In such cases, the indentalign should revert to

"auto".

indentalignfirst ‘ "left" | "center" | "right" | "auto" | "id" | "indentalign" I inherited (indentalign)
Specifies the indentation style to use for the first line of a formula; the value
"indentalign" (the default) means to indent the same way as used for the general
line.

indentshiftfirst ‘ length | "indentshift" ‘ inherited (indentshiff)

Specifies the offset to use for the first line of a fortula; the value "indentshift" (the
default) means to use the same offset as used forthe general line. Percentage values and
numbers without unit are interpreted as described for indentshift

indentalignlast | "left" | "center" | "right" | "aute” | "id" | "indentalign” ‘ inherited (indentalign)
Specifies the indentation style to use for'the last line when a linebreak occurs within a
given mrow; the value "indentalign" (the default) means to indent the same way as
used for the general line. When ‘there are exactly two lines, the value of this attribute
should be used for the secondline in preference to indentalign.

indentshiftlast | length | "indentshift" inherited (indentshif
Specifies the offset to use for the last line when a linebreak occurs within a given mrow;
the value "indentshift" (the default) means to indent the same way as used for the
general line. When there are exactly two lines, the value of this attribute should be
used for thesecond line in preference to indentshift. Percentage values and numbers
without ynitare interpreted as described for indentshift

~

Thg legal values of indentalign are:

Valpe,/,"Meaning

left Align the left side of the next line to the left side of the line wrapping width

center Align the center of the next line to the center of the line wrapping width

right  Align the right side of the next line to the right side of the line wrapping width

auto (default) indent using the renderer’s default indenting style; this may be a fixed amount or one
that varies with the depth of the element in the mrow nesting or some other similar method.

id Align the left side of the next line to the left side of the element referenced by the idref (given
by indenttarget); if no such element exists, use "auto" as the indentalign value

3.2.5.3  Examples with ordinary operators

<mo> + </mo>
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<mo> &lt; </mo>

<mo> &le; </mo>

<mo> &lt;= </mo>

<mo> ++ </mo>

<mo> &sum; </mo>

<mo> .NOT. </mo>

<mo> and </mo>

<mg

<mg
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mathvariant=’bold’> + </mo>

5.4  Examples with fences and separators

e that the mo elements in these examples don’t need explicit fence or separater attributes, since
e can be found using the operator dictionary as described below. Some ¢f these examples cquld
be encoded using the mfenced element described in Section 3.3.8.

b)
ow>
mo> ( </mo>
mrow>
<mi> a </mi>
<mo> + </mo>
<mi> b </mi>
/mrow>
mo> ) </mo>
row>

)

ow>
mo> [ </mo>
mrow>
<mn> 0 </mn>
<mo> , </mo>,
<mn> 1 </mn>
/mrow>
mo> ) </mo>
row>

%)

<mrow>
<mi> f </mi>
<mo> &ApplyFunction; </mo>
<mrow>

<mo> ( </mo>
<mrow>
<mi> x </mi>
<mo> , </mo>
<mi> y </mi>
</mrow>
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<mo> ) </mo>

</mrow>

</mrow>

3.2

5.5  Invisible operators
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Certain operators that are ‘invisible’ in traditional mathematical notation should be represented using
specific entity references within mo elements, rather than simply by nothing. The characters used for
these ‘invisible operators’ are:

Chgracter Entity name Short name Examplesofjuse
U+p061 &ApplyFunction; &af; S () sinx
U+p062 &InvisibleTimes; &it; Xy

U+R063 &InvisibleComma; &ic; myy

U+P064 23

Thq¢ MathML representations of the examples in the above table are:

<myow>

4

mi> f </mi>
mo> &ApplyFunction; </mo>
mrow>
<mo> ( </mo>
<mi> x </mi>
<mo> ) </mo>
/mrow>
row>

ow>

mi> sin </mi>

mo> &ApplyFunction; </mo>
mi> x </mi>

row>

ow>

mi> x </mi>

mo> &InvisibleTimes; </mo>
mi> y </mi>

row>

ub>

mi> m </mi>

mrow>

<an> 1 </mn>

<mo> &lnvisibleComma; </mo>
<mn> 2 </mn>

</mrow>
</msub>

<mrow>
<mn> 2 </mn>
<mo> &#x2064; </mo>
<mfrac>

<mn> 3 </mn>
<mn> 4 </mn>
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</mfrac>
</mrow>
The reasons for using specific mo elements for invisible operators include:
° such operators should often have specific effects on visual rendering (particularly spacing

and linebreaking rules) that are not the same as either the lack of any operator, or spacing
represented by mspace or mtext elements;

° these operators should often have specific audio renderings different than that of the lack of
any operator;
° automatic semantic interpretation of MathMI. presentation elements is made easier by the

explicit specification of such operators.

Forlexample, an audio renderer might render f(x) (represented as in the above examples) by, speaKing
‘f qf x’, but use the word ‘times’ in its rendering of xy. Although its rendering must still°'be” diffefent
depending on the structure of neighboring elements (sometimes leaving out ‘of” or ‘timies” entirely)f its
task is made much easier by the use of a different mo element for each invisible opérator.

3.2|5.6  Names for other special operators

MathML also includes &DifferentialD; (U+2146) for use in an mo‘element representing the difffer-
entjal operator symbol usually denoted by ‘d’. The reasons for explicitly using this special charafter
are|similar to those for using the special characters for invisible operators described in the preceding
secfion.

3.2|15.7  Detailed rendering rules for <mo> elements

Typical visual rendering behaviors for mo element$ are more complex than for the other MathML token
elements, so the rules for rendering them are described in this separate subsection.

Note that, like all rendering rules in MathML, these rules are suggestions rather than requirements.
Furthermore, no attempt is made to specify the rendering completely; rather, enough informatioh is
given to make the intended effect of\the various rendering attributes as clear as possible.

Th¢ operator dictionary

Mahy mathematical symbols, such as an integral sign, a plus sign, or a parenthesis, have a well-
estgblished, predigtable, traditional notational usage. Typically, this usage amounts to certain defhult
attrjbute valuesformo elements with specific contents and a specific form attribute. Since these defaplts
vary from symbol to symbol, MathML anticipates that renderers will have an ‘operator dictionary[ of
defhult atffibutes for mo elements (see Appendix C) indexed by each mo element’s content and fprm
attrjbute>If an mo element is not listed in the dictionary, the default values shown in parenthesef in
theltabhle_of attribntes for mo should be nsed since these valiies are tvpif‘allv m‘(‘Ppmhle for a gen Pric

operator.

Some operators are ‘overloaded’, in the sense that they can occur in more than one form (prefix, infix,
or postfix), with possibly different rendering properties for each form. For example, ‘+’ can be either a
prefix or an infix operator. Typically, a visual renderer would add space around both sides of an infix
operator, while only in front of a prefix operator. The form attribute allows specification of which form
to use, in case more than one form is possible according to the operator dictionary and the default value
described below is not suitable.
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Default value of the form attribute

The form attribute does not usually have to be specified explicitly, since there are effective heuristic
rules for inferring the value of the form attribute from the context. If it is not specified, and there is
more than one possible form in the dictionary for an mo element with given content, the renderer should
choose which form to use as follows (but see the exception for embellished operators, described later):
° If the operator is the first argument in an mrow with more than one argument (ignoring all

space-like arguments (see Section 3.2.7) in the determination of both the length and the first
argument), the prefix form is used;

space-Jike

arguments), the postfix form is used;

° if it is the only element in an implicit or explicit mrow and if it is in a script position of pne
of the elements listed in Section 3.4, the postfix form is used;
° in all other cases, including when the operator is not part of an mrow, the infix form is uged.

Nofe that the mrow discussed above may be inferred; See Section 3.1.3.1.

Op¢ning fences should have form="prefix", and closing fences should have'f orm="postfix"; Jep-
arafors are usually ‘infix’, but not always, depending on their surroundings: AsAvith ordinary operatprs,
thege values do not usually need to be specified explicitly.

If the operator does not occur in the dictionary with the specified‘form, the renderer should use pne
of the forms that is available there, in the order of preference:, infix, postfix, prefix; if no forms|are
avallable for the given mo element content, the renderer shouldyuse the defaults given in parenthesey in
the|table of attributes for mo.

Ex¢eption for embellished operators

Thdre is one exception to the above rules for chgosing an mo element’s default form attribute. An md el-
eme¢nt that is ‘embellished’ by one or mor¢.fiested subscripts, superscripts, surrounding text or whifes-
pacg, or style changes behaves differently. It is the embellished operator as a whole (this is defiped
pregisely, below) whose position in anvmrow is examined by the above rules and whose surrounding
spafing is affected by its form, nof the mo element at its core; however, the attributes influencing fhis
surfounding spacing are taken from the mo element at the core (or from that element’s dictionary entyy).

Forlexample, the ‘+4” in a+3k should be considered an infix operator as a whole, due to its position in|the
middle of an mrow, butits)rendering attributes should be taken from the mo element representing the [+,
or when those are notspecified explicitly, from the operator dictionary entry for <mo form="infigk">

+ 4/mo>. The precise definition of an ‘embellished operator” is:

arl mp'element;
or'one of the elements msub, msup, msubsup, munder, mover, munderover,
mmultiscripts, mfrac, or semantics (Section 5.1), whose first argument exists and i$ an

embellished Qperator;

° or one of the elements mstyle, mphantom, or mpadded, such that an mrow containing the
same arguments would be an embellished operator;
or an maction element whose selected sub-expression exists and is an embellished operator;
or an mrow whose arguments consist (in any order) of one embellished operator and zero or
more space-like elements.

Note that this definition permits nested embellishment only when there are no intervening enclosing
elements not in the above list.

The above rules for choosing operator forms and defining embellished operators are chosen so that in
all ordinary cases it will not be necessary for the author to specify a form attribute.
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Rationale for definition of embellished operators

The following notes are included as a rationale for certain aspects of the above definitions, but should
not be important for most users of MathML.

Anmfrac is included as an ‘embellisher’ because of the common notation for a differential operator:

<mfrac>
<mo> &DifferentialD; </mo>
<mrow>
<mo> &DifferentialD; </mo>
<mi> x </mi>
4/mrow>
</mfrac>

Sinpe the definition of embellished operator affects the use of the attributes related torstretching, |t is
important that it includes embellished fences as well as ordinary operators; thus it\applies to any| mo
element.

Nofe that an mrow containing a single argument is an embellished operatorif and only if its argunjent
is an embellished operator. This is because an mrow with a single argument must be equivalent ir] all
respects to that argument alone (as discussed in Section 3.3.1). This,m@ans that an mo element thgt is
the|sole argument of an mrow will determine its default form attribute based on that mrow’s posifion
in 4 surrounding, perhaps inferred, mrow (if there is one), rathef,than based on its own position in fhe
mrqgw in which it is the sole argument.

Note that the above definition defines every mo elemerntto be ‘embellished’” — that is, ‘embellished
opgrator’ can be considered (and implemented in renderers) as a special class of MathML expressigns,
of which mo is a specific case.

Spdcing around an operator

Thg¢ amount of horizontal space added around an operator (or embellished operator), when it ocqurs
in gn mrow, can be directly specified by the 1space and rspace attributes. Note that 1space gnd

rspace should be interpreted 45 leading and trailing space, in the case of RTL direction. By conventjon,
opgrators that tend to bind tightly to their arguments have smaller values for spacing than operators fhat
tendl to bind less tightly~Fhis convention should be followed in the operator dictionary included with a
MathML renderer.

Sorpe renderers.may choose to use no space around most operators appearing within subscript$ or
superscripts,-as‘is done in TeX.

Nonp-graphical renderers should treat spacing attributes, and other rendering attributes described hgre,
in gndlogous ways for their rendering medium. For example, more space might translate into a lorjger

\ - P
pauseramatarorenacrmg:

3.2.5.8  Stretching of operators, fences and accents

Four attributes govern whether and how an operator (perhaps embellished) stretches so that it matches
the size of other elements: stretchy, symmetric, maxsize, and minsize. If an operator has the
attribute stretchy="true", then it (that is, each character in its content) obeys the stretching rules
listed below, given the constraints imposed by the fonts and font rendering system. In practice, typical
renderers will only be able to stretch a small set of characters, and quite possibly will only be able to
generate a discrete set of character sizes.
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There is no provision in MathML for specifying in which direction (horizontal or vertical) to stretch a
specific character or operator; rather, when stretchy="true" it should be stretched in each direction
for which stretching is possible and reasonable for that character. It is up to the renderer to know in
which directions it is reasonable to stretch a character, if it can stretch the character. Most characters
can be stretched in at most one direction by typical renderers, but some renderers may be able to stretch
certain characters, such as diagonal arrows, in both directions independently.

The minsize and maxsize attributes limit the amount of stretching (in either direction). These two at-
tributes are given as multipliers of the operator’s normal size in the direction or directions of stretching,
or as absolute sizes using units. For example. if a character has maxsize="300%", then it can grow to
be po more than three times its normal (unstretched) size.

Thg symmetric attribute governs whether the height and depth above and below the axis of\the char-
actgr are forced to be equal (by forcing both height and depth to become the maximurh,of the two).
An|example of a situation where one might set symmetric="false" arises with parentheses arofind
a mjatrix not aligned on the axis, which frequently occurs when multiplying non-square matrices{ In
thid case, one wants the parentheses to stretch to cover the matrix, whereas stretching the parenthgses
symmetrically would cause them to protrude beyond one edge of the matrix{The symmetric attrihute
only applies to characters that stretch vertically (otherwise it is ignored);

If g stretchy mo element is embellished (as defined earlier in this seetion), the mo element at its dore
is gtretched to a size based on the context of the embellished operator as a whole, i.e. to the sgme
siz¢ as if the embellishments were not present. For example, the parentheses in the following exanjple
(which would typically be set to be stretchy by the operatOr dictionary) will be stretched to the sgme
sizg¢ as each other, and the same size they would have if.they were not underlined and overlined, pnd
furthermore will cover the same vertical interval:

<mfyow>

dmunder>

<mo> ( </mo>

<mo> &UnderBar; </mo>
4/munder>

dmfrac>

<mi> a </mi>

<mi> b </mi>
4/mfrac>

qmover>

<mo> ) </mo>

<mo> &Q0%erBar; </mo>
4/mover>

</nrows

Noferthat this means that the stretching rules given below must refer to the context of the embellished
operator as a whole, not just to the mo element itself.

Example of stretchy attributes

This shows one way to set the maximum size of a parenthesis so that it does not grow, even though its
default value is stretchy="true".

<mrow>
<mo maxsize="100%"> ( </mo>
<mfrac>
<mi> a </mi> <mi> b </mi>
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</mfrac>
<mo maxsize="100%"> ) </mo>
</mrow>

The above should render as () as opposed to the default rendering (%)

Note that each parenthesis is sized independently; if only one of them had maxsize="100%", they
would render with different sizes.

Vertical Stretching Rules

Thg general rules governing stretchy operators are:

° If a stretchy operator is a direct sub-expression of an mrow element, or is the sole direct qub-
expression of an mtd element in some row of a table, then it should stretch to coverthe hejght
and depth (above and below the axis) of the non-stretchy direct sub-expressions'in the mfow
element or table row, unless stretching is constrained by minsize or maxsize attributes|
° In the case of an embellished stretchy operator, the preceding rule applies to the stretchy
operator at its core.

The preceding rules also apply in situations where the mrow eleient is inferred.
The rules for symmetric stretching only apply if symmetric="true" and if the stretcling
occurs in an mrow or in an mtr whose rowalign value is either "baseline" or "axis'|.

Thg following algorithm specifies the height and depth of vertically’stretched characters:

1. Let maxheight and maxdepth be the maximum<eéight and depth of the non-stretchy pib-
lings within the same mrow or mtr. Let axis be ‘the height of the math axis above the bjse-
line.Note that even if aminsize or maxsize value is set on a stretchy operator, it is not ysed
in the initial calculation of the maximumceight and depth of an mrow.

2. If symmetric="true", then the computed height and depth of the stretchy operator are
height=max(maxheight-axis, .laxdepth+axis) + axis

depth =max(maxheight-axis, maxdepth+axis) - axis
Otherwise the height and depth are:

height= maxheight
depth = maxdepth

3. If the total size = height+depth is less than minsize or greater than maxsize, increas¢ or

decrease both height and depth proportionately so that the effective size meets the constrgint.

By default, most vertical arrows, along with most opening and closing fences are defined in the operjitor
dicfionary to stretch by)default.

In the case of a‘stietchy operator in a table cell (i.e. within an mtd element), the above rules assyme
each cell of the table row containing the stretchy operator covers exactly one row. (Equivalently,|the
valyie of the"rowspan attribute is assumed to be 1 for all the table cells in the table row, including|the
cell contarning the operator.) When this is not the case, the operator should only be stretched verticplly
to i ithi . S
Table cells that extend into rows not covered by the stretchy operator’s table cell should be ignored. See
Section 3.5.4.2 for details about the rowspan attribute.

Horizontal Stretching Rules

° If a stretchy operator, or an embellished stretchy operator, is a direct sub-expression of an
munder, mover, or munderover element, or if it is the sole direct sub-expression of an mtd
element in some column of a table (see mtable), then it, or the mo element at its core, should
stretch to cover the width of the other direct sub-expressions in the given element (or in the
same table column), given the constraints mentioned above.
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° In the case of an embellished stretchy operator, the preceding rule applies to the stretchy
operator at its core.

By default, most horizontal arrows and some accents stretch horizontally.

In the case of a stretchy operator in a table cell (i.e. within an mtd element), the above rules assume
each cell of the table column containing the stretchy operator covers exactly one column. (Equivalently,
the value of the columnspan attribute is assumed to be 1 for all the table cells in the table row, includ-
ing the cell containing the operator.) When this is not the case, the operator should only be stretched

horizontally to cover those table cells that are entirely within the set of table columns that the operator’s
Tobla callc thot oo PETECEEY dls th 1 tor’c tola] 11 ch

CaMAt 1t 1 Bnat 3 tol ld
cellreevers—FablecolsthatextendHrtocolomraoteovered-bythestretrehvoperstortableceHhqu

be {gnored. See Section 3.5.4.2 for details about the rowspan attribute.

Thq rules for horizontal stretching include mtd elements to allow arrows to stretch for use/ in-cominu-
tatiye diagrams laid out using mtable. The rules for the horizontal stretchiness include,scripts to make
examples such as the following work:

<myow>

dqmi> x </mi>

dmunder>

<mo> &RightArrow; </mo>
<mtext> maps to </mtext>
4/munder>

dqmi> y </mi>

</mrow>

Thik displays as x — .
maps to

Rules Common to both Vertical and Horizontal\Stretching

If al stretchy operator is not required to streteh (i.e. if it is not in one of the locations mentioned abgve,
or {f there are no other expressions whose size it should stretch to match), then it has the standard
(unptretched) size determined by thelfont and current mathsize.

If g stretchy operator is required*to stretch, but all other expressions in the containing element|(as
desfribed above) are also stretchy, all elements that can stretch should grow to the maximum of|the
normal unstretched sizes of all elements in the containing object, if they can grow that large. If|the
valyie of minsize oraxsize prevents that, then the specified (min or max) size is used.

Forl example, ip,an mrow containing nothing but vertically stretchy operators, each of the operafors
should stretch to the maximum of all of their normal unstretched sizes, provided no other attributes|are
set that override this behavior. Of course, limitations in fonts or font rendering may result in the fipal,
strgtched.sizes being only approximately the same.

3.25.9  Examples of Linebreaking

The following example demonstrates forced linebreaks and forced alignment:

<mrow>
<mrow> <mi>f</mi> <mo>&ApplyFunction;</mo> <mo>(</mo> <mi>x</mi> <mo>)</mo> </mrow>

<mo id=’eql-equals’>=</mo>

<mrow>

<msup>
<mrow> <mo>(</mo> <mrow> <mi>x</mi> <mo>+</mo> <mn>1</mn> </mrow> <mo>)</mo> </mrow>
<mn>4</mn>
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</msup>
<mo linebreak=’newline’ linebreakstyle=’before’
indentalign=’id’ indenttarget=’eql-equals’>=</mo>
<mrow>
<msup> <mi>x</mi> <mn>4</mn> </msup>
<mo id=’eql-plus’>+</mo>
<mrow> <mn>4</mn> <mo>&InvisibleTimes;</mo> <msup> <mi>x</mi> <mn>3</mn> </msup> </mrow>
<mo>+</mo>
<mrow> <mn>6</mn> <mo>&InvisibleTimes;</mo> <msup> <mi>x</mi> <mn>2</mn> </msup> </mrow>

<mo linebreak=’newline’ linebreakstyle=’before’
indencalignlast='1d  1ndenttarget= eql-plus >+</mo>

<mrow> <mn>4</mn> <mo>&InvisibleTimes;</mo> <mi>x</mi> </mrow>
<mo>+</mo>
<mn>1</mn>
/mrow>

<fmrow>
</hrow>

Thif displays as

()= (x+ 1)
=x4+4x3+6x2

+4x+1

e

Nofe that because indentalignlast defaults to "indefitalign", in the above example
indentalign could have been used in place of indentalignlast. Also, the specifying
lifebreakstyle=’before’ is not needed because thdt is the default value.

3.216 Text <mtext>
3.216.1  Description

An|mtext element is used to represént arbitrary text that should be rendered as itself. In general, fhe
mtgxt element is intended to dendte commentary text.

Nofe that some text with a ¢léarly defined notational role might be more appropriately marked up uging
mi pr mo; this is discussed-further below.

An|mtext element cand be used to contain ‘renderable whitespace’, i.e. invisible characters that|are
intgnded to alter the positioning of surrounding elements. In non-graphical media, such characters|are
intgnded to have an analogous effect, such as introducing positive or negative time delays or affecfing
rhyfhm in<an audio renderer. This is not related to any whitespace in the source MathML consisfing
of blanks,/newlines, tabs, or carriage returns; whitespace present directly in the source is trimiped
and cellapsed, as described in Section 2.1.7. Whitespace that is intended to be rendered as part oTan
element’s content must be represented by entity references or mspace elements (unless it consists only
of single blanks between non-whitespace characters).

3.2.6.2  Attributes
mtext elements accept the attributes listed in Section 3.2.2.

See also the warnings about the legal grouping of ‘space-like elements’ in Section 3.2.7, and about the
use of such elements for ‘tweaking’ in Section 3.1.8.
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Token Elements

6.3  Examples

<mtext> Theorem 1: </mtext>
<mtext> &ThinSpace; </mtext>

<mtext> &ThickSpace;&ThickSpace; </mtext>

<mtext> /* a comment */ </mtext>

</n
An

On

) < 1 and could be represented as:

ow>
mo> there exists </mo>
mrow>
<mrow>
<mi> &delta; </mi>
<mo> &gt; </mo>
<mn> 0 </mn>
</mrow>
<mo> such that </mo>
<mrow>
<mrow>
<mi> f </mi>
<mo> &ApplyFunction; </mo>
<mrow>
<mo> ( </mo>
<mi> x </mi>
<mo> ) </mo>
</mrow>
</mrow>
<mo> &lt; </mo>
<mn> 1 </mn>
</mrow>
/mrow>
row>
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example inyolving an mi element is: x+x>+---+x". In this example, ellipsis should be represerjted
usifg an mi-element, since it takes the place of a term in the sum; (see Section 3.2.3).

thesother hand, expository text within MathML is best represented with an mtext element.|An

exXa

1 £l o M
lllJlL/ Ul UIIS 15,

Theorem 1: if x > 1, then x% > x.

However, when MathML is embedded in HTML, or another document markup language, the example
is probably best rendered with only the two inequalities represented as MathML at all, letting the text
be part of the surrounding HTML.

Another factor to consider in deciding how to mark up text is the effect on rendering. Text enclosed in
an mo element is unlikely to be found in a renderer’s operator dictionary, so it will be rendered with
the format and spacing appropriate for an ‘unrecognized operator’, which may or may not be better
than the format and spacing for ‘text’ obtained by using an mtext element. An ellipsis entity in an mi
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element is apt to be spaced more appropriately for taking the place of a term within a series than if it
appeared in an mtext element.

3.2.7 Space <mspace/>
3.2.7.1  Description

An mspace empty element represents a blank space of any desired size, as set by its attributes. It can
also be used to make linebreaking suggestions to a visual renderer. Note that the default values for

attrﬁuﬁmﬂ%x@m&mmwwmmmmmmace
element is generally used with one or more attribute values explicitly specified.

Note the warning about the legal grouping of ‘space-like elements’ given below, and the warning afjout
theluse of such elements for ‘tweaking’ in Section 3.1.8. See also the other elements that\can rendef as
whitespace, namely mtext, mphantom, and maligngroup.

3.2|7.2  Attributes

In pddition to the attributes listed below, mspace elements accept the attributes described in Jec-
tion} 3.2.2, but note that mathvariant and mathcolor have no effect-and that mathsize only aff¢cts
thelinterpretation of units in sizing attributes (see Section 2.1.5.2). mspace also accepts the indentafion
attrjbutes described in Section 3.2.5.2.

Nhme ‘ values ‘ defaylt

wjdth ‘ length ‘ Oem
Specifies the desired width of the space.

hgight ‘ length ‘ Oex
Specifies the desired height (above the baseline) of the space.

dgpth ‘ length ‘ Oex
Specifies the desired depth (below, the baseline) of the space.

lipebreak | "auto" | "newline" | "nobreak" | "goodbreak" | "badbreak” ‘ auto
Specifies the desirability of @ linebreak at this space. This attribute should be ignored if
any dimensional attribute is'set.

Lingbreaking was originally. specified on mspace in MathML2, but controlling linebreaking on mp is
to Be preferred starting with MathML 3. MathML 3 adds new linebreaking attributes only to mo, pot
mspace. However, because a linebreak can be specified on mspace, control over the indentation fhat
folllows that breakiedn be specified using the attributes listed in Section 3.2.5.2.

Thg value "dindentingnewline" was defined in MathML2 for mspace; it is now deprecated. Its mgan-
ing|is th€ same as newline, which is compatible with its earlier use when no other linebreaking at-
tributés’are specified. Note that 1inebreak values on adjacent mo and mspace elements do not interpct;

3 3 11 — L WANELINS TS ) 1 1 1. 1
a " 1001 ed.h“ Ol dil' s Pate WII UL, TIT ILSCIL, HIIITUIU a DICAK OII dIl dUJdCTIIU IO CITITICTIT.

3.2.7.3  Examples

<mspace height="3ex" depth="2ex"/>
<mrow>
<mi>a</mi>

<mo id="firstop">+</mo>
<mi>b</mi>
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<mspace linebreak="newline" indentalign="id" indenttarget="firstop"/>
<mo>+</mo>
<mi>c</mi>
</mrow>
In the last example, mspace will cause the line to end after the "b" and the following line to be indented
so that the "+" that follows will align with the "+" with id="firstop".

3.2.74  Definition of space-like elements

A tjumber of MathML presentation elements are ‘space-like’ in the sense that they typically rerfder
as yhitespace, and do not affect the mathematical meaning of the expressions in which they appgar.
As|a consequence, these elements often function in somewhat exceptional ways in othéi MathML
expressions. For example, space-like elements are handled specially in the suggested,rendering rjiles
formo given in Section 3.2.5. The following MathML elements are defined to be ‘space-like’:

an mtext, mspace, maligngroup, or malignmark element;
an mstyle, mphantom, or mpadded element, all of whose direct sub-€xpressions are spgce-
like;

an maction element whose selected sub-expression exists and.is space-like;
an mrow all of whose direct sub-expressions are space-like:

Nofe that an mphantom is not automatically defined to be spaee-like, unless its content is space-ljke.
Thifs is because operator spacing is affected by whether adjacent elements are space-like. Since the
mplantom element is primarily intended as an aid in aligning expressions, operators adjacent to|an
mplantom should behave as if they were adjacent to,the\contents of the mphantom, rather than tq an
equivalently sized area of whitespace.

3.2|7.5  Legal grouping of space-like elements

Authors who insert space-like elements~or mphantom elements into an existing MathML expresdion
should note that such elements are counted as arguments, in elements that require a specific numbejr of
arghments, or that interpret different argument positions differently.

Thgrefore, space-like elements Tnserted into such a MathML element should be grouped with a nejgh-
borjng argument of that element by introducing an mrow for that purpose. For example, to allow|for
verfical alignment on-the right edge of the base of a superscript, the expression
<mgup>

dmi> x </Mi>

dmalignmark edge="right"/>

dmn>2°\</mn>

</nsap>

is illegal, because msup must have exactly 2 arguments; the correct expression would be:
<msup>
<mrow>
<mi> x </mi>
<malignmark edge="right"/>
</mrow>
<mn> 2 </mn>
</msup>

See also the warning about ‘tweaking’ in Section 3.1.8.
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3.2.8 String Literal <ms>
3.2.8.1  Description

The ms element is used to represent ‘string literals’ in expressions meant to be interpreted by computer
algebra systems or other systems containing ‘programming languages’. By default, string literals are
displayed surrounded by double quotes, with no extra spacing added around the string. As explained in
Section 3.2.6, ordinary text embedded in a mathematical expression should be marked up with mtext,
or in some cases mo or mi, but never with ms.

Note that the string literals encoded by ms are made up of characters, mglyphs and malignmarks
rathler than ‘ASCII strings’. For example, <ms>&amp;</ms> represents a string literal contaifiinjg a
single character, &, and <ms>&amp ; amp ; </ms> represents a string literal containing 5 charaoters,|the
firsf one of which is &.

Thq content of ms elements should be rendered with visible ‘escaping’ of certaincecharacters in|the
content, including at least the left and right quoting characters, and preferably whitespace other than
ind|vidual space characters. The intent is for the viewer to see that the expression,is a string literal, pnd
to see exactly which characters form its content. For example, <ms>double‘quote is "</ms> mjght

"nn

be fendered as "double quote is \"".

Likg all token elements, ms does trim and collapse whitespace in its ‘eontent according to the rulep of
Sedtion 2.1.7, so whitespace intended to remain in the content shéuld be encoded as described in fhat
secfion.

3.218.2  Attributes

ms plements accept the attributes listed in Section3.2.2, and additionally:

‘ Nphme ‘ values ‘ default
Igpote ‘ string ‘ &quot;
Specifies the opening quote to enclose the content. (not necessarily ‘left quote’ in RTL
context).
rquote ‘ string ‘ &quot;
Specifies the closing quote to enclose the content. (not necessarily ‘right quote’ in RTL
context).
3.3 General Layout Schemata

Bedides tokens there are several families of MathML presentation elements. One family of elem¢nts
s with’various ‘scripting’ notations, such as subscript and superscript. Another family is concerped

notations such as fractions and radicals, or deal with general functions such as setting style properties
and error handling.

3.3.1 Horizontally Group Sub-Expressions <mrow>
3.3.1.1  Description

An mrow element is used to group together any number of sub-expressions, usually consisting of one
or more mo elements acting as ‘operators’ on one or more other expressions that are their ‘operands’.
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Several elements automatically treat their arguments as if they were contained in an mrow element.
See the discussion of inferred mrows in Section 3.1.3. See also mfenced (Section 3.3.8), which can
effectively form an mrow containing its arguments separated by commas.

mrow elements are typically rendered visually as a horizontal row of their arguments, left to right in the
order in which the arguments occur within a context with LTR directionality, or right to left within a
context with RTL directionality. The dir attribute can be used to specify the directionality for a specific
mrow, otherwise it inherits the directionality from the context. For aural agents, the arguments would
be rendered audibly as a sequence of renderings of the arguments. The description in Section 3.2.5 of
suggested rendering rules for mo elements assumes that all horizontal spacing between operators and
thefr operands is added by the rendering of mo elements (or, more generally, embellished operatdrs),
not|by the rendering of the mrows they are contained in.

MathML provides support for both automatic and manual linebreaking of expressions (that i, to break
excessively long expressions into several lines). All such linebreaks take place within.mrows, whether
they are explicitly marked up in the document, or inferred (See Section 3.1.3.1),although the conjtrol
of linebreaking is effected through attributes on other elements (See Section 34.7).

3.3]1.2  Attributes

mrqw elements accept the attribute listed below in addition to thosetlisted in Section 3.1.10.

‘ Nhme ‘ values ‘ default
dip | el | inheritgd
specifies the overall directionality 1tr (Left To Right) or rt1 (Right To Left) to use to
layout the children of the row. See Section 3.1.5.Ffor further discussion.

3.3]1.3  Proper grouping of sub-expressions\ising <mrow>

Suby-expressions should be grouped by the, document author in the same way as they are groupedl in
the|mathematical interpretation of thexéxpression; that is, according to the underlying ‘syntax treef of
thefexpression. Specifically, operators-and their mathematical arguments should occur in a single mrjow;
mofe than one operator should-occur directly in one mrow only when they can be considered (jn a
synfactic sense) to act together on the interleaved arguments, e.g. for a single parenthesized term pnd
its parentheses, for chains.0f relational operators, or for sequences of terms separated by + and {. A
pregise rule is given below.

Proper groupinghas. several purposes: it improves display by possibly affecting spacing; it allows|for
mofe intelligent/hinebreaking and indentation; and it simplifies possible semantic interpretation of pre-
senfation elements by computer algebra systems, and audio renderers.

Althowgh-improper grouping will sometimes result in suboptimal renderings, and will often make| in-
terpretation other than pure visual rendering difficult or impossible. any grouping of expressions uging
mrow is allowed in MathML syntax; that is, renderers should not assume the rules for proper grouping
will be followed.

<mrow> of one argument

MathML renderers are required to treat an mrow element containing exactly one argument as equivalent
in all ways to the single argument occurring alone, provided there are no attributes on the mrow element.
If there are attributes on the mrow element, no requirement of equivalence is imposed. This equivalence
condition is intended to simplify the implementation of MathML-generating software such as template-
based authoring tools. It directly affects the definitions of embellished operator and space-like element
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and the rules for determining the default value of the form attribute of an mo element; see Section 3.2.5
and Section 3.2.7. See also the discussion of equivalence of MathML expressions in Section 2.3.

Precise rule for proper grouping

A precise rule for when and how to nest sub-expressions using mrow is especially desirable when
generating MathML automatically by conversion from other formats for displayed mathematics, such
as TgX, which don’t always specify how sub-expressions nest. When a precise rule for grouping is
desired, the following rule should be used:

Tw¢ adjacent operators, possibly embellished, possibly separated by operands (i.e. anything other than
opgrators), should occur in the same mrow only when the leading operator has an infix or prefix fprm
(pethaps inferred), the following operator has an infix or postfix form, and the operators have the sgme
prigrity in the operator dictionary (Appendix C). In all other cases, nested mrows should be used.

When forming a nested mrow (during generation of MathML) that includes just ongof two succesgive
opdrators with the forms mentioned above (which mean that either operator could'in principle ac{ on
the|intervening operand or operands), it is necessary to decide which operator-acts on those operands
dirgctly (or would do so, if they were present). Ideally, this should be,determined from the origjnal
expression; for example, in conversion from an operator-precedence=based format, it would be [the
opgrator with the higher precedence.

(=5

Note that the above rule has no effect on whether any MathML expression is valid, only on the fec-
ommended way of generating MathML from other formats£or/displayed mathematics or directly ffom
wriften notation.

(Some of the terminology used in stating the above rulein defined in Section 3.2.5.)

3.3]1.4  Examples

As pn example, 2x+y-z should be written as:

<mow>

4mrow>

<mn> 2 </mn>
<mo> &InvisibleTimes; </mo>
<mi> x </mi>
4/mrow>

dmo> + </mo>
dmi> y </mi>
dmo> - «&/mo>
dmi>(z\</mi>
</nrdw>

The proper encoding of (x, y) Turnishes a Iess obvious example of nesting mrows:

<mrow>
<mo> ( </mo>
<mrow>
<mi> x </mi>
<mo> , </mo>
<mi> y </mi>
</mrow>
<mo> ) </mo>
</mrow>
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In this case, a nested mrow is required inside the parentheses, since parentheses and commas, thought
of as fence and separator ‘operators’, do not act together on their arguments.

3.3.2 Fractions <mfrac>
3.3.2.1  Description

The mfrac element is used for fractions. It can also be used to mark up fraction-like objects such as
binomial coefficients and Legendre symbols. The syntax for mfrac is

< + ] ; + -
mirrac nHeractor TeoOMIIactor 7 e

Th¢ mfrac element sets displaystyle to "false", or if it was already false increments
scyiptlevel by 1, within numerator and denominator. (See Section 3.1.6.)

3.3]12.2  Attributes

mfgac elements accept the attributes listed below in addition to those listed"in Section 3.1.10. [The
fragtion line, if any, should be drawn using the color specified by mathcolo®!

=3

Nhme ‘ values ‘ defaull

lipethickness ‘ length | "thin" | "medium" | "thick" ‘ medigm
Specifies the thickness of the horizontal ‘fraction bar’, er “rule’ The default value is
"medium", "thin" is thinner, but visible, "thick" #Sthicker; the exact thickness of
these is left up to the rendering agent.

nymalign "left" | "center" | "right" ‘ center
Specifies the alignment of the numerator over-the fraction.

dgnomalign | "left" | "center" | "right" ‘ center
Specifies the alignment of the denominater under the fraction.

bgvelled "true" | "false" ‘ false

Specifies whether the fraction sheuld be displayed in a beveled style (the numerator
slightly raised, the denominator slightly lowered and both separated by a slash), rather
than "build up" vertically..See below for an example.

Thikcker lines (e.g. 1inethicknéss="thick") might be used with nested fractions; a value of "0" rendlers
without the bar such as fer.binomial coefficients. These cases are shown below:

()

Anlexample illustrating the bevelled form is shown below:

R (ST

4 /
B+E /xs"‘%

In a RTL directionality context, the numerator leads (on the right), the denominator follows (on the
left) and the diagonal line slants upwards going from right to left (See Section 3.1.5.1 for clarification).
Although this format is an established convention, it is not universally followed; for situations where a
forward slash is desired in a RTL context, alternative markup, such as an mo within an mrow should be
used.
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3.3.2.3  Examples

The examples shown above can be represented in MathML as:

<mrow>
<mo> ( </mo>
<mfrac linethickness="0">
<mi> a </mi>
<mi> b </mi>
</mfrac>

Chapter 3. Presentation Markup

HO i //J.u.v
</nrow>
<mfrac linethickness="200%">
<mfrac>
<mi> a </mi>
<mi> b </mi>
</mfrac>
<mfrac>
<mi> ¢ </mi>
<mi> d </mi>
</mfrac>
</nfrac>

<mfrac>
<mn> 1 </mn>
<mrow>
<msup>
<mi> x </mi>
<mn> 3 </mn>
</msup>
<mo> + </mo>
<mfrac>
<mi> x </mi>
<mn> 3 </mn>
</mfrac>
</mrow>
</nfrac>
<mg> = </mo>
<mfrac bevelled="true">
<mn> «15\</mn>
<mrow>

<msup>

<mi> x </mi>
<mn> 3 </mn>
</msup>
<mo> + </mo>
<mfrac>
<mi> x </mi>
<mn> 3 </mn>
</mfrac>
</mrow>
</mfrac>
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A more generic example is:

<mfrac>
<mrow>
<mn> 1 </mn>
<mo> + </mo>
<msqgrt>
<mn> 5 </mn>
</msqrt>
</mrow>
<mn> 2 </mn>
</nfrac>

3.3]3 Radicals <msqrt>, <mroot>
3.3|13.1  Description

Thgse elements construct radicals. The msqrt element is used for square roots,while the mroot elenjent
is used to draw radicals with indices, e.g. a cube root. The syntax for these elements is:

<mgqrt> base </msqrt>
<mfoot> base index </mroot>

Th¢ mroot element requires exactly 2 arguments. However, msqrt accepts a single argument, possi-
bly|being an inferred mrow of multiple children; see Section/3.1.3. The mroot element incremefts
scyiptlevel by 2, and sets displaystyle to "false!, Within index, but leaves both attributes Jun-
changed within base. The msqrt element leaves bothlattributes unchanged within its argument. (See
Sedtion 3.1.6.)

Nofe that in a RTL directionality, the surd begins on the right, rather than the left, along with the index
in the case of mroot.

3.3|13.2  Attributes

msqrt and mroot elements accept the attributes listed in Section 3.1.10. The surd and overbar shquld
be ¢lrawn using the color specified by mathcolor.

3.314 Style Change <mstyle>
3.3{4.1  Desetiption

The¢ mstyTeelement is used to make style changes that affect the rendering of its contents. Firstly, ps a
prepentation element, it accepts the attributes described in Section 3.1.10. Additionally, it can be given

anvLattribute m‘r‘Ppth by anvy other prPQenmﬁnn element except for the attributes described bellow.

Finally, the mstyle element can be given certain special attributes listed in the next subsection.

The mstyle element accepts a single argument, possibly being an inferred mrow of multiple children;
see Section 3.1.3.

Loosely speaking, the effect of the mstyle element is to change the default value of an attribute for the

elements it contains. Style changes work in one of several ways, depending on the way in which default

values are specified for an attribute. The cases are:

° Some attributes, such as displaystyle or scriptlevel (explained below), are inherited
from the surrounding context when they are not explicitly set. Specifying such an attribute on

© ISO/IEC 2016 — All rights reserved


https://iecnorm.com/api/?name=b1f67f221c3e9728efa6b4f62cc7373f

ISO/IEC 40314:2016(E)

70 Chapter 3. Presentation Markup

an mstyle element sets the value that will be inherited by its child elements. Unless a child
element overrides this inherited value, it will pass it on to its children, and they will pass
it to their children, and so on. But if a child element does override it, either by an explicit
attribute setting or automatically (as is common for scriptlevel), the new (overriding)
value will be passed on to that element’s children, and then to their children, etc, unless it is
again overridden.
° Other attributes, such as 1linethickness on mfrac, have default values that are not nor-
mally inherited. That is, if the 1inethickness attribute is not set on the mfrac element, it
will normally use the default value of "1", even if it was contained in a larger mfrac ele-
TIEnT that Set this attribute To a different value. For atributes ike This, SpeciTying a value with
an mstyle element has the effect of changing the default value for all elements withif} its
scope. The net effect is that setting the attribute value with mstyle propagates the ehangp to
all the elements it contains directly or indirectly, except for the individual elements on whjich
the value is overridden. Unlike in the case of inherited attributes, elements ‘that expliditly
override this attribute have no effect on this attribute’s value in their children.
° Another group of attributes, such as stretchy and form, are computed from operator didtio-
nary information, position in the enclosing mrow, and other simildidata. For these attribues,
a value specified by an enclosing mstyle overrides the value'that would normally be c¢m-
puted.

Nofe that attribute values inherited from an mstyle in any manner-affect a descendant element in fhe
mstyle’s content only if that attribute is not given a value by the descendant element. On any elenjent
for|which the attribute is set explicitly, the value specified\overrides the inherited value. The dnly
exception to this rule is when the attribute value is documented as specifying an incremental changp to
the|value inherited from that element’s context or rendering environment.

Nofe also that the difference between inherited andmon-inherited attributes set by mstyle, explaiped
abgve, only matters when the attribute is set @h some element within the mstyle’s contents that [has
despendants also setting it. Thus it never matters for attributes, such as mathsize, which can only be
set pn token elements (or on mstyle itself):

MathML specifies that when the atttibutes height, depth or width are specified on an mstyle le-
ment, they apply only to mspace'€lements, and not to the corresponding attributes of mglyph, mpadded,
or ptable. Similarly, when rowalign, columnalign, or groupalign are specified on an mstyld el-
emg¢nt, they apply only tq the mtable element, and not the mtr, mlabeledtr, mtd, and maligngrpup
elements. When the 1gpace attribute is set with mstyle, it applies only to the mo element and no{ to
mpddded. To be consistent, the voffset attribute of the mpadded element can not be set on mstyjle.
When the deprecated fontfamily attribute is specified on an mstyle element, it does not apply to|the
mglyph element. The deprecated index attribute cannot be set on mstyle. When the align attrifpute
is spt withanstyle, it applies only to the munder, mover, and munderover elements, and not to the
mtgble'and mstack elements. The required attributes src and alt on mglyph, and actiontype|on
mag¢tion, cannot be set on mstyle.

(€]

As a presentation element, mstyle directly accepts the mathcolor and mathbackground attributes.
Thus, the mathbackground specifies the color to fill the bounding box of the mstyle element itself;
it does not specify the default background color. This is an incompatible change from MathML 2, but
we feel it is more useful and intuitive. Since the default for mathcolor is inherited, this is no change
in its behaviour.

3.3.4.2  Attributes

As stated above, mstyle accepts all attributes of all MathML presentation elements which do not have
required values. That is, all attributes which have an explicit default value or a default value which is
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inherited or computed are accepted by the mstyle element.
mstyle elements accept the attributes listed in Section 3.1.10.

Additionally, mstyle can be given the following special attributes that are implicitly inherited by every
MathML element as part of its rendering environment:

Name ‘ values ‘ default

scriptlevel ‘ ("+"1"-")? unsigned-integer ‘ inherited
Changes the scriptlevel in effect for the children. When the value is given without

a cian 1t cote acrintl ool to the cnacifiod value: when a9 c1gn 10 given 1t 1noramantg
(=] I r > o (=} >

("+") or decrements ("-") the current value. (Note that large decrements can result in neg-
ative values of scriptlevel, but these values are considered legal.) See Section 3.L.6.

digplaystyle "true” | "false” J inherited
Changes the displaystyle in effect for the children. See Section 3.1.6.
sdriptsizemultiplier ‘ number ‘ 0.71

Specifies the multiplier to be used to adjust font size due to changes in scriptlevel.
See Section 3.1.6.

sdriptminsize ‘ length ‘ 8pt
Specifies the minimum font size allowed due to changes in s¢xiptlevel. Note that
this does not limit the font size due to changes to mathsize.(See Section 3.1.6.

infixlinebreakstyle | "before" | "after" | "duplicate" ‘ before
Specifies the default linebreakstyle to use for infix operators; see Section 3.2.5.2
dgcimalpoint ‘ character ‘ .

specifies the character used to determine the alignnjent point within mstack and mtabl
columns when the "decimalpoint" value is used'to specify the alignment. The default,
".", is the decimal separator used to separate, the integral and decimal fractional parts of

floating point numbers in many countrigs: (See Section 3.6 and Section 3.5.5).

If g§criptlevel is changed incrementally-by an mstyle element that also sets certain other attributes,
thel|overall effect of the changes maydepend on the order in which they are processed. In such cages,
the[attributes in the following list should be processed in the following order, regardless of the orddr in
which they occur in the XML-format attribute list of the mstyle start tag: scriptsizemultipligr,
sciiptminsize, scriptlevel, mathsize.

Deprecated Attributés

MathML2 allowed the binding of namedspaces to new values. It appears that this capability was jev-
er implemented; and is now deprecated; namedspaces are now considered constants. For backwgrds
compatibility, the following attributes are accepted on the mstyle element, but are expected to havg no

effgct

N:llllC i vaiuca i dcfauh
veryverythinmathspace | Iength 0.0555556em
verythinmathspace length 0.111111em
thinmathspace length 0.166667em
mediummathspace length 0.222222em
thickmathspace length 0.277778em
verythickmathspace length 0.333333em
veryverythickmathspace | length 0.388889%em
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3.3.4.3  Examples

The example of limiting the stretchiness of a parenthesis shown in the section on <mo>,

<mrow>
<mo maxsize="100%"> ( </mo>
<mfrac> <mi> a </mi> <mi> b </mi> </mfrac>
<mo maxsize="100%"> ) </mo>

</mrow>

can be rewritten using mstyle as:

<mgtyle maxsize="100%">

<mrow>
<mo> ( </mo>
<mfrac> <mi> a </mi> <mi> b </mi> </mfrac>
<mo> ) </mo>

</mrow>

</nstyle>

3.3)5 Error Message <merror>
3.3]5.1  Description

Th¢ merror element displays its contents as an ‘error message™ This might be done, for example| by
displaying the contents in red, flashing the contents, or changing the background color. The contgnts
can| be any expression or expression sequence.

mexyror accepts a single argument possibly being<an inferred mrow of multiple children; see Jec-
tiog 3.1.3.

The intent of this element is to provide a stanidard way for programs that generate MathML from ofher
inpjt to report syntax errors in their input. Since it is anticipated that preprocessors that parse irfput
syntaxes designed for easy hand entry will be developed to generate MathML, it is important that they
have the ability to indicate that a'symtax error occurred at a certain point. See Section 2.3.2.

The suggested use of merror for reporting syntax errors is for a preprocessor to replace the erroneous
parf of its input with anmerror element containing a description of the error, while processing|the
surfounding expressions.normally as far as possible. By this means, the error message will be rendgred
where the erroneous input would have appeared, had it been correct; this makes it easier for an author
to determine fremithe rendered output what portion of the input was in error.

No|specificzerfor message format is suggested here, but as with error messages from any progrpm,
the|formiatyshould be designed to make as clear as possible (to a human viewer of the rendered efror
megsage) what was wrong with the input and how it can be fixed. If the erroneous input contgins
correctly Tormatted subsections, it may be useful for these to be preprocessed normally and included
in the error message (within the contents of the merror element), taking advantage of the ability of
merror to contain arbitrary MathML expressions rather than only text.

3.3.5.2  Attributes

merror elements accept the attributes listed in Section 3.1.10.
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3.3.5.3 Example

If a MathML syntax-checking preprocessor received the input

<mfraction>
<mrow> <mn> 1 </mn> <mo> + </mo> <msqrt> <mn> 5 </mn> </msqrt> </mrow>
<mn> 2 </mn>

</mfraction>

which contains the non-MathML element mfraction (presumably in place of the MathML element
mfrac), it might generate the error message

<mgrror>
<mtext> Unrecognized element: mfraction;
arguments were: </mtext>
<mrow> <mn> 1 </mn> <mo> + </mo> <msqrt> <mn> 5 </mn> </msqrt> </mrow>
<mtext> and </mtext>
<mn> 2 </mn>
</nerror>

Nofe that the preprocessor’s input is not, in this case, valid MathML, but the\error message it outpufs is
valld MathML.

3.3}6 Adjust Space Around Content <mpadded>
3.3]6.1  Description

An|mpadded element renders the same as its child content, but with the size of the child’s bounding
boy and the relative positioning point of its content modified according to mpadded’s attributeg. It
dogs not rescale (stretch or shrink) its content.*The name of the element reflects the typical use|of
mpgddded to add padding, or extra space, around its content. However, mpadded can be used to mjake
mofe general adjustments of size and positioning, and some combinations, e.g. negative padding, can
cause the content of mpadded to overldp the rendering of neighboring content. See Section 3.1.8|for
wainings about several potential pitfalls of this effect.

Th¢ mpadded element accepts(a single argument which may be an inferred mrow of multiple childfen;
see[Section 3.1.3.

It i§ suggested that audio renderers add (or shorten) time delays based on the attributes represenfing
horjzontal space (width and lspace).

3.3]6.2  Altributes

mpddded elements accept the attributes listed below in addition to those specified in Section 3.1.10
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Name ‘ values default
height | ("+"1"-")? unsigned-number ( ("%" pseudo-unit?) | pseudo-unit | unit | same as content

| namedspace )?
Sets or increments the height of the mpadded element. See below for discussion.

depth | ("+"1"-")? unsigned-number (("%" pseudo-unit?) | pseudo-unit | unit | same as content

| namedspace )?
Sets or increments the depth of the mpadded element. See below for discussion.

width | ("+"1"-")? unsigned-number ( ("%" pseudo-unit?) | pseudo-unit | unit | same as content

| namedspace )?

Sets or increments the width of the mpadded element. See below for discussion.

Ispace | ("+"1"-")? unsigned-number ( ("%" pseudo-unit?) | pseudo-unit | unit | Oem

| namedspace )?

Sets the horizontal position of the child content. See below for discussion.

vgffset | ("+"1"-")? unsigned-number ( ("%" pseudo-unit?) | pseudo-unit | unit | ‘Oem

| namedspace )?

Sets the vertical position of the child content. See below for discussion.

Thg pseudo-unit syntax symbol is described below. Also, height, depthvand width attributes|are
refgrred to as size attributes, while 1space and voffset attributes are_position attributes.

Thgse attributes specify the size of the bounding box of the mpadded element relative to the siz¢ of
the|bounding box of its child content, and specify the position of the child content of the
mpgdded element relative to the natural positioning of the mpadded element. The typographical layout
parpmeters determined by these attributes are described.in the next subsection. Depending on the form
of the attribute value, a dimension may be set to a newixvalue, or specified relative to the child contept’s
corfesponding dimension. Values may be given as mltiples or percentages of any of the dimensionf of
the|normal rendering of the child content using so-called pseudo-units, or they can be set directly uging
stapdard units Section 2.1.5.2.

If the value of a size attribute begins with a + or - sign, it specifies an increment or decrement to|the
corfesponding dimension by the following length value. Otherwise the corresponding dimension if set
dirgctly to the following length yalue. Note that since a leading minus sign indicates a decrement,|the
siz¢ attributes (height, depth, width) cannot be set directly to negative values. In addition, specifying
a dgcrement that would preduce a net negative value for these attributes has the same effect as setfing
the|attribute to zero. Im~ether words, the effective bounding box of an mpadded element always |has
norl-negative dimensions. However, negative values are allowed for the relative positioning attributes
1lsgace and voffset.

Lerjgth valugs'(excluding any sign) can be specified in several formats. Each format begins withj an
undgigned-number, which may be followed by a % sign (effectively scaling the number) and an optignal
psepido;unit, by a pseudo-unit alone, or by a unit (excepting %). The possible pseudo-units are|the
keylwords height. depth. and width. They represent the length of the same-named dimension of the
mpadded element’s child content.

For any of these length formats, the resulting length is the product of the number (possibly including
the %) and the following pseudo-unit, unit, namedspace or the default value for the attribute if no such
unit or space is given.

Some examples of attribute formats using pseudo-units (explicit or default) are as follows:
depth="100%height" and depth="1.0height" both set the depth of the mpadded element to the
height of its content. depth="105%" sets the depth to 1.05 times the content’s depth, and either
depth="+100%" or depth="200%" sets the depth to twice the content’s depth.
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The rules given above imply that all of the following attribute settings have the same effect, which is to
leave the content’s dimensions unchanged:

<mpadded width="+0em"> ... </mpadded>
<mpadded width="+07%"> ... </mpadded>
<mpadded width="-0em"> ... </mpadded>
<mpadded width="-Oheight"> ... </mpadded>
<mpadded width="100%"> ... </mpadded>
<mpadded width="100%width"> ... </mpadded>
<mpadded width="1width"> ... </mpadded>
<mpadded width="1.0width"> ... </mpadded>
<mpadded> ... </mpadded>

Nofe that the examples in the Version 2 of the MathML specification showed spaces within.the attrifpute
Valxes, suggesting that this was the intended format. Formally, spaces are not allowed’within these
valfyies, but implementers may wish to ignore such spaces to maximize backward compatibility.

3.316.3  Meanings of size and position attributes
Seq Appendix D for definitions of some of the typesetting terms used here!

Thg content of an mpadded element defines a fragment of mathematical notation, such as a charadter,
fragtion, or expression, that can be regarded as a single typographical element with a natural positiorjing
poipt relative to its natural bounding box.

Thg size of the bounding box of an mpadded element is\defined as the size of the bounding box of
its gontent, except as modified by the mpadded element’s height, depth, and width attributes. [The
natyiral positioning point of the child content of th€-mpadded element is located to coincide with|the
nat]jral positioning point of the mpadded element, except as modified by the 1space and voffget
attrjbutes. Thus, the size attributes of mpadded can be used to expand or shrink the apparent bounding
boA of its content, and the position attributes of mpadded can be used to move the content relativg to
the|bounding box (and hence also neighboring elements). Note that MathML doesn’t define the pre¢ise
reldtionship between "ink", bounding boxes and positioning points, which are implementation specific.
Thys, absolute values for mpadded attributes may not be portable between implementations.

Thg height attribute specifies the vertical extent of the bounding box of the mpadded element above
its paseline. Increasing the height increases the space between the baseline of the mpadded elenjent
and the content above_it, and introduces padding above the rendering of the child content. Decreading
thelheight redutes the space between the baseline of the mpadded element and the content abovg it,
and removes space above the rendering of the child content. Decreasing the height may cause confent
abgve the«smpadded element to overlap the rendering of the child content, and should generally] be
avojded!

The-deptiratirtbtte-speetfiesthe-vertiealextentof the-botnding-box-of the-mpadded-clement-betow its
baseline. Increasing the depth increases the space between the baseline of the mpadded element and
the content below it, and introduces padding below the rendering of the child content. Decreasing the
depth reduces the space between the baseline of the mpadded element and the content below it, and
removes space below the rendering of the child content. Decreasing the depth may cause content below
the mpadded element to overlap the rendering of the child content, and should generally be avoided.

The width attribute specifies the horizontal distance between the positioning point of the mpadded
element and the positioning point of the following content. Increasing the width increases the space
between the positioning point of the mpadded element and the content that follows it, and introduces
padding after the rendering of the child content. Decreasing the width reduces the space between the
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positioning point of the mpadded element and the content that follows it, and removes space after the
rendering of the child content. Setting the width to zero causes following content to be positioned at
the positioning point of the mpadded element. Decreasing the width should generally be avoided, as it
may cause overprinting of the following content.

The 1space attribute ("leading" space; see Section 3.1.5.1) specifies the horizontal location of the
positioning point of the child content with respect to the positioning point of the mpadded element.
By default they coincide, and therefore absolute values for Ispace have the same effect as relative
values. Positive values for the 1space attribute increase the space between the preceding content and
the child content, and introduce padding before the rendering of the child content. Negative values for
the|lspace attributes reduce the space between the preceding content and the child content, andvhay
cause overprinting of the preceding content, and should generally be avoided. Note that the\lspgce
attrjbute does not affect the width of the mpadded element, and so the 1space attribute will also affect
the|space between the child content and following content, and may cause overprinting of'‘the following
content, unless the width is adjusted accordingly.

Thg voffset attribute specifies the vertical location of the positioning point ¢f the child content With
respect to the positioning point of the mpadded element. Positive values 46r the voffset attripute
raige the rendering of the child content above the baseline. Negative valtes for the voffset attrifpute
lower the rendering of the child content below the baseline. In either ease, the voffset attribute hay
cauge overprinting of neighboring content, which should generally., be avoided. Note that t he
voffset attribute does not affect the height or depth of thedspadded element, and so the voffget
attrjbute will also affect the space between the child contenf.and neighboring content, and may cquse
ovegrprinting of the neighboring content, unless the height‘or depth is adjusted accordingly.

MathML renderers should ensure that, except for the“effects of the attributes, the relative spacing|be-
twden the contents of the mpadded element and surtounding MathML elements would not be modified
by feplacing an mpadded element with an mrow €lement with the same content, even if linebreaKing
ocqurs within the mpadded element. MathMI: does not define how non-default attribute values offan
mpgddded element interact with the linebréaking algorithm.

Thg effects of the size and position fattributes are illustrated below. The following diagram illustrjtes
the|use of 1space and voffset\to-shift the position of child content without modifying the mpadfled
boynding box.

baseline

— voffset

(‘

Ispace
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The corresponding MathML is:

<mrow>
<mi>x</mi>
<mpadded lspace="0.2em" voffset="0.3ex">
<mi>y</mi>
</mpadded>
<mi>z</mi>
</mrow>
The next diagram illustrates the use of width, height and depth to modifying the mpadded bounding
box without changing the relative position of the child content.

baseline

< /A height

— /M depth

Awidth

The corresponding MathML is:

<myow>

dmi>x</mi>

qmpadded width="+90%width" height="+0.3ex" depth="+0.3ex">
<mi>y</mi>

4/mpadded>

4mi>z</mi>

</nrow>

Thg¢ final-diagram illustrates the generic use of mpadded to modify both the bounding box and relafive
posjfitien ef child content.
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baseline
Ispace Awidth

The corresponding MathML is:
<myow>

dmi>x</mi>

qmpadded lspace="0.3em" width="+0.6em">

<mi>y</mi>
4/mpadded>

dmi>z</mi>
</nrow>

3.3{7 Making Sub-Expressions Invisible <mphantom>
3.3{7.1  Description

The¢ mphantom element render§ invisibly, but with the same size and other dimensions, including bgse-
ling position, that its contents, would have if they were rendered normally. mphantom can be usedl to
align parts of an expression:by invisibly duplicating sub-expressions.

The¢ mphantom elemenf accepts a single argument possibly being an inferred mrow of multiple childfen;
see[Section 3.1,3s

Nofe that it {is)possible to wrap both an mphantom and an mpadded element around one MathML
expressionyas in <mphantom><mpadded attribute-settings> ... </mpadded></mphantdm>,
to dhange its size and make it invisible at the same time.

MathML renderers should ensure that the relative spacing between the contents of an mphantom ele-
ment and the surrounding MathML elements is the same as it would be if the mphantom element were
replaced by an mrow element with the same content. This holds even if linebreaking occurs within the
mphantom element.

For the above reason, mphantom is not considered space-like (Section 3.2.7) unless its content is space-
like, since the suggested rendering rules for operators are affected by whether nearby elements are
space-like. Even so, the warning about the legal grouping of space-like elements may apply to uses of
mphantom.
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3.3.7.2  Attributes

mphantom elements accept the attributes listed in Section 3.1.10 (the mathcolor has no effect).

3.3.7.3  Examples

There is one situation where the preceding rules for rendering an mphantom may not give the desired
effect. When an mphantom is wrapped around a subsequence of the arguments of an mrow, the default
determination of the form attribute for an mo element within the subsequence can change. (See the
def i ] i i jeit
foxm attribute to such an mo in these cases. This is illustrated in the following example.

In this example, mphantom is used to ensure alignment of corresponding parts of the numerator pnd
denominator of a fraction:

<mfirac>

4mrow>
<mi> x </mi>
<mo> + </mo>
<mi> y </mi>
<mo> + </mo>
<mi> z </mi>

4/mrow>

qmrow>
<mi> x </mi>
<mphantom>

<mo form="infix"> + </mo>
<mi> y </mi>

</mphantom>

<mo> + </mo>

<mi> z </mi>

4/mrow>

</nfrac>

This would render as something like

X+y+x
X R

ratijer than as

X+y+z
X+2Z

The explicit attribute setting form="infix" on the mo element inside the mphantom sets the form
attribute to what it would have been in the absence of the surrounding mphantom. This is necessary
since otherwise, the + sign would be interpreted as a prefix operator, which might have slightly different
spacing.

Alternatively, this problem could be avoided without any explicit attribute settings, by wrapping each
of the arguments <mo>+</mo> and <mi>y</mi> in its own mphantom element, i.e.

<mfrac>
<mrow>
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</mi>
</mo>
</mi>
</mo>
</mi>

<mi>
<mo>
<mi>
<mo>
<mi>
</mrow>

N +< + X

<mrow>
<mi> x </mi>
<mphantom>
Imo> F </mo>
</mphantom>
<mphantom>
<mi> y </mi>
</mphantom>
<mo> + </mo>
<mi> z </mi>
</mrow>
</nfrac>

3.318 Expression Inside Pair of Fences <mfenced>
3.3]8.1  Description

Th¢ mfenced element provides a convenient form in which to express common constructs involying
fenges (i.e. braces, brackets, and parentheses), possibly.including separators (such as comma) betwgeen
thelarguments.

Forlexample, <mfenced> <mi>x</mi> </mfenced> renders as ‘(x)’ and is equivalent to
<mow> <mo> ( </mo> <mi>x</mi> <mo> ) </mo> </mrow>
and <mfenced> <mi>x</mi> <mi>y</mi> </mfenced> renders as ‘(x, y)’ and is equivalent to

<mfow>

qmo> ( </mo>

dmrow> <mi>x</mi> <mo>,</mo> <mi>y</mi> </mrow>
4mo> ) </mo>

</nrow>

Indjvidual fencesor separators are represented using mo elements, as described in Section 3.2.5. Tlhus,
any| mfenced-element is completely equivalent to an expanded form described below; either form can
be yised insMathML, at the convenience of an author or of a MathML-generating program. A MathML
renflereris'required to render either of these forms in exactly the same way.

In generabanrmfencedetementeancontatnzeroor-more-argtmentsand-wittenctose-thembetween
fences in an mrow; if there is more than one argument, it will insert separators between adjacent ar-
guments, using an additional nested mrow around the arguments and separators for proper grouping
(Section 3.3.1). The general expanded form is shown below. The fences and separators will be paren-
theses and comma by default, but can be changed using attributes, as shown in the following table.

3.3.8.2  Attributes

mfenced elements accept the attributes listed below in addition to those specified in Section 3.1.10.
The delimiters and separators should be drawn using the color specified by mathcolor.
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Name ‘ values ‘ default ‘
open | string [ (

Specifies the opening delimiter. Since it is used as the content of an mo element, any
whitespace will be trimmed and collapsed as described in Section 2.1.7.
close ‘ string ‘ )
Specifies the closing delimiter. Since it is used as the content of an mo element, any
whitespace will be trimmed and collapsed as described in Section 2.1.7.
separators ‘ string
Specifies a sequence of zero or more separator characters, optionally separated by
whitespace. Each pair of arguments is displayed separated by the corresponding sepa-
rator (none appears after the last argument). If there are too many separators, the excess
are ignored; if there are too few, the last separator is repeated. Any whitespace within
separators is ignored.

k)

A deneric mfenced element, with all attributes explicit, looks as follows:
<mfenced open="opening-fence"
close="closing-fence"
separators="sep#l sep#2 ... sep#(n-1)" >
arg#l
arg#n
</nfenced>
In 4n RTL directionality context, since the initial text diréetion is RTL, characters in the open gnd

clgse attributes that have a mirroring counterpart will‘be rendered in that mirrored form. In particylar,
the|default values will render correctly as a parenthésized sequence in both LTR and RTL contexts

Thg¢ general mfenced element shown above iséquivalent to the following expanded form:

<mfow>
<mo fence="true"> opening-fence </mo>
<mrow>

arg#l

<mo separator="true!> sep#l </mo>

<mo separatg¥s"true"> sep#(n-1) </mo>
arg#n
</mrow>
<mo fences"true"> closing-fence </mo>
</mrow>

Eadh argument except the last is followed by a separator. The inner mrow is added for proper group|ng,
as described in Section 3.3.1.

When there is only one argument, the above form has no separators; since <mrow> arg#l </mrow> is
equivalent to arg#1 (as described in Section 3.3.1), this case is also equivalent to:

<mrow>
<mo fence="true"> opening-fence </mo>
arg#l
<mo fence="true"> closing-fence </mo>
</mrow>

If there are too many separator characters, the extra ones are ignored. If separator characters are given,

non

but there are too few, the last one is repeated as necessary. Thus, the default value of separators=",
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is equivalent to separators=",,", separators=",,,", etc. If there are no separator characters provided
but some are needed, for example if separators=""or"" and there is more than one argument, then no
separator elements are inserted at all — that is, the elements <mo separator="true"> sep#i </mo>
are left out entirely. Note that this is different from inserting separators consisting of mo elements with

empty content.

Finally, for the case with no arguments, i.e.

<mfenced open="opening-fence"
close="closing-fence"

</nfenced>

thelequivalent expanded form is defined to include just the fences within an mrow:

<mfow>
<mo fence="true"> opening-fence </mo>
<mo fence="true"> closing-fence </mo>
</nrow>

Note that not all ‘fenced expressions’ can be encoded by an mfenced element. Such exceptional |ex-
prepsions include those with an ‘embellished’ separator or fence or one.enclosed in an mstyle elemgnt,
a njissing or extra separator or fence, or a separator with multiple content characters. In these casep, it
is necessary to encode the expression using an appropriately modified version of an expanded form{ As
dis¢ussed above, it is always permissible to use the expanded-ferm directly, even when it is not ne¢es-
sary. In particular, authors cannot be guaranteed that MathWIL\preprocessors won’t replace occurrerfces
of nfenced with equivalent expanded forms.

Nofe that the equivalent expanded forms shown aboye include attributes on the mo elements that identi-
fy them as fences or separators. Since the most cemmon choices of fences and separators already odcur
in the operator dictionary with those attribute§;*authors would not normally need to specify thosq at-
tributes explicitly when using the expanded\form directly. Also, the rules for the default form attrifpute
(Seftion 3.2.5) cause the opening and closing fences to be effectively given the values form="prefjx"
and form="postfix" respectively; and the separators to be given the value form="infix".

Note that it would be incorrect/to;use mfenced with a separator of, for instance, ‘+’, as an abbreviation
for fan expression using ‘+’ as an ordinary operator, e.g.

<mgow>

4mi>x</mi> <mo>+<7/mo> <mi>y</mi> <mo>+</mo> <mi>z</mi>
</nrow>

Thif is because(the + signs would be treated as separators, not infix operators. That is, it would fen-
der|as if they-were marked up as <mo separator="true">+</mo>, which might therefore rerjder
inappropriately.

3.3.8.3  Examples
(a+b)

<mfenced>
<mrow>
<mi> a </mi>
<mo> + </mo>
<mi> b </mi>
</mrow>
</mfenced>
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Note that the above mrow is necessary so that the mfenced has just one argument. Without it, this would
render incorrectly as ‘(a, +, b)’.

[0,1)

<mfenced open="[">
<mn> 0 </mn>
<mn> 1 </mn>

</mfenced>

fxy)

<mfyow>

dmi> f </mi>

4mo> &ApplyFunction; </mo>
dmfenced>

<mi> x </mi>

<mi> y </mi>

4/mfenced>

</nrow>

3.319 Enclose Expression Inside Notation <menclose>
3.3]19.1  Description

Thg menclose element renders its content inside the entlosing notation specified by its notatjon
attrjbute. menclose accepts a single argument possibly.being an inferred mrow of multiple childfen;
see|Section 3.1.3.

3.319.2  Attributes

merclose elements accept the attributes, listed below in addition to those specified in Section 3.1{10.
Thg notations should be drawn using the color specified by mathcolor.

Thg values allowed for notat ionare open-ended. Conforming renderers may ignore any value they do
notfhandle, although renderers ate encouraged to render as many of the values listed below as possiple.

Nhme ‘ values ‘ defauflt ‘

nqtation | ("longdiv" | "actuarial" | "phasorangle" | "radical" | "box" | longdiv
"roundedbox" | "circle" | "left" | "right" | "top" | "bottom" |
"updiagonalstrike" | "downdiagonalstrike" | "verticalstrike" |
"Horizontalstrike" | "northeastarrow" | "madruwb" | text) +

Spetifies a space separated list of notations to be used to enclose the children. See below
feor a description of each type of notation.

Any number of values can be given for notation separated by whitespace; all of those given and
understood by a MathML renderer should be rendered. Each should be rendered as if the others were
not present; they should not nest one inside of the other. For example, notation="circle box"
should result in circle and a box around the contents of menclose; the circle and box may overlap.
This is shown in the first example below. Of the predefined notations, only the following are affected
by the directionality (see Section 3.1.5.1):

"radical"
° "phasorangle"
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When notation has the value "longdiv", the contents are drawn enclosed by a long division symbol.
MathML 3 adds the mlongdiv element (Section 3.6.2). This element supports notations for long divi-
sion used in several countries and can be used to create a complete example of long division as shown
in Section 3.6.8.3. When notation is specified as "actuarial", the contents are drawn enclosed
by an actuarial symbol. A similar result can be achieved with the value "top right". The case of
notation="radical" is equivalent to the msqrt schema.

The values "box", "roundedbox", and "circle" should enclose the contents as indicated by the val-
ues. The amount of distance between the box, roundedbox, or circle, and the contents are not specified
by MathMI., and is left to the renderer. In practice, paddings on each side of O.4em in the horizontal
dirdction and .5ex in the vertical direction seem to work well.

Thg values "left", "right", "top" and "bottom" should result in lines drawn on thosesides of|the
contents. The values "northeastarrow", "updiagonalstrike", "downdiagonalstkike",
"vgrticalstrike" and "horizontalstrike" should result in the indicated strikeout lines bding
superimposed over the content of the menclose, e.g. a strikeout that extends fromythe lower left cofner
to the upper right corner of the menclose element for "updiagonalstrike"¢etc.

Thg¢ value "northeastarrow" is a recommended value to implement bécause it can be used to [im-
plement TeX’s \cancelto command. If a renderer implements other arrows for menclose, it is fec-
ommended that the arrow names are chosen from the following full set’ of names for consistancy pnd
stapdardization among renderers:

"uparrow"
"rightarrow"
"downarrow"
"leftarrow"
"northwestarrow"
"southwestarrow"
"southeastarrow"
"northeastarrow"
"updownarrow"
"leftrightarrow"
"northwestsoutheastarrow"

"northeastsouthwestarrow"

Thg value "madruwb" Should generate an enclosure representing an Arabic factorial (‘madruwb’ is|the
tragsliteration of the\Arabic [ARABIC LETTER MEEM][ARABIC LETTER DAD][ARABIC LET-
TER REH][ARABIC LETTER WAW][ARABIC LETTER BEH] for factorial). This is shown in|the
thind example-below.

Thg baseline of an menclose element is the baseline of its child (which might be an implied mrow}.

3.3.9.3  Examples

An example of using multiple attributes is

<menclose notation=’circle box’>
<mi> x </mi><mo> + </mo><mi> y </mi>
</menclose>

which renders with the box and circle overlapping roughly as

7
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An example of using menclose for actuarial notation is

<msub>
<mi>a</mi>
<mrow>

<menclose notation=’actuarial’>
<mi>n</mi>

</menclose>

<mo>&ic-</mo>

<mi>i</mi>

4/mrow>

</nsub>

which renders roughly as

an

Anlexample of "phasorangle", which is used in circuit analysis, is:
<mi>C</mi>
4mrow>
<menclose notation=’phasorangle’>
<mrow>
<mo>&#x2212;</mo>
<mfrac>
<mi>&pi;</mi>
<mn>2</mn>
</mfrac>
</mrow>
</menclose>
4/mrow>

which renders roughly as
T
C P
2
Anlexample of "madrudwb" is:

<mgnclose ndfation="madruwb">
<mn>12</mn>
4/menclose>

whicliwenders roughly as

12]

34 Script and Limit Schemata

The elements described in this section position one or more scripts around a base. Attaching various
kinds of scripts and embellishments to symbols is a very common notational device in mathematics.
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For purely visual layout, a single general-purpose element could suffice for positioning scripts and
embellishments in any of the traditional script locations around a given base. However, in order to
capture the abstract structure of common notation better, MathML provides several more specialized
scripting elements.

In addition to sub/superscript elements, MathML has overscript and underscript elements that place
scripts above and below the base. These elements can be used to place limits on large operators, or for
placing accents and lines above or below the base. The rules for rendering accents differ from those for
overscripts and underscripts, and this difference can be controlled with the accent and accentunder
attributes, as described in the appropriate sections below

Rendering of scripts is affected by the scriptlevel and displaystyle attributes, which are paJIt of
thelenvironment inherited by the rendering process of every MathML expression, and are describe(l in
Seqdtion 3.1.6. These attributes cannot be given explicitly on a scripting element, but can.be specified
on the start tag of a surrounding mstyle element if desired.

MathML also provides an element for attachment of tensor indices. Tensor indicés are distinct fjom
ordjnary subscripts and superscripts in that they must align in vertical columnsi\Tensor indices can glso
ocdur in prescript positions. Note that ordinary scripts follow the base (on_the'fight in LTR context,{but
on the left in RTL context); prescripts precede the base (on the left (right).in LTR (RTL) context).

Begause presentation elements should be used to describe the abstfact notational structure of expfes-
sioms, it is important that the base expression in all ‘scripting’ €lentents (i.e. the first argument expfes-
sion) should be the entire expression that is being scripted, dot)just the trailing character. For example,
(x+ )2 should be written as:
<mgup>
qmrow>
<mo> ( </mo>
<mrow>
<mi> x </mi>
<mo> + </mo>
<mi> y </mi>
</mrow>
<mo> ) </mo>
4/mrow>
dmn> 2 </mn>
</nsup>

3.4 Subscript <msub>
3.4)1.4 ,~~Description

The msub element atfaches a subscript {0 a base using the syntax
<msub> base  subscript </msub>

It increments scriptlevel by 1, and sets displaystyle to "false", within subscript, but leaves
both attributes unchanged within base. (See Section 3.1.6.)

3.4.1.2  Attributes

msub elements accept the attributes listed below in addition to those specified in Section 3.1.10.
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Name ‘ values ‘ default
subscriptshift ‘ length ‘ automatic

Specifies the minimum amount to shift the baseline of subscript down; the default is for
the rendering agent to use its own positioning rules.

3.4.2 Superscript <msup>
3.4.2.1 Description

Themsun element attaches a superscript to a base nsing the syntax
Y Ir T (=4

<mgup> base superscript </msup>

It ipcrements scriptlevel by 1, and sets displaystyle to "false", within superscript;\but ledves
both attributes unchanged within base. (See Section 3.1.6.)

3.4|2.2  Attributes

msyp elements accept the attributes listed below in addition to those specified in Section 3.1.10.

Nhme ‘ values ‘ default

syperscriptshift ‘ length ‘ automatic
Specifies the minimum amount to shift the baseline of superscript up; the default is for
the rendering agent to use its own positioning rules.

3.43 Subscript-superscript Pair <msubsup>
3.4)3.1  Description

The¢ msubsup element is used to attach both.a subscript and superscript to a base expression.
<mgubsup> base subscript superscript </msubsup>

It ipcrements scriptlevel by I, .and'sets displaystyle to "false", within subscript and super-
script, but leaves both attributes tichanged within base. (See Section 3.1.6.)

Note that both scripts are positioned tight against the base as shown here x% versus the staggered |po-
sitipning of nested scripts-as shown here x;2; the latter can be achieved by nesting an msub inside|an
msyp.

3.4|3.2  Audbutes

msybsup-elements accept the attributes listed below in addition to those specified in Section 3.1.10

Nhni€ ‘ values ‘ default

subscriptshift | length | automatic
Specifies the minimum amount to shift the baseline of subscript down; the default is for
the rendering agent to use its own positioning rules.

superscriptshift ‘ length ‘ automatic
Specifies the minimum amount to shift the baseline of superscript up; the default is for
the rendering agent to use its own positioning rules.
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3.4.3.3  Examples

Chapter 3. Presentation Markup

The msubsup is most commonly used for adding sub/superscript pairs to identifiers as illustrated above.
However, another important use is placing limits on certain large operators whose limits are tradition-
ally displayed in the script positions even when rendered in display style. The most common of these
is the integral. For example,

/lexdx

WO

<m1

4

<

<

</1

34
3.4
Thd

<my

It 4
onl

JU

i1d be represented as

ow>
msubsup>
<mo> &int; </mo>
<mn> 0 </mn>
<mn> 1 </mn>
/msubsup>
mrow>
<msup>
<mi> &ExponentialE; </mi>
<mi> x </mi>
</msup>
<mo> &InvisibleTimes; </mo>
<mrow>
<mo> &DifferentialD; </mo>
<mi> x </mi>
</mrow>
/mrow>
row>

4 Underscript <munder>

4.1  Description

Sea

tion"3.1.6.)

munder element-attaches an accent or limit placed under a base using the syntax

nder> ,baSé  underscript </munder>

[ways sets displaystyle to "false" within the underscript, but increments scriptlevel Hy 1
when’ accentunder is "false". Within base, it always leaves both attributes unchanged. (See

If base is an operator with movablelimits="true" (or an embellished operator whose mo element
core has movablelimits="true"), and displaystyle="false", then underscript is drawn in a
subscript position. In this case, the accentunder attribute is ignored. This is often used for limits on
symbols such as &sum;.

3.4.4.2  Attributes

munder elements accept the attributes listed below in addition to those specified in Section 3.1.10.
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Name ‘ values ‘ default
accentunder | "true" | "false" ‘ automatic

Specifies whether underscript is drawn as an ‘accent’ or as a limit. An accent is drawn
the same size as the base (without incrementing scriptlevel) and is drawn closer to
the base.

align

"left" | "right" | "center" ‘ center
Specifies whether the script is aligned left, center, or right under/over the base. As spec-
fied in Section 3.2.5.8, the core of underscripts that are embellished operators should
stretch to cover the base, but the alignment is based on the entire underscript.

The¢ default value of accentunder is false, unless underscript is an mo element or an embellished
opgrator (see Section 3.2.5). If underscript is an mo element, the value of its accent attribute, 1s ysed
as the default value of accentunder. If underscript is an embellished operator, the accent attrifpute
of the mo element at its core is used as the default value. As with all attributes, an explicitly given vglue
overrides the default.

Hete is an example (accent versus underscript): x 4y + z versus x + y + z. The@athML representafion
—_

. . N’
for [this example is shown below.

3.4}4.3  Examples

Th¢ MathML representation for the example shown above is;

<myow>
4dmunder accentunder="true">

<mrow>
<mi> x </mi>
<mo> + </mo>
<mi> y </mi>
<mo> + </mo>
<mi> z </mi>
</mrow>

<mo> &UnderBrace; <{/mp>
4/munder>
dmtext>&nbsp;versus&nbsp;</mtext>
dmunder accentunder="false">

<mrow>
<mi> &/</mi>
<mo>.# </mo>
cmi> y </mi>
<mo> + </mo>
TS/
</mrow>
<mo> &UnderBrace; </mo>
</munder>
</mrow>
3.4.5 Overscript <mover>

3.4.5.1 Description

The mover element attaches an accent or limit placed over a base using the syntax
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<mover> base overscript </mover>

It always sets displaystyle to "false" within overscript, but increments scriptlevel by 1 only
when accent is "false". Within base, it always leaves both attributes unchanged. (See Section 3.1.6.)

If base is an operator with movablelimits="true" (or an embellished operator whose mo element
core has movablelimits="true"), and displaystyle="false", then overscript is drawn in a su-
perscript position. In this case, the accent attribute is ignored. This is often used for limits on symbols
such as &sum;.

3.4|5.2  Attributes

moyer elements accept the attributes listed below in addition to those specified in Section 3.1.10.

‘ Nhme ‘ values t default

adcent | "true" | "false" ‘ automatic
Specifies whether overscript is drawn as an ‘accent’ or as a limit. An accent 1s drawn
the same size as the base (without incrementing scriptlevel) and is drdwn closer to
the base.

"left" | "right" | "center" ‘ center
Specifies whether the script is aligned left, center, or right under/over the base. As spec-
fied in Section 3.2.5.8, the core of overscripts that are emibellished operators should
stretch to cover the base, but the alignment is based on-th€ entire overscript.

aljgn

Thge difference between an accent versus limit is shown here? X versus x. These differences also applyy to
. . — ! X
mgthematical accents’ such as bars or braces over expressions: x + y + z versus x +y + z. The MathML

repfesentation for each of these examples is shown below.

3

Thg default value of accent is false, unless. gverscript is an mo element or an embellished operator (see
Sedtion 3.2.5). If overscript is an mo element, the value of its accent attribute is used as the defhult
valyie of accent for mover. If oversedipt is an embellished operator, the accent attribute of thg mo
eleI‘uent at its core is used as the default value.

3.4]15.3  Examples

Th¢ MathML representation for the examples shown above is:

<myow>

dmover actent="true">
<mi> . </mi>
<mg>&Hat; </mo>
4/moyer>

MLEeXL7&IDSP, VeI SUS&IIDSP, \/lmBeXE)
<mover accent="false">
<mi> x </mi>
<mo> &Hat; </mo>
</mover>
</mrow>

<mrow>
<mover accent="true">
<mrow>
<mi> x </mi>
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<mo> + </mo>
<mi> y </mi>
<mo> + </mo>
<mi> z </mi>
</mrow>
<mo> &O0verBrace; </mo>
</mover>
<mtext>&nbsp;versus&nbsp;</mtext>
<mover accent="false">

Jmrow>
<mi> x </mi>
<mo> + </mo>
<mi> y </mi>
<mo> + </mo>
<mi> z </mi>
</mrow>
<mo> &0OverBrace; </mo>
4/mover>
</nrow>
3.416 Underscript-overscript Pair <munderover>

3.4)6.1  Description

Thg¢ munderover element attaches accents or limits placed both over and under a base using the syitax
<mynderover> base underscript ovérscript </munderover>

It always sets displaystyle to "false" within underscript and overscript, but increments
scfiptlevel by 1 only when accentunder or accent, respectively, are "false". Within basg, it
alwjays leaves both attributes unchanged:)(see Section 3.1.6).

If Base is an operator with movablelimits="true" (or an embellished operator whose mo elenjent
corg has movablelimits="true"), and displaystyle="false", then underscript and oversdript
are|drawn in a subscript and superscript position, respectively. In this case, the accentunder gnd

acdent attributes are ignored. This is often used for limits on symbols such as &sum;.

3.4]6.2  Attribiites

murjderover.elements accept the attributes listed below in addition to those specified in Section 3.1{10.
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Name ‘ values ‘ default
accent "true" | "false" ‘ automatic

Specifies whether overscript is drawn as an ‘accent’ or as a limit. An accent is drawn
the same size as the base (without incrementing scriptlevel) and is drawn closer to
the base.
accentunder | "true" | "false" ‘ automatic
Specifies whether underscript is drawn as an ‘accent’ or as a limit. An accent is drawn
the same size as the base (without incrementing scriptlevel) and is drawn closer to
the base.

aljgn

"left" | "right" | "center” | center
Specifies whether the scripts are aligned left, center, or right under/over the base. As
specfied in Section 3.2.5.8, the core of underscripts and overscripts that are embellishéd
operators should stretch to cover the base, but the alignment is based on the entirgan-
derscript or overscript.

Thq¢ munderover element is used instead of separate munder and mover elements so that the ungler-
script and overscript are vertically spaced equally in relation to the base and‘so that they follow|the
slant of the base as in the second expression shown below:

Jo versus [;°. The MathML representation for this example is shownbelow.

Thg difference in the vertical spacing is too small to be noticed on‘@ low resolution display at a norpnal
fon} size, but is noticeable on a higher resolution device suehyas a printer and when using large font
sizgs. In addition to the visual differences, attaching both\the¢ underscript and overscript to the sgme
basp more accurately reflects the semantics of the expression.

Thg defaults for accent and accentunder are computed in the same way as for munder and mover,
respectively.

3.4]6.3  Examples

Th¢ MathML representation for the'éxample shown above with the first expression made using sepafate
murjder and mover elements, and the second one using an munderover element, is:

<myow>

dmover>

<munder>
<mo> &int;.</mo>
<mn> 0)</mn>

</munder>

<mi>\&infin; </mi>
4/nover>
dmtext>inbspiversusinbspr</mtoxt>
<munderover>

<mo> &int; </mo>
<mn> 0 </mn>
<mi> &infin; </mi>
</munderover>
</mrow>
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3.4.7 Prescripts and Tensor Indices <mmultiscripts>, <mprescripts/>, <none/>
3.4.7.1  Description

Presubscripts and tensor notations are represented by a single element, mmultiscripts, using the
syntax:

<mmultiscripts>

base

( subscript superscript )*

[ <mprescripts/> ( presubscript presuperscript )* ]
</mmultiscripts>

element allows the representation of any number of vertically-aligned pairs of subscripts pnd
rscripts, attached to one base expression. It supports both postscripts and prescripts. Missing scrjpts
can| be represented by the empty element none.

Thg prescripts are optional, and when present are given after the postscripts, because prescripts|are
relgtively rare compared to tensor notation.

Thg argument sequence consists of the base followed by zero or more pairs.of vertically-aligned qub-
scripts and superscripts (in that order) that represent all of the postscripts. This list is optionally folloywed
by fn empty element mprescripts and a list of zero or more pairs, of.vertically-aligned presubscrpts
and presuperscripts that represent all of the prescripts. The pair 1ists for postscripts and prescripts|are
displayed in the same order as the directional context (ie. left-to<right order in LTR context). If no qub-
script or superscript should be rendered in a given positiep, then the empty element none should be
in that position.

Thg base, subscripts, superscripts, the optional separator element mprescripts, the presubscripts, pnd
thepresuperscripts, are all direct sub-expressions«of the mmultiscripts element, i.e. they are all affthe
sanje level of the expression tree. Whether a script argument is a subscript or a superscript, or whether
it i} a presubscript or a presuperscript is\determined by whether it occurs in an even-numbered or
odd-numbered argument position, respectively, ignoring the empty element mprescripts itself when
det¢rmining the position. The first.argument, the base, is considered to be in position 1. The tptal
nurpber of arguments must be oddy'if mprescripts is not given, or even, if it is.

The¢ empty element mprescripts is only allowed as direct sub-expression of mmultiscripts.

3.47.2  Attributes
Same as the attiibiites of msubsup. See Section 3.4.3.2.

Thg mmulsiscripts element increments scriptlevel by 1, and sets displaystyle to "falde",
withinseach of its arguments except base, but leaves both attributes unchanged within base. (See Sec-
tior} 3.16.)

—

3.4.7.3  Examples
Two examples of the use of mmultiscripts are:

oF1Gasz).
<mrow>
<mmultiscripts>
<mi> F </mi>
<mn> 1 </mn>

© ISO/IEC 2016 — All rights reserved


https://iecnorm.com/api/?name=b1f67f221c3e9728efa6b4f62cc7373f

ISO/IEC 40314:2016(E)

94

</

Chapter 3. Presentation Markup

<none/>

<mprescripts/>

<mn> 0 </mn>

<none/>
</mmultiscripts>
<mo> &ApplyFunction; </mo>
<mrow>

<mo> ( </mo>

<mrow>

Imo> ; </mo>
<mi> a </mi>
<mo> ; </mo>
<mi> </mi>

</mrow>

<mo> ) </mo>

4/mrow>

N

nrow>

Ri/}; (where k and [ are different indices)

<mpultiscripts>

dmi> R </mi>
dmi> i </mi>
qnone/>
qnone/>

4mi> j </mi>
qmi> k </mi>
qnone/>

dmi> 1 </mi>
qnone/>
gmultiscripts>

An|additional example of mmulti&cripts shows how the binomial coefficient

D

12

can| be displayéd-in Arabic style

<m

>,

2

style dir="rtl">

<mmultiscripts><mo>&#x0644;</mo>
<mn>12</mn><none/>
<mprescripts/>
<none/><mn>5</mn>

</mmultiscripts>

</mstyle>
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3.5 Tabular Math

Matrices, arrays and other table-like mathematical notation are marked up using mtable, mtr,
mlabeledtr and mtd elements. These elements are similar to the table, tr and td elements of HTML,
except that they provide specialized attributes for the fine layout control necessary for commutative
diagrams, block matrices and so on.

While the two-dimensional layouts used for elementary math such as addition and multiplication are
somewhat similar to tables, they differ in important ways. For layout and for accessibility reasons, the
mstack and mlongdiv elements discussed in Section 3.6 should be used for elementary math notations.

In gddition to the table elements mentioned above, the mlabeledtr element is used for labelingxpws
of 4 table. This is useful for numbered equations. The first child of mlabeledtr is the label\ A 1gbel
is somewhat special in that it is not considered an expression in the matrix and is not coupted when
det¢rmining the number of columns in that row.

3.5011 Table or Matrix <mtable>
3.5]1.1  Description

A rpatrix or table is specified using the mtable element. Inside of the'mtable element, only mtx{or
mlgbeledtr elements may appear. (In MathML 1.x, the mtable was allowed to ‘infer’ mtr elem¢nts
aropind its arguments, and the mtr element could infer mtd elements. This behaviour is deprecated.

Talle rows that have fewer columns than other rows of the{sanie table (whether the other rows predede
or follow them) are effectively padded on the right (or left in RTL context) with empty mtd elem¢nts
so that the number of columns in each row equals_the“maximum number of columns in any row of
the|table. Note that the use of mtd elements withmon-default values of the rowspan or columnspan
attrjbutes may affect the number of mtd elements that should be given in subsequent mtr elementf to
coveer a given number of columns. Note alsohat the label in an ml1abeledtr element is not considgred
a cglumn in the table.

MathML does not specify a table layout algorithm. In particular, it is the responsibility of a MathML
renflerer to resolve conflicts between the width attribute and other constraints on the width of a taple,
such as explicit values for columnwidth attributes, and minimum sizes for table cell contents. For a
dis¢ussion of table layout algorithms, see Cascading Style Sheets, level 2.

3.5|1.2  Attribufes

mtgble elements accept the attributes listed below in addition to those specified in Section 3.1.10. Any
rulgs draws-as part of the mtable should be drawn using the color specified by mathcolor.

’ Narmeé values default ‘

‘ align ("top" | "bottom" | "center" | "baseline" | "axis"), rownumber? | axis ‘
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Name values ‘ default

specifies the vertical alignment of the table with respect to its environment. "axis"
means to align the vertical center of the table on the environment’s axis. (The axis of an
equation is an alignment line used by typesetters. It is the line on which a minus sign
typically lies.) "center" and "baseline" both mean to align the center of the table
on the environment’s baseline. "top" or "bottom" aligns the top or bottom of the table
on the environment’s baseline. If the align attribute value ends with a rownumber, the
specified row (counting from 1 for the top row), rather than the table as a whole, is
aligned in the way described above with the exceptions noted below. If rownumber is
negative, 1t counts rows from the bottom. When the value of rownumber 1s out of range
or not an integer, it is ignored. If a row number is specified and the alignment value is
"baseline" or "axis", the row’s baseline or axis is used for alignment. Note this\i§
only well defined when the rowalign value is "baseline" or "axis"; MathMIxdoes
not specify how "baseline" or "axis" alignment should occur for other'values of
rowalign.

fowalign ‘ ("top" | "bottom" | "center" | "baseline" | "axis") + ‘ baseline
specifies the vertical alignment of the cells with respect to other c¢lds’within the same
row: "top" aligns the tops of each entry across the row; "bottom" aligns the bottoms
of the cells, "center" centers the cells; "baseline" aligns\the baselines of the cells;
"axis" aligns the axis of each cells. (See the note below about multiple values).
Polumnalign | ("left" | "center” | "right") + | center
specifies the horizontal alignment of the cells with respect to other cells within the same
column: "left" aligns the left side of the cells;!center" centers each cells; "right"
aligns the right side of the cells. (See the notébelow about multiple values).

proupalign ‘ group-alignment-list-list ‘ left

[this attribute is described with the alignment elements, maligngroup and
malignmark, in Section 3.5.5.]

hlignmentscope ‘ ("true" | "false") + ‘ true
[this attribute is described with)the alignment elements, maligngroup and
malignmark, in Section 3,5:5.]

columnwidth ‘ ("auto" Hength | "fit") + ‘ auto
specifies how wide a column should be: "auto" means that the column should be as
wide as needed;<«anexplicit length means that the column is exactly that wide and the
contents of that.column are made to fit by linewrapping or clipping at the discretion of
the renderer;**fit" means that the page width remaining after subtracting the "auto"
or fixedywidth columns is divided equally among the "fit" columns. If insufficient
room temains to hold the contents of the "fit" columns, renderers may linewrap or
clip-the contents of the "fit" columns. Note that when the columnwidth is specified
as’a percentage, the value is relative to the width of the table, not as a percentage of
the default (which is "auto"). That is, a renderer should try to adjust the width of the
column so that it covers the specified percentage of the entire table width. (See the note
below about multiple values).

width "auto" | length ‘ auto

nlvl
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Name values default

specifies the desired width of the entire table and is intended for visual user agents.
When the value is a percentage value or number without unit, the value is relative to
the horizontal space that a MathML renderer has available , this is the current target
width as used for linebreaking as specified in Section 3.1.7; this allows the author to
specify, for example, a table being full width of the display. When the value is "auto",
the MathML renderer should calculate the table width from its contents using whatever
layout algorithm it chooses.

rowspacing ‘ (Iength) + ‘ 1.0ex
specifies how much space to add between rows. (See the note below about multiple
values).

columnspacing \ (length) + \ 0.8em
specifies how much space to add between columns. (See the note below about,muitiple
values).

fowlines ‘ ("none" | "solid" | "dashed") + ‘ none

specifies whether and what kind of lines should be added between each row: "none"
means no lines; "solid" means solid lines; "dashed" means daskied lines (how the
dashes are spaced is implementation dependent). (See the noté below about multiple
values).

columnlines \ ("none" | "solid" | "dashed") + \ none
specifies whether and what kind of lines should be addéd between each column: "none"
means no lines; "solid" means solid lines; "dashed" means dashed lines (how the
dashes are spaced is implementation dependent), (See the note below about multiple
values).

frame ‘ "none" | "solid" | "dashed" ‘ none
specifies whether and what kind of lines'should be drawn around the table. "none"
means no lines; "solid" means solid lines; "dashed" means dashed lines (how the
dashes are spaced is implementation dependent).

framespacing length, length ‘ 0.4em 0.5ex
specifies the additional spacing added between the table and frame, if frame is not
"none". The first value specifies the spacing on the right and left; the second value
specifies the spacing-above and below.

equalrows ‘ "trae™| "false" ‘ false
specifies whether to force all rows to have the same total height.

qualcolumns I "true" | "false" ‘ false
specifies Whether to force all columns to have the same total width.

Hisplaystyle ‘ "true" | "false" ‘ false

specifies the value of displaystyle within each cell, (scriptlevel is not changed);
see Section 3.1.6.

1de { "eft" 1 "riaht" | "loftaverlan' | "riahtaverlan! { richt
=] T =3 i =

\
specifies on what side of the table labels from enclosed mlabeledtr (if any) should be

placed. The variants "leftoverlap" and "rightoverlap" are useful when the table
fits with the allowed width when the labels are omitted, but not when they are included:
in such cases, the labels will overlap the row placed above it if the rowalign for that
row is "top", otherwise it is placed below it.

minlabelspacing | length 0.8em
specifies the minimum space allowed between a label and the adjacent cell in the row.

In the above specifications for attributes affecting rows (respectively, columns, or the gaps between rows
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or columns), the notation (. ..)+ means that multiple values can be given for the attribute as a space
separated list (see Section 2.1.5). In this context, a single value specifies the value to be used for all
rows (resp., columns or gaps). A list of values are taken to apply to corresponding rows (resp., columns
or gaps) in order, that is starting from the top row for rows or first column (left or right, depending on
directionality) for columns. If there are more rows (resp., columns or gaps) than supplied values, the
last value is repeated as needed. If there are too many values supplied, the excess are ignored.

Note that none of the areas occupied by lines frame, rowlines and columnlines, nor the spacing
framespacing, rowspacing or columnspacing, nor the label in mlabeledtr are counted as rows

or columns
Th¢ displaystyle attribute is allowed on the mtable element to set the inherited value of\thq at-
tribute. If the attribute is not present, the mtable element sets displaystyle to "false!ywithin|the

tab

3.5
A3

<m

4

<4

</1
Thil

e elements. (See Section 3.1.6.)

1.3 Examples

by 3 identity matrix could be represented as follows:

ow>

mo> ( </mo>

mtable>
<mtr>
<mtd>
<mtd>
<mtd>
</mtr>
<mtr>
<mtd>
<mtd>
<mtd>
</mtr>
<mtr>
<mtd>
<mtd>
<mtd>
</mtr>
/mtable>

<mn>1</mn>
<mn>0</mn>
<mn>0</mn>

<mn>0</mn>
<mn>1</mn>
<mn>0</mn>

<mn>0</mn>
<mn>0</mn>
<mn>1</mn>

mo> ) </mo>

row>

5. hight be rendered as:

</mtd>
</mtd>
</mtd>

</mtd>
</mtd>
</mtd>

</mtd>
</mtd>
</mtd>

oo =

o = O

0
0
1

Note that the parentheses must be represented explicitly; they are not part of the mtable element’s

rendering. This allows use of other surrounding fences, such as brackets, or none at all.
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3.5.2 Row in Table or Matrix <mtr>
3.5.2.1  Description

An mtr element represents one row in a table or matrix. An mtr element is only allowed as a direct
sub-expression of an mtable element, and specifies that its contents should form one row of the table.
Each argument of mtr is placed in a different column of the table, starting at the leftmost column in a
LTR context or rightmost column in a RTL context.

As described in Section 3.5.1, mtr elements are effectively padded with mtd elements when they are
shorter than other rows in a table

3.5]2.2  Attributes

mty elements accept the attributes listed below in addition to those specified in Section\3'1.10.

Nhme ‘ values ‘ default

rowalign "top" | "bottom" | "center" | "baseline" | "axis" ‘ inherit¢d
overrides, for this row, the vertical alignment of cells specified by the’ rowalign at-
tribute on the mtable.

cqlumnalign ‘ ("left" | "center" | "right") + ‘ inherit¢d
overrides, for this row, the horizontal alignment of cells speeified by the columnalign
attribute on the mtable.

grjoupalign ‘ group-alignment-list-list ‘ inherit¢d
[this attribute is described with the alignment elements, maligngroup and
malignmark, in Section 3.5.5.]

3.513 Labeled Row in Table or Matrix <mlabeledtr>
3.53.1  Description

Anjmlabeledtr element represents one row in a table that has a label on either the left or right sidd, as
detgrmined by the side attribute.Che label is the first child of mlabeledtr, and should be encldsed
in gn mtd. The rest of the childrén represent the contents of the row and are treated identically to|the
children of mtr; consequently-all of the children must be mtd elements.

An|mlabeledtr element is only allowed as a direct sub-expression of an mtable element. Eachf ar-
gurhent of mlabelkedtr except for the first argument (the label) is placed in a different column offthe
table, starting atithe leftmost column.

Nofe that the'abel element is not considered to be a cell in the table row. In particular, the label elenjent
is njot taken*into consideration in the table layout for purposes of width and alignment calculations. [For
examples in the case of an mlabeledtr with a label and a single centered mtd child, the child is first
cenfered 1n the enclosing mtable, and then the label 1s placed. Specilically, the child 1s ot centered in
the space that remains in the table after placing the label.

While MathML does not specify an algorithm for placing labels, implementers of visual renderers may
find the following formatting model useful. To place a label, an implementor might think in terms of
creating a larger table, with an extra column on both ends. The columnwidth attributes of both these
border columns would be set to "fit" so that they expand to fill whatever space remains after the
inner columns have been laid out. Finally, depending on the values of side and minlabelspacing,
the label is placed in whatever border column is appropriate, possibly shifted down if necessary, and
aligned according to columnalignment.
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3.5.3.2  Attributes

The attributes for mlabeledtr are the same as for mtr. Unlike the attributes for the mtable element,
attributes of mlabeledtr that apply to column elements also apply to the label. For example, in a one
column table,

<mlabeledtr rowalign=’top’>

means that the label and other entries in the row are vertically aligned along their top. To force a
particular alignment on the label, the appropriate attribute would normally be set on the mtd element
that surrounds the label content.

3.5|13.3  Equation Numbering

Ong of the important uses of mlabeledtr is for numbered equations. In a mlabeledtr, the Igbel
repfesents the equation number and the elements in the row are the equation beingynumbered. The
side and minlabelspacing attributes of mtable determine the placement of the equation numbdgr.

In arger documents with many numbered equations, automatic numbering beeomes important. While
autpmatic equation numbering and automatically resolving references to_gquation numbers is out§ide
the[scope of MathML, these problems can be addressed by the use ef.style sheets or other megns.
Thq mlabeledtr construction provides support for both of these funetions in a way that is intended
to facilitate XSLT processing. The mlabeledtr element can be used to indicate the presence ¢f a
numpbered equation, and the first child can be changed to the{current equation number, along With
incfementing the global equation number. For cross referefiges; an id on either the mlabeledtr elenjent
or ¢n the first element itself could be used as a target of\any link. Alternatively, in a CSS context, pne
could use an empty mtd as the first child of mlabeledtt and use CSS counters and generated confent
to f]ll in the equation number using a CSS style sucli-as

body {counter-reset: eqnum;}
mtd.eqnum {counter-increment: equum’;}
mtd.eqnum:before {content: "("~counter(eqnum) ")"}

3.5|13.4  Example

<mfable>
qmlabeledtr id=?@yis-m-c-square’>
<mtd>
<mtext>.(2.1) </mtext>
</mtd>
<mtd>
<mrow>
<mi>E</mi>
<mo>=</mo>
<mrow>
<mi>m</mi>
<mo>&it;</mo>
<msup>
<mi>c</mi>
<mn>2</mn>
</msup>
</mrow>

</mrow>
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</mtd>
</mlabeledtr>
</mtable>

This should be rendered as:
E =mc? (2.1)

3.54 Entry in Table or Matrix <mtd>

3.54+—DBeseription

An|mtd element represents one entry, or cell, in a table or matrix. An mtd element is only allowed s a
dirdct sub-expression of an mtr or an mlabeledtr element.

Thg¢ mtd element accepts a single argument possibly being an inferred mrow of multiple children;|see
Seqtion 3.1.3.

3.5|4.2  Attributes

mtd elements accept the attributes listed below in addition to those spécified in Section 3.1.10.

Nhme ‘ values ‘ default|

rowspan ‘ positive-integer ‘ 1
causes the cell to be treated as if it occupied the nufuiber of rows specified. The corre-
sponding mtd in the following "rowspan"-1 rows:must be omitted. The interpretation
corresponds with the similar attributes for HTML4.01 tables.

cqlumnspan ‘ positive-integer ‘ 1
causes the cell to be treated as if it ocoupied the number of columns specified. The
following "rowspan"-1 mtds must h&omitted. The interpretation corresponds with the
similar attributes for HTML 4.01 tables.

rowalign "top" | "bottom" | "center" | "baseline" | "axis" ‘ inherit¢d
specifies the vertical alignment of this cell, overriding any value specified on the con-
taining mrow and mtablle. See the rowalign attribute of mtable.

cqlumnalign ‘ "left" | "center" | "right" ‘ inherit¢d
specifies the horizontal alignment of this cell, overriding any value specified on the
containing mreow,and mtable. See the columnalign attribute of mtable.

grfoupalign ‘ group-alignment-list ‘ inherit¢d
[this attfibute is described with the alignment elements, maligngroup and
malignnark, in Section 3.5.5.]

The¢ rowspan and columnspan attributes can be used around an mtd element that represents the 1gbel
in 4 ml'egbeledtr element. Also, the label of a mlabeledtr element is not considered to be part ¢f a
previous rowspan and columnspan.

3.5.5 Alignment Markers <maligngroup/>, <malignmark/>
3.5.5.1 Description

Alignment markers are space-like elements (see Section 3.2.7) that can be used to vertically align
specified points within a column of MathML expressions by the automatic insertion of the necessary
amount of horizontal space between specified sub-expressions.
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The discussion that follows will use the example of a set of simultaneous equations that should be
rendered with vertical alignment of the coefficients and variables of each term, by inserting spacing
somewhat like that shown here:

8.44x + 55 y = 0

3.1x - 0.7y = -1.1
If the example expressions shown above were arranged in a column but not aligned, they would appear
as:

8.44x + bby 0
3.1x = 0.7y = =1.1

Forf audio renderers, it is suggested that the alignment elements produce the analogous behaviof of
altgring the rhythm of pronunciation so that it is the same for several sub-expressions in a column| by
thelinsertion of the appropriate time delays in place of the extra horizontal spacing described’here.

Thq expressions whose parts are to be aligned (each equation, in the example above) must be given as
theltable elements (i.e. as the mtd elements) of one column of an mtable. To avoid.cenfusion, the tgrm
‘table cell’ rather than ‘table element’ will be used in the remainder of this secfion.

Alljinteractions between alignment elements are limited to the mtable colutn they arise in. Thaf is,
evefy column of a table specified by an mtable element acts as an/alignment scope’ that contgins
within it all alignment effects arising from its contents. It also excludes.any interaction between its ¢gwn
alignment elements and the alignment elements inside any nested @lignment scopes it might contaif.

—

Thg reason mtable columns are used as alignment scopesiis) that they are the only general way in
MathML to arrange expressions into vertical columns. Future versions of MathML may provide|an
malignscope element that allows an alignment scope«to-be created around any MathML element,|but
evep then, table columns would still sometimes negd to act as alignment scopes, and since they|are
not|elements themselves, but rather are made from corresponding parts of the content of several mtr
elements, they could not individually be the centent of an alignment scope element.

Anmtable element can be given the attribute alignmentscope="false" to cause its columns nqt to
actfas alignment scopes. This is discussed further at the end of this section. Otherwise, the discusgion
in this section assumes that this attribute has its default value of "true".

3.5]5.2  Specifying alignment groups

To fause alignment, itlis)necessary to specify, within each expression to be aligned, the points tq be
aligned with corregponding points in other expressions, and the beginning of each alignment group of
subtexpressions-that can be horizontally shifted as a unit to effect the alignment. Each alignment grpup
mupt contain‘one alignment point. It is also necessary to specify which expressions in the column Have
no plignment groups at all, but are affected only by the ordinary column alignment for that colump of
the|tableyi'e. by the columnalign attribute, described elsewhere.

Th d}iglllllclll SLOUPS Stall dt LIIC lUdeiUllb Uf illVibi‘UlC llldliéllél UUP CIClllClllb, Wilibll alrc IClld lt:d
with zero width when they occur outside of an alignment scope, but within an alignment scope are
rendered with just enough horizontal space to cause the desired alignment of the alignment group that
follows them. A simple algorithm by which a MathML application can achieve this is given later. In the
example above, each equation would have one maligngroup element before each coefficient, variable,
and operator on the left-hand side, one before the = sign, and one before the constant on the right-hand
side.

In general, a table cell containing n maligngroup elements contains n alignment groups, with the ith
group consisting of the elements entirely after the ith maligngroup element and before the (i+1)-th;
no element within the table cell’s content should occur entirely before its first maligngroup element.
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Note that the division into alignment groups does not necessarily fit the nested expression structure of
the MathML expression containing the groups — that is, it is permissible for one alignment group to
consist of the end of one mrow, all of another one, and the beginning of a third one, for example. This
can be seen in the MathML markup for the present example, given at the end of this section.

The nested expression structure formed by mrows and other layout schemata should reflect the mathe-
matical structure of the expression, not the alignment-group structure, to make possible optimal render-
ings and better automatic interpretations; see the discussion of proper grouping in section Section 3.3.1.
Insertion of alignment elements (or other space-like elements) should not alter the correspondence be-
tween the structure of a MathMI. expression and the structure of the mathematical expression it repre-
senfs.

Although alignment groups need not coincide with the nested expression structure of layout\schemfta,
thefe are nonetheless restrictions on where an maligngroup element is allowed within a table cell. The
maligngroup element may only be contained within elements (directly or indirectly).of the following
typgs (which are themselves contained in the table cell):

° an mrow element, including an inferred mrow such as the one formedyby a multi-child ptd
element, but excluding mrow which contains a change of direction<sing the dir attribut
an mstyle element , but excluding those which change direction'using the dir attribute
an mphantom element;

an mfenced element;

an maction element, though only its selected sub-expression is checked;

a semantics element.

w

Thgse restrictions are intended to ensure that alignment can.be unambiguously specified, while avoiding
complexities involving things like overscripts, radical’signs and fraction bars. They also ensure that a
simple algorithm suffices to accomplish the desired\alignment.

Nofe that some positions for an maligngroup element, although legal, are not useful, such as Jan
maligngroup element that is an argument*of an mfenced element. Similarly, when inserting an
maligngroup element in an element, whose arguments have positional significance, it is neces§ary
to iptroduce a new mrow element egntaining just the maligngroup element and the child element it
pregedes in order to preserve the.proper expression structure. For example, to insert an maligngrpup
befpre the denominator child of’an mfrac element, it is necessary to enclose the maligngroup pnd
the|denominator in an mrow, to avoid introducing an illegal third child in the mfrac. In general, this
wil| be necessary except when the maligngroup element is inserted directly into an mrow or intq an
elefnent that can form_dn inferred mrow from its contents. See the warning about the legal grouping of
‘spfice-like eleménts’ in Section 3.2.7 for an analogous example involving malignmark.

For the table.cells that are divided into alignment groups, every element in their content must be part
of gxactly one alignment group, except for the elements from the above list that contain maligngrpup
elements inside them and the maligngroup elements themselves. This means that, within any tgble

contamrgatgnmcRtgrotpss ¥ o cremeittmastocahn 8 = = i--“““‘;

This requirement removes a potential confusion about how to align elements before the first
maligngroup element, and makes it easy to identify table cells that are left out of their column’s
alignment process entirely.

Note that it is not required that the table cells in a column that are divided into alignment groups each
contain the same number of groups. If they don’t, zero-width alignment groups are effectively added
on the right side (or left side, in a RTL context) of each table cell that has fewer groups than other table
cells in the same column.
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3.5.5.3  Table cells that are not divided into alignment groups

Expressions in a column that are to have no alignment groups should contain no maligngroup ele-
ments. Expressions with no alignment groups are aligned using only the columnalign attribute that
applies to the table column as a whole, and are not affected by the groupalign attribute described
below. If such an expression is wider than the column width needed for the table cells containing
alignment groups, all the table cells containing alignment groups will be shifted as a unit within the
column as described by the columnalign attribute for that column. For example, a column heading
with no internal alignment could be added to the column of two equations given above by preced-
ing them with another table row containing an mtext element for the heading, and using the default
columnalign="center" for the table, to produce:

eqyations with aligned variables
8.44x + 55 y = O
3.1x - 0.7y = -1.1

or, With a shorter heading,

some equations
.44x + 55 y = 0
1x- 0.7y =-1.1

3.55.4  Specitying alignment points using <malignmark/>

Eadh alignment group’s alignment point can either be specified by an malignmark element anywljere
within the alignment group (except within another alignient scope wholly contained inside it), or |t is
det¢rmined automatically from the groupalign attribiste. The groupalign attribute can be specified
on the group’s preceding maligngroup element.or‘on its surrounding mtd, mtr, or mtable elemepnts.
In typical cases, using the groupalign attributeis sufficient to describe the desired alignment points,
so o malignmark elements need to be proyided.

—

Thg¢ malignmark element indicates thatthe alignment point should occur on the right edge of the pre-
cediing element, or the left edge of the following element or character, depending on the edge attri;[ute
of palignmark. Note that it may.be hecessary to introduce an mrow to group an malignmark elenjent
with a neighboring element, in‘order not to alter the argument count of the containing element. (See{the
waining about the legal grouping of ‘space-like elements’ in Section 3.2.7).

—

When an malignmark.element is provided within an alignment group, it can occur in an arbitrarily
deeply nested element” within the group, as long as it is not within a nested alignment scope. It is
not|subject to thewsame restrictions on location as maligngroup elements. However, its immedjate
surfoundingg niged to be such that the element to its immediate right or left (depending on its efige
attribute).éar be unambiguously identified. If no such element is present, renderers should behave gs if
a z¢rofwidth element had been inserted there.

For the purposes of alignment, an element X 1s considered to be to the immediate [eft of an element
Y, and Y to the immediate right of X, whenever X and Y are successive arguments of one (possibly
inferred) mrow element, with X coming before Y (in a LTR context; with X coming after Y in a RTL
context). In the case of mfenced elements, MathML applications should evaluate this relation as if
the mfenced element had been replaced by the equivalent expanded form involving mrow. Similarly,
an maction element should be treated as if it were replaced by its currently selected sub-expression.
In all other cases, no relation of ‘to the immediate left or right’ is defined for two elements X and Y.
However, in the case of content elements interspersed in presentation markup, MathML applications
should attempt to evaluate this relation in a sensible way. For example, if a renderer maintains an
internal presentation structure for rendering content elements, the relation could be evaluated with
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respect to that. (See Chapter 4 and Chapter 5 for further details about mixing presentation and content
markup.)

malignmark elements are allowed to occur within the content of token elements, such as mn, mi, or
mtext. When this occurs, the character immediately before or after the malignmark element will carry
the alignment point; in all other cases, the element to its immediate left or right will carry the alignment
point. The rationale for this is that it is sometimes desirable to align on the edges of specific characters
within multi-character token elements.

If there is more than one malignmark element in an alignment group, all but the first one will be
ignpred. Ma

butfit is not an error, and should trigger no warnings by default. The rationale for this is that it woul
incpnvenient to have to remove all unnecessary malignmark elements from automatically,genergted
datj, in certain cases, such as when they are used to specify alignment on ‘decimal points - other than
the[’.” character.

3.55.5 <malignmark/> Attributes

malignmark elements accept the attributes listed below in addition to those\specified in Section 3.1.10
(hojvever, neither mathcolor nor mathbackground have any effect)!

] Nhme \ values \ defaflt
edge ] "left" | "right" ‘ left
see the discussion below.

The edge attribute specifies whether the alignment poinfywill be found on the left or right edge of sqme
element or character. The precise location meant by;left edge’ or ‘right edge’ is discussed below| If
edge="right", the alignment point is the right edge of the element or character to the immediate lefft of
themalignmark element. If edge="left", the alignment point is the left edge of the element or charafter
to the immediate right of the malignmark\element. Note that the attribute refers to the choice of eflge
rather than to the direction in which te, [ook for the element whose edge will be used.

Formalignmark elements that occur within the content of MathML token elements, the preceding or
following character in the tokén element’s content is used; if there is no such character, a zero-wjdth
character is effectively inserted for the purpose of carrying the alignment point on its edge. Foif all
other malignmark elements, the preceding or following element is used; if there is no such elemet, a
zerp-width element is"effectively inserted to carry the alignment point.

The precise defifiition of the ‘left edge’ or ‘right edge’ of a character or glyph (e.g. whether it shquld
coificide with~dn edge of the character’s bounding box) is not specified by MathML, but is at|the
dis¢retion<ofithe renderer; the renderer is allowed to let the edge position depend on the charactpr’s
conjtext as/well as on the character itself.

FO 1. 4 £ 1 £ 1o L M - 3 ] £ o100 o call 1l LR, Fra 11 or
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"decimalpoint"), it is likely to be desirable for the effective width (i.e. the distance between the left
and right edges) of decimal digits to be constant, even if their bounding box widths are not constant
(e.g. if ‘1’ is narrower than other digits). For other characters, such as letters and operators, it may be
desirable for the aligned edges to coincide with the bounding box.

The ‘left edge’ of a MathML element or alignment group refers to the left edge of the leftmost glyph
drawn to render the element or group, except that explicit space represented by mspace or mtext
elements should also count as ‘glyphs’ in this context, as should glyphs that would be drawn if not
for mphantom elements around them. The ‘right edge’ of an element or alignment group is defined
similarly.
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3.5.5.6 <maligngroup/> Attributes

maligngroup elements accept the attributes listed below in addition to those specified in Section 3.1.10
(however, neither mathcolor nor mathbackground have any effect).

‘ Name ‘ values ‘ default

groupalign | "left" | "center" | "right" | "decimalpoint” ‘ inherited
see the discussion below.

maligngroup has one attribute, groupalign, which is used to determine the position of its group’s

;-n-- atavha vhen noma onma elemen s-presen he followan

malignmark element is found

alignment groups in each table cell; thus there are 7 columns of alignment groups, with 2«<groups, pne
abqgve the other, in each column. These columns of alignment groups should be given the, 7 groupaljgn
valyies ‘decimalpoint left left decimalpoint left left decimalpoint’, in that order. How-to specify this|list
of yalues for a table cell or table column as a whole, using attributes on el¢ments surrounding the

maligngroup element is described later.

If groupalignis ‘left’, ‘right’, or ‘center’, the alignment point is defiped-to be at the group’s left edge,
at ifs right edge, or halfway between these edges, respectively. The.meanings of ‘left edge’ and ‘right
edge’ are as discussed above in relation to malignmark.

If groupalign is ‘decimalpoint’, the alignment point is tie right edge of the character immedipte-
ly before the left-most ’decimal point’, i.e. matching the character specified by the decimalpojnt
attrjbute of mstyle (default ".", U+002E) in the firstmn element found along the alignment groyp’s
basgline. More precisely, the alignment group is sé¢anned recursively, depth-first, for the first mn ple-
ment, descending into all arguments of each elément of the types mrow (including inferred mrows),

mstyle, mpadded, mphantom, menclose, mfenced, or msqrt, descending into only the first argunjent
of gach ‘scripting’ element (msub, msup,.msubsup, munder, mover, munderover, mmultiscripts)
or ¢f each mroot or semantics elemént, descending into only the selected sub-expression of edch

mag¢tion element, and skipping the'dentent of all other elements. The first mn so found always contins
the|alignment point, which is the right edge of the last character before the first decimal point in|the
content of the mn element. If there is no decimal point in the mn element, the alignment point is the r{ght
edge of the last characterdimnthe content. If the decimal point is the first character of the mn elemet’s
conftent, the right edge. of a zero-width character inserted before the decimal point is used. If nof mn
eleent is found, the'right edge of the entire alignment group is used (as for groupalign="right")

In ¢rder to pefmit alignment on decimal points in cn elements, a MathML application can conyert
a cpntent expression into a presentation expression that renders the same way before searching|for
decimal(paints as described above.

Chgracters other than °.” can be used as ‘decimal points’ for alignment by using mstyle; more arbitfary
alignment points can chosen by embedding malignmark elements within the mn token’s content itself.

For any of the groupalign values, if an explicit malignmark element is present anywhere within the
group, the position it specifies (described earlier) overrides the automatic determination of alignment
point from the groupalign value.

3.5.5.7  Inheritance of groupalign values

It is not usually necessary to put a groupalign attribute on every maligngroup element. Since this
attribute is usually the same for every group in a column of alignment groups to be aligned, it can be
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inherited from an attribute on the mtable that was used to set up the alignment scope as a whole, or
from the mtr or mtd elements surrounding the alignment group. It is inherited via an ‘inheritance path’
that proceeds from mtable through successively contained mtr, mtd, and maligngroup elements.
There is exactly one element of each of these kinds in this path from an mtable to any alignment
group inside it. In general, the value of groupalign will be inherited by any given alignment group
from the innermost element that surrounds the alignment group and provides an explicit setting for this
attribute. For example, if an mtable element specifies values for groupalign and a maligngroup
element within the table also specifies an explicit groupalign value, then then the value from the
maligngroup takes priority.

Note, however, that each mtd element needs, in general, a list of groupalign values, one for egch

maligngroup element inside it (from left to right, in an LTR context, or from right to left inan RTL
corftext), rather than just a single value. Furthermore, an mtr or mtable element needs, in_general, ajlist
of liists of groupalign values, since it spans multiple mtable columns, each potentially acting ag an
alignment scope. Such lists of group-alignment values are specified using the following syntax rulgs:

w

grqup-alignment = "left" | "right" | "center" | ‘decimalpoint"
grqup-alignment-list = group-alignment +

grqup-alignment-list-list = ( "{" group-alignment-list\»"}" ) +

As [described in Section 2.1.5, | separates alternatives; + represents gptional repetition (i.e. 1 or nfore

coplies of what precedes it), with extra values ignored and the last value repeated if necessary to cqver
additional table columns or alignment group columns; ’>’ and’,’ *“represent literal braces; and ( gnd
) afe used for grouping, but do not literally appear in the attfibute value.

Thg permissible values of the groupalign attribute of the.elements that have this attribute are specified
using the above syntax definitions as follows:

Element type groupalign attribute syntax default value

mtgble group-alignment-1ist-list left

mt1 group-alignment-tist-list inherited from mtable attribute
mlgbeledtr group-alignment-Iist-list inherited from mtable attribute
mtg group-aligniment-list inherited from within mtr attrifjute
maligngroup group~alignment inherited from within mtd attrifjute

In the example near the beginning of this section, the group alignment values could be specified on eyery
mtd element using groupaltign = ‘decimalpoint left left decimalpoint left left decimalpoint’, o on
evefy mtr element using.groupalign = ‘decimalpoint left left decimalpoint left left decimalpoint}, or
(mgst conveniently) on'the mtable as a whole using groupalign = ‘decimalpoint left left decimalpgpint
left| left decimalpoint’, which provides a single braced list of group-alignment values for the sifgle
colpmn of exXpressions to be aligned.

3.5|5.87 MathML representation of an alignment example

The above rules are sufficient to explain the MathML representation of the example given near the start
of this section. To repeat the example, the desired rendering is:

8.44x + 55 y = 0

3.1x- 0.7y = -1.1

One way to represent that in MathML is:

<mtable groupalign=
"{decimalpoint left left decimalpoint left left decimalpointl}">
<mtr>
<mtd>
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<mrow>
<mrow>

<mrow>
<maligngroup/>
<mn> 8.44 </mn>
<mo> &InvisibleTimes; </mo>
<maligngroup/>
<mi> x </mi>

</mrow>

Jmaligngroup/>

<mo> + </mo>

<mrow>
<maligngroup/>
<mn> 55 </mn>
<mo> &InvisibleTimes; </mo>

<maligngroup/>
<mi> y </mi>
</mrow>
</mrow>
<maligngroup/>
<mo> = </mo>
<maligngroup/>
<mn> 0 </mn>
</mrow>
</mtd>
4/mtr>
4mtr>
<mtd>
<mrow>
<mrow>
<mrow>
<maligngroup/>
<mn> 3.1</mn>
<mo> &InvisibleTimes; </mo>
<maligngroup/>
<ma> x </mi>
</mrow>
<maligngroup/>
<mo> - </mo>
<mrow>
<maligngroup/>
<mn> 0.7 </mn>
<mo> &InvisibleTimes; </mo>
<maligngroup/>
<mi> y </mi>
</mrow>

</mrow>
<maligngroup/>
<mo> = </mo>
<maligngroup/>
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<mrow>
<mo> - </mo>
<mn> 1.1 </mn>

</mrow>

</mrow>
</mtd>
</mtr>
</mtable>

3.5(5.9  Further details of alignment elements

Thg alignment elements maligngroup and malignmark can occur outside of alighment scopes, where
they are ignored. The rationale behind this is that in situations in which MathML is generdted, or cogied
from another document, without knowing whether it will be placed inside an alignment.scope, it wquld
be l?lconvenient for this to be an error.

Anjmtable element can be given the attribute alignmentscope="false" fo ‘catse its columns ndt to
actjas alignment scopes. In general, this attribute has the syntax ("true" \\¥false") +;ifits vqlue
is a list of Boolean values, each Boolean value applies to one colump; with the last value repeated if
necessary to cover additional columns, or with extra values ignored\Columns that are not alignnjent
scopes are part of the alignment scope surrounding the mtable elément, if there is one. Use of
aljgnmentscope="false" allows nested tables to contaip~malignmark elements for aligning|the
inngr table in the surrounding alignment scope.

As [discussed above, processing of alignment for contentelements is not well-defined, since MathML
dogs not specify how content elements should be rendered. However, many MathML applications|are
likdly to find it convenient to internally convert ‘¢ontent elements to presentation elements that rerjder
the[same way. Thus, as a general rule, even if-a tenderer does not perform such conversions internglly,
it if recommended that the alignment elements should be processed as if it did perform them.

A particularly important case for renderers to handle gracefully is the interaction of alignment le-
ments with the matrix content element, since this element may or may not be internally convefted
to gn expression containing afd mtable element for rendering. To partially resolve this ambiguity, it
is spggested, but not required, that if the matrix element is converted to an expression involving|an
mtgble element, that thé\mtable element be given the attribute alignmentscope="false", which
wil] make the interaction’of the matrix element with the alignment elements no different than that pf a
genjeric presentation element (in particular, it will allow it to contain malignmark elements that opefate
within the aligdment scopes created by the columns of an mtable that contains the matrix elemer]t in
ong of its table)cells).

—

Thg effect/of alignment elements within table cells that have non-default values of the columnspan or
royspan attributes is not specified, except that such use of alignment elements is not an error. Fufure
versions of MathML may specify the behavior of alignment elements in such table cells.

The effect of possible linebreaking of an mtable element on the alignment elements is not specified.

3.5.5.10 A simple alignment algorithm

A simple algorithm by which a MathML renderer can perform the alignment specified in this section
is given here. Since the alignment specification is deterministic (except for the definition of the left and
right edges of a character), any correct MathML alignment algorithm will have the same behavior as
this one. Each mtable column (alignment scope) can be treated independently; the algorithm given
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here applies to one mtable column, and takes into account the alignment elements, the
groupalign attribute described in this section, and the columnalign attribute described under
mtable (Section 3.5.1).

First, a rendering is computed for the contents of each table cell in the column, using zero width for all
maligngroup and malignmark elements. The final rendering will be identical except for horizontal
shifts applied to each alignment group and/or table cell. The positions of alignment points specified
by any malignmark elements are noted, and the remaining alignment points are determined using
groupalign values.

Forfeach alignment group, the horizontal positions ol the Ieit edge, alignment point, and Tignk cjge
are|noted, allowing the width of the group on each side of the alignment point (left and right)“tq be
det¢rmined. The sum of these two ‘side-widths’, i.e. the sum of the widths to the left andright of]the
alignment point, will equal the width of the alignment group.

Sedond, each column of alignment groups is scanned. The ith scan covers the ith @lighment group in
each table cell containing any alignment groups. Table cells with no alignment groups, or with fepver
thap i alignment groups, are ignored. Each scan computes two maximums over/the alignment groups
scahned: the maximum width to the left of the alignment point, and the maxirdum width to the right of
thealignment point, of any alignment group scanned.

[¢]

Thgq sum of all the maximum widths computed (two for each coluthn of alignment groups) gives pne
totdl width, which will be the width of each table cell containing alignment groups. Call the maxinjum
nurhber of alignment groups in one cell n; each such cell is{diyided into 2n horizontally adjacent gec-
tionys, called L(i) and R(i) for i from 1 to n, using the 2xn maximum side-widths computed above;|for
each i, the width of all sections called L(i) is the maximium width of any cell’s ith alignment group to
the|left of its alignment point, and the width of allections called R(i) is the maximum width of pny
cell’s ith alignment group to the right of its alignment point.

Eadh alignment group is then shifted horizéntally as a block to a unique position that places: in|the
section called L(i) that part of the ith group to the left of its alignment point; in the section called R(7)
tha{ part of the ith group to the right ofiits alignment point. This results in the alignment point of each
ith proup being on the boundary between adjacent sections L(i) and R(i), so that all alignment pointk of
ith proups have the same horizontal position.

Thq widths of the table cells.that contain no alignment groups were computed as part of the initial fen-
derjng, and may be different for each cell, and different from the single width used for cells contairfing
alignment groups. Themaximum of all the cell widths (for both kinds of cells) gives the width offthe
table column as.d&whole.

Thq position.of each cell in the column is determined by the applicable part of the value of the
columnalign attribute of the innermost surrounding mtable, mtr, or mtd element that has an explicit
ing

e H W W g Hraad oftothiciH-angmet ';"-“‘Gv“;’
shifted within the cells as described above, but since each such cell has the same width, it will be shifted
the same amount within the column, thus maintaining the vertical alignment of the alignment points of
the corresponding alignment groups in each cell.

3.6 Elementary Math

Mathematics used in the lower grades such as two-dimensional addition, multiplication, and long divi-
sion tends to be tabular in nature. However, the specific notations used varies among countries much
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more than for higher level math. Furthermore, elementary math often presents examples in some inter-
mediate state and MathML must be able to capture these intermediate or intentionally missing partial
forms. Indeed, these constructs represent memory aids or procedural guides, as much as they represent
‘mathematics’.

The elements used for basic alignments in elementary math are:

mstack align rows of digits and operators

msgroup groups rows with similar alignment

msrow groups digits and operators into a row
mskine—drawsHnesbetweenrowsofthestaele———
ms¢arries annotates the following row with optional borrows/carries and/or crossouts

ms¢arry a borrow/carry and/or crossout for a single digit

mlgngdiv specifies a divisor and a quotient for long division, along with a stack of the intérmedjate
computations

msfack and mlongdiv are the parent elements for all elementary math layout. Any.children of mstgck,
mlgngdiv, and msgroup, besides msrow, msgroup, mscarries and msline, are treated as if impliditly
surfounded by an msrow (See Section 3.6.4 for more details about rows).

Sinfe the primary use of these stacking constructs is to stack rows of numbers aligned on their digits,
and since numbers are always formatted left-to-right, the columns of\an mstack are always procegsed
lefttto-right; the overall directionality in effect (ie. the dir attribute) does not affect to the ordering of
display of columns or carries in rows and, in particular, does-not affect the ordering of any operafors
within a row (See Section 3.1.5).

Thgse elements are described in this section followed by examples of their use. In addition to tpvo-
dimensional addition, subtraction, multiplication, and  long division, these elements can be useq to
repfesent several notations used for repeating deeimals.

A very simple example of two-dimensional addition is shown below:

424
+33

Th¢ MathML for this is:

<mgtack>

dmn>424</mn>

dmsrow> <mO>+</mo> <mn>33</mn> </msrow>
dmsliney>

</nstackp

Mahyuriore examples are given in Section 3.6.8.

3.6.1 Stacks of Characters <mstack>
3.6.1.1  Description

mstack is used to lay out rows of numbers that are aligned on each digit. This is common in many
elementary math notations such as 2D addition, subtraction, and multiplication.

The children of an mstack represent rows, or groups of them, to be stacked each below the previous
row; there can be any number of rows. An msrow represents a row; an msgroup groups a set of rows
together so that their horizontal alignment can be adjusted together; an mscarries represents a set
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of carries to be applied to the following row; an msline represents a line separating rows. Any other
element is treated as if implicitly surrounded by msrow.

Each row contains ‘digits’ that are placed into columns. (see Section 3.6.4 for further details). The
stackalign attribute together with the position and shift attributes of msgroup, mscarries, and
msrow determine to which column a character belongs.

The width of a column is the maximum of the widths of each ‘digit’ in that column — carries do not
participate in the width calculation; they are treated as having zero width. If an element is too wide to
fit into a column, it overflows into the adjacent column(s) as determined by the charalign attribute.

If thl‘n_l_l_ﬁ'ﬂ‘n_rrl_wo_rn_@ere 1S NO character in a columi, 1ts width 1S taken to be the widih o a U in the current languagg (in
many fonts, all digits have the same width).
Thg method for laying out an mstack is:

The ‘digits’ in a row are determined.

All of the digits in a row are initially aligned according to the stackalign-value.
Each row is positioned relative to that alignment based on the position attribute (if gny)
that controls that row.
4. The maximum width of the digits in a column are determined-and shorter and wider entyies
in that column are aligned according to the charalign attuibute.
5. The width and height of the mstack element are computed based on the rows and colunns.
Any overflow from a column is not used as part of that eéomputation.

6. The baseline of the mstack element is determined®y, the align attribute.

W=

3.6]1.2  Attributes

mstack elements accept the attributes listed belew, in addition to those specified in Section 3.1.10.

© ISO/IEC 2016 — All rights reserved


https://iecnorm.com/api/?name=b1f67f221c3e9728efa6b4f62cc7373f

ISO/IEC 40314:2016(E)

3.6. Elementary Math 113
Name ‘ values ‘ default
align ‘ ("top" | "bottom" | "center" | "baseline" | "axis"), rownumber? ‘ baseline

specifies the vertical alignment of the mstack with respect to its environment. The legal

values and their meanings are the same as that for mtable’s align attribute.
stackalign ‘ "left" | "center" | "right" | "decimalpoint” ‘ decimalpoint
specifies which column is used to horizontally align the rows. For "left", rows are
aligned flush on the left; similarly for "right", rows are flush on the right; for
"center", the middle column (or to the right of the middle, for an even number of
columns) is used for alignment. Rows with non-zero position, or affected by a shift,
are treated as if the requisite number of empty columns were added on the appropriate
side; see Section 3.6.3 and Section 3.6.4. For "decimalpoint", the column used is
the left-most column in each row that contains the decimalpoint character specified
using the decimalpoint attribute of mstyle (default "."). If there is no decimalpeint
character in the row, an implied decimal is assumed on the right of the first number in
the row; See "decimalpoint" for a discussion of "decimalpoint".
cHaralign "left" | "center" | "right" right
specifies the horizontal alignment of digits within a column. If the'‘Centent is larger
than the column width, then it overflows the opposite side from ‘the alignment. For
example, for "right", the content will overflow on the left side;for center, it overflows
on both sides. This excess does not participate in the column-width calculation, nor does
it participate in the overall width of the mstack. In these{cases, authors should take care
to avoid collisions between column overflows.
charspacing | length | "loose" | "medium" | "tight" medium
specifies the amount of space to put between‘€ach column. Larger spacing might be
useful if carries are not placed above or are patticularly wide. The keywords "loose",
"medium", and "tight" automatically adjust spacing to when carries or other entries in
a column are wide. The three values allow authors to some flexibility in choosing what
the layout looks like without having\to figure out what values works well. In all cases,
the spacing between columns isa fixed amount and does not vary between different
columns.

3.612 Long Division <mlongdiv>
3.6]2.1  Description

Long division notation varies quite a bit around the world, although the heart of the notation is often
simjilar. mlongdiv is similar to mstack and used to layout long division. The first two children|of
mlgngdiv are-the divisor and the result of the division, in that order. The remaining children are tregted
as if they were children of mstack. The placement of these and the lines and separators used to disglay
long-division are controlled by the longdivstyle attribute.

The result or divisor may be an elementary math element or may be none. In particular, if msgroup is
used, the elements in that group may or may not form their own mstack or be part of the dividend’s

mstack, depending upon the value of the longdivstyle attribute. For example, in the US style for
division, the result is treated as part of the dividend’s mstack, but divisor is not. MathML does not
specify when the result and divisor form their own mstack, nor does it specify what should happen if
msline or other elementary math elements are used for the result or divisor and they do not participate
in the dividend’s mstack layout.

In the remainder of this section on elementary math, anything that is said about mstack applies to
mlongdiv unless stated otherwise.
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3.6.2.2  Attributes

mlongdiv elements accept all of the attributes that mstack elements accept (including those specified
in Section 3.1.10), along with the attribute listed below.

The values allowed for longdivstyle are open-ended. Conforming renderers may ignore any value
they do not handle, although renderers are encouraged to render as many of the values listed below
as possible. Any rules drawn as part of division layout should be drawn using the color specified by

mathcolor.
Name | values | default
lopgdivstyle | "lefttop” | "stackedrightright” | "mediumstackedrightright" | "short- | lefttdp

stackedrightright" | "righttop" | "left/\right" | "left)(right" | ":right=right"
| "stackedleftleft" | "stackedleftlinetop"
Controls the style of the long division layout. The names are meant as a rough mnénionic
that describes the position of the divisor and result in relation to the dividend:

Sed Section 3.6.8.3 for examples of how these notations are drawn. The values listed above are ysed
for Jlong division notations in different countries around the world:

"lgfttop" anotation that is commonly used in the United States, Gredt Britain, and elsewhere
"stackedrightright" a notation that is commonly used in France.and elsewhere
"mgdiumrightright" a notation thatis commonly used in Russiaand elsewhere
"sQortstackedrightright" a notation thatis commonly uSed in Brazil and elsewhere
"righttop" anotation that is commonly used in China, Sweden, and elsewhere
"le¢ft/\right" anotation that is commonly used in Netherlands

"1¢ft) (right" a notation that is commonly used irfkIndia

":fight=right " anotation thatis commonly used in Germany

"sttackedleftleft " anotation thatis commonly used in Arabic countries
"stackedleftlinetop" a notation that is,€ommonly used in Arabic countries

3.613 Group Rows with Similiar‘Positions <msgroup>
3.6{3.1  Description

msgroup is used to group.rows inside of the mstack and mlongdiv elements that have a sinfilar
posjition relative to the ahgiiment of stack. If not explicitly given, the children representing the stack in
msfack and mlongddvyare treated as if they are implicitly surrounded by an msgroup element.

3.6|3.2  Aftributes

msgroup elements accept the attributes listed below in addition to those specified in Section 3.1.1().
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Name ‘ values ‘ default ‘
position ‘ integer ‘ 0

specifies the horizontal position of the rows within this group relative the position de-
termined by the containing msgroup (according to its position and shift attributes).
The resulting position value is relative to the column specified by stackalign of the
containing mstack or mlongdiv. Positive values move each row towards the tens digit,
like multiplying by a power of 10, effectively padding with empty columns on the right;
negative values move towards the ones digit, effectively padding on the left. The decimal
point is counted as a column and should be taken into account for negative values.
sHift | integer 1 0
specifies an incremental shift of position for successive children (rows or groups) within
this group. The value is interpreted as with position, but specifies the position of edch
child (except the first) with respect to the previous child in the group.

3.6/4 Rows in Elementary Math <msrow>
3.6]4.1  Description

An|msrow represents a row in an mstack. In most cases it is implied. by the context, but is us¢ful
expllicitly for putting multiple elements in a single row, such as when-placing an operator "+" or|"-"
alopgside a number within an addition or subtraction.

If an mn element is a child of msrow (whether implicit or nét)y then the number is split into its digits
and the digits are placed into successive columns. Any othef element, with the exception of mstyle is
tregted effectively as a single digit occupying the next.column. An mstyle is treated as if its children
wete directly the children of the msrow, but with their style affected by the attributes of the mstyle.
The¢ empty element none may be used to create ah.empty column.

Nofe that a row is considered primarily as if if, were a number, which are always displayed left-to-rifht,
and so the directionality used to display~the columns is always left-to-right; textual bidirectiondlity
within token elements (other than mn) sfill applies, as does the overall directionality within any children
of the msrow (which end up treated-as single digits); see Section 3.1.5.

3.6|4.2  Attributes

msyow elements accept .the attributes listed below in addition to those specified in Section 3.1.10.

Nhme ‘ values ‘ defaylt ‘

pgsition ‘ integer ‘ 0
specifies the horizontal position of the rows within this group relative the position de-
termined by the containing msgroup (according to its position and shift attributes).
The resulting position value is relative to the column specified by stackalign of the
containing mstack or mlongdiv. Positive values move each row towards the tens digit,
like multiplying by a power of 10, effectively padding with empty columns on the right;
negative values move towards the ones digit, effectively padding on the left. The decimal
point is counted as a column and should be taken into account for negative values.

3.6.5 Carries, Borrows, and Crossouts <mscarries>
3.6.5.1  Description

The mscarries element is used for various annotations such as carries, borrows, and crossouts that
occur in elementary math. The children are associated with elements in the following row of the

© ISO/IEC 2016 — All rights reserved


https://iecnorm.com/api/?name=b1f67f221c3e9728efa6b4f62cc7373f

ISO/IEC 40314:2016(E)

116 Chapter 3. Presentation Markup

mstack. It is an error for mscarries to be the last element of an mstack or mlongdiv element. Each
child of the mscarries applies to the same column in the following row. As these annotations are used
to adorn what are treated as numbers, the attachment of carries to columns proceeds from left-to-right;
The overall directionality does not apply to the ordering of the carries, although it may apply to the
contents of each carry; see Section 3.1.5.

Each child of mscarries other than mscarry or none is treated as if implicitly surrounded by
mscarry; the element none is used when no carry for a particular column is needed. The

mscarries element sets displaystyle to "false", and increments scriptlevel by 1, so the chil-
dren are typically displayed in a smaller font. (See Section 3.1.6.) It also changes the default val-
ue pf scriptsizemultiplier. The effect is that the inherited value of scriptsizemultipljer
should still override the default value, but the default value, inside mscarries, should be\"0.¢".
scyiptsizemultiplier can be set on the mscarries element, and the value should Ovyerride|the
inhgrited value as usual.

If tyvo rows of carries are adjacent to each other, the first row of carries annotates the\second (followlng)
row as if the second row had 1location="n". This means that the second row, even if it does not dijaw,
visgially uses some (undefined by this specification) amount of space when displayed.

3.6|5.2  Attributes

ms¢arries elements accept the attributes listed below in addition(te*those specified in Section 3.1]10.

Nhme ‘ values ‘ default

pygsition ‘ integer ‘ 0
specifies the horizontal position of the rows withinythis group relative the position deter-
mined by the containing msgroup (according,to its position and shift attributes).
The resulting position value is relative to\the column specified by stackalign of
the containing mstack or mlongdiv, The interpretation of the value is the same as
position for msgroup or msrow, but it alters the association of each carry with the
column below. For example, position=1 would cause the rightmost carry to be asso-
ciated with the second digit cglumn from the right.

logation "w" | "pwAH'n" | "ne" [ "e" | "se" | "s" | "sw" n
specifies the location of-the carry or borrow relative to the character below it in the
associated column, €Compass directions are used for the values; the default is to place
the carry above the)character.

crpssout "none" | "updiagonalstrike" | "downdiagonalstrike" | "verti- | none
calstrike" | "horizontalstrike")*
specifies how the column content below each carry is "crossed out"; one or more values
may-be given and all values are drawn. If "none" is given with other values, it is ignored.
See/Section 3.6.8 for examples of the different values. The crossout is only applied for
o6lumns which have a corresponding mscarry. The crossouts should be drawn using
the color specified by mathcolor.

scriptsizemultiplier | number inherited (0.6)
specifies the factor to change the font size by. See Section 3.1.6 for a description of how

this works with the scriptsize attribute.

3.6.6 A Single Carry <mscarry>
3.6.6.1  Description

mscarry is used inside of mscarries to represent the carry for an individual column. A carry is treated
as if its width were zero; it does not participate in the calculation of the width of its corresponding
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column; as such, it may extend beyond the column boundaries. Although it is usually implied, the
element may be used explicitly to override the location and/or crossout attributes of the containing
mscarries. It may also be useful with none as its content in order to display no actual carry, but still
enable a crossout due to the enclosing mscarries to be drawn for the given column.

3.6.6.2  Attributes

The mscarry element accepts the attributes listed below in addition to those specified in Section 3.1.10.

Name | values | default

logation | "w" | "nw" 1 "n" | "ne" | "e" | "se" | "s" | "sw" ‘ inhérited
specifies the location of the carry or borrow relative to the character in the corresponding
column in the row below it. Compass directions are used for the values.
crpssout | ("none" | "updiagonalstrike" | "downdiagonalstrike" | "verticalstrike" | "hotix" | inherit¢d
zontalstrike")*
specifies how the column content associated with the carry is "crossed out''; one or more
values may be given and all values are drawn. If "none" is given with-other values,
it is essentially ignored. The crossout should be drawn using the-golor specified by
mathcolor.

3.6]7 Horizontal Line <msline/>
3.6]7.1  Description

msline draws a horizontal line inside of a mstack element. The position, length, and thickness of|the
ling are specified as attributes. If the length is specified, the line is positioned and drawn as if it wefe a
nurpber with the given number of digits.

3.6]7.2  Attributes

ms]ine elements accept the attributes-listed below in addition to those specified in Section 3.1.10. The
ling should be drawn using the-eolor specified by mathcolor.

© ISO/IEC 2016 — All rights reserved


https://iecnorm.com/api/?name=b1f67f221c3e9728efa6b4f62cc7373f

ISO/IEC 40314:2016(E)

118 Chapter 3. Presentation Markup
Name ‘ values ‘ default ‘
position ‘ integer ‘ 0

specifies the horizontal position of the rows within this group relative the position de-
termined by the containing msgroup (according to its position and shift attributes).
The resulting position value is relative to the column specified by stackalign of the
containing mstack ormlongdiv. Positive values moves towards the tens digit (like mul-
tiplying by a power of 10); negative values moves towards the ones digit. The decimal
point is counted as a column and should be taken into account for negative values. Note
that since the default line length spans the entire mstack, the position has no effect
unless the 1ength 1s specified as non-zero.

lehgth ‘ unsigned-integer 0
Specifies the the number of columns that should be spanned by the line. A value of ¢Q*
(the default) means that all columns in the row are spanned (in which case position
and stackalign have no effect).

leftoverhang ‘ length ‘ 0
Specifies an extra amount that the line should overhang on the left of the leftmost col-
umn spanned by the line.

rightoverhang ‘ length ‘ 0
Specifies an extra amount that the line should overhang on theright of the rightmost
column spanned by the line.

mklinethickness ‘ length | "thin" | "medium" | "thick" ‘ mediym
Specifies how thick the line should be drawn. The)line should have height=0, and
depth=mslinethickness so that the top of the msline is on the baseline of the sur-
rounding context (if any). (See Section 3.3.2 fét\discussion of the thickness keywords
"medium", "thin" and "thick".)

3.6{8 Elementary Math Examples
3.6|8.1  Addition and Subtraction

Two-dimensional addition, subtracfion, and multiplication typically involve numbers, carrries/borrdws,
lings, and the sign of the operation.

Nofice that the msline spans all of the columns and that none is used to make the "+" appear to|the
left|of all of the operands)

424
433

TheMrathivifor-thtsts:
<mstack>
<mn>424</mn>
<msrow> <mo>+</mo> <none/> <mn>33</mn> </msrow>
<msline/>
</mstack>
Here is an example with the operator on the right. Placing the operator on the right is standard in the
Netherlands and some other countries. Notice that although there are a total of four columns in the
example, because the default alignment is on the implied decimal point to the right of the numbers, it
is not necessary to pad any row.
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123
456+
579

tack>

mn>123</mn>

msrow> <mn>456</mn> <mo>+</mo> </msrow>
msline/>

</1
Beg

the|rows need to be shifted.

mn>579</mn>
stack>

ause the default alignment is placed to the right of number, the numbers align properly-and non

e of

T OT 1o
= 3

Thq following two examples illustrate the use of mscarries, mscarry and using’none to fill in a
colimn. The examples illustrate two different ways of displaying a borrow.
212 2
1,327 2,3
-1,156 -1,1
1,171 1,1
Th¢ MathML for the first example is:
<mgtack>

4

</1
Thd

colpmn:

<mg

4

mscarries crossout=’updiagonalstrike’>
<mn>2</mn> <mn>12</mn> <mscarry\Crossout=’none’> <none/> </mscarry>
/mscarries>
mn>2,327</mn>
msrow> <mo>-</mo> <mn> 1,156</mn> </msrow>
msline/>
mn>1,171</mn>
stack>

MathML for the second example uses mscarry because a crossout should only happen on a sijgle

tack>

mscarries~location="nw’>

<none/>

<mscarry crossout=’updiagonalstrike’ location=’n’> <mn>2</mn> </mscarry
<mn>1</mn>

<none/>

</mscarries>
<mn>2,327</mn>
<msrow> <mo>-</mo> <mn> 1,156</mn> </msrow>
<msline/>
<mn>1,171</mn>
</mstack>

Here is an example of subtraction where there is a borrow with multiple digits in a single column and
a cross out. The borrowed amount is underlined (the example is from a Swedish source):
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10
D)
-7
45

There are two things to notice. The first is that menclose is used in the carry and that none is used for
the empty element so that mscarry can be used to create a crossout.

<mgtack>

dmscarries>

<mscarry crossout=’updiagonalstrike’><none/></mscarry>
<menclose notation=’bottom’> <mn>10</mn> </menclose>
4/mscarries>

4mn>52</mn>

dmsrow> <mo>-</mo> <mn> 7</mn> </msrow>

dmsline/>

qmn>45</mn>

</nstack>

3.6(8.2  Multiplication

Below is a simple multiplication example that illustrates\the use of msgroup and the shift attribpte.
Thg first msgroup does nothing. The second msgrotp.could also be removed, but msrow would be
needed for its second and third children. They would set the position or shift attributes, or wquld
add none elements.

123
X321
123
446

3¢9

<mgtack>

Jqmsgroup>

<mn>123</mh>
<msrow><mo>&#xD7 ; </mo><mn>321</mn></msrow>
4/msgroup>

qmsling/>

qmsgroup shift="1">

>3 3<F
<mn>246</mn>
<mn>369</mn>
</msgroup>
<msline/>
</mstack>

non

This example has multiple rows of carries. It also (somewhat artificially) includes commas (",") as digit
separators. The encoding includes these separators in the spacing attribute value, along non-ASCII
values.
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11
1,234
x4,321
1 1111
1,234
24,68

2700
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<md
4

<

4

4

4

4

<

4

</n

AR

4,936
5,332,114

tack>
mscarries><mn>1</mn><mn>1</mn><none/></mscarries>
mscarries><mn>1</mn><mn>1</mn><none/></mscarries>
mn>1,234</mn>
msrow><mo>&#xD7 ; </mo><mn>4,321</mn></msrow>
msline/>

mscarries position=’2’>
<mn>1</mn>
<none/>
<mn>1</mn>
<mn>1</mn>
<mn>1</mn>
<none/>
<mn>1</mn>
/mscarries>
msgroup shift="1">
<mn>1,234</mn>
<mn>24,68</mn>
<mn>370,2</mn>
<msrow position=!{"> <mn>4,936</mn> </msrow>
/msgroup>
msline/>

mn>5,332)114</mn>
stack>

3.6.

8.3 Long Division

The notation used for long division varies considerably among countries. Most notations share the com-
mon characteristics of aligning intermediate results and drawing lines for the operands to be subtracted.
Minus signs are sometimes shown for the intermediate calculations, and sometimes they are not. The
line that is drawn varies in length depending upon the notation. The most apparent difference among
the notations is that the position of the divisor varies, as does the location of the quotient, remainder,
and intermediate terms.

The layout used is controlled by the longdivstyle attribute. Below are examples for the values listed
in Section 3.6.2.2
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"lefttop" "stackedrightright" "mediumstackedrightright" "shortstackedrightright" "righttop"
4353
306" 1306 |3
3 2 4353 1306 | 3 13063 4353
12 o 12 [4353 12 4353 :
10 9 10 10 12
2 16 -2 2 b
16 16 16 2
15
b 1.0 5 L 18
10 ’ 1,0 1,0 N
9 = 9 9 Lo
— 1 —= — )
1 1 1 1
Ille;4. ‘bl.,.a.ll N £\ (oo ol l|' 'D'! Geclaa L I[P 1 dlatitl ol o 1 dlafila e "
W
4 3)1306 ( 435,3 1306 :3=4 __ 311306 Vw
3/1306 \ 435,3 ) ( 306 :3=4353 753 1 w
2 12 12 - )
10 10 10 10 q
9 9 9 _?6 _1'\
16 16 16 5
15 15 15 15 =
1,0 10 1,0 0 N,
9 9 9 =2 A
1 1 1 L )

Th¢ MathML for the first example is shown below. It illustrates the use of nested msgroups and how
thelposition is calculated in those usages.

<ml}ongdiv longdivstyle="lefttop">
dmn> 3 </mn>
q4mn> 435.3</mn>

4mn> 1306</mn>

qmsgroup position="2" shift="-1'>
<msgroup>

<mn> 12</mn>

<msline length="2"/>
</msgroup>
<msgroup>

<mn> 10</mn%

<mn> 9</mn>

<mslinetleéngth="2"/>
</msgroup>
<msgroiup>

<mh> 16</mn>

<mn> 15</mn>

<msline length="2"/>

<mn> 1.0</mn> <!- aligns on ’.’, not the right edge (°0’) ->
</msgroup>
<msgroup position=’-1’> <!- extra shift to move to the right of the "." ->

<mn> 9</mn>
<msline length="3"/>
<mn> 1</mn>
</msgroup>
</msgroup>
</mlongdiv>
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With the exception of the last example, the encodings for the other examples are the same except that
the values for longdivstyle differ and thata "," is used instead of a "." for the decimal point. For the
last example, the only difference from the other examples besides a different value for longdivstyle

is that Arabic numerals have been used in place of Latin numerals, as shown below.

<mstyle decimalpoint="&#x066B;">
<mlongdiv longdivstyle="stackedleftlinetop">
<mn> &#x0663; </mn>
<mn> &#x0664 ;&#x0663;&#x0665 ;&#x066B ;&#x0663;</mn>

dmn> &#x0661 ; &#x0663; &#x0660 ; &#x0666 ; </mn>
qmsgroup position="2" shift="-1">
<msgroup>
<mn> &#x0661 ;&#x0662;</mn>
<msline length="2"/>
</msgroup>
<msgroup>
<mn> &#x0661 ;&#x0660;</mn>
<mn> &#x0669;</mn>
<msline length="2"/>
</msgroup>
<msgroup>
<mn> &#x0661 ;&#x0666 ;</mn>
<mn> &#x0661 ;&#x0665;</mn>
<msline length="2"/>
<mn> &#x0661 ;&#x066B;&#x0660 ; </mn>
</msgroup>
<msgroup position=’-1’>
<mn> &#x0669;</mn>
<msline length="3"/>
<mn> &#x0661;</mn>
</msgroup>
4/msgroup>
</nlongdiv>
</nstyle>

3.6/8.4  Repeating decimal

Deg¢imal-fiumbers that have digits that repeat infinitely such as 1/3 (.3333...) are represented uging
sevpral netations. One common notation is to put a horizontal line over the digits that repeat (in Portygal
an underline is nsed). Another notation involves putting dots over the digits that repeat. These notations
are shown below:

0.333333

0.142857
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0.142857

0.142857

The MathML for these involves using mstack, msrow, and msline in a straightforward manner. The
MathML for the preceding examples above is given below.

<mgtack stackalign="right">
dqmsline length="1"/>
d4mn> 0.3333 </mn>
</nstack>

<mgtack stackalign="right">
4msline length="6"/>
qmn> 0.142857 </mn>
</nstack>

<mgtack stackalign="right">
qmn> 0.142857 </mn>
dqmsline length="6"/>
</nstack>

<mgtack stackalign="right">
dmsrow> <mo>.</mo> <none/><none/><non&/><none/> <mo>.</mo> </msrow>
4mn> 0.142857 </mn>

</mstack>
3.7 Enlivening Expressions
3.711 Bind Action to Sub-Expression <maction>

To provide a mechanismyfor binding actions to expressions, MathML provides the maction elemgnt.
This element accept§_any number of sub-expressions as arguments and the type of action that shquld
happen is controlled by the actiontype attribute. Only three actions are predefined by MathML,|but
the|list of possible actions is open. Additional predefined actions may be added in future versionf of
MathML.

by lmaktion
Section 6.4.4.
3.7.1.1  Attributes

maction elements accept the attributes listed below in addition to those specified in Section 3.1.10.

By default, MathML applications that do not recognize the specified actiontype should render the
selected sub-expression as defined below. If no selected sub-expression exists, it is a MathML error;
the appropriate rendering in that case is as described in Section 2.3.2.
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Name ‘ values ‘ default
actiontype ‘ string ‘ required

Specifies what should happen for this element. The values allowed are open-ended.

Conforming renderers may ignore any value they do not handle, although renderers are

encouraged to render the values listed below.
selection ‘ positive-integer ‘ 1
Specifies which child should be used for viewing. Its value should be between 1 and the
number of children of the element. The specified child is referred to as the ‘selected sub-
expression’ of the maction element. If the value specified is out of range, it is an error.
When the selection attribute is not specified (including for action types for which it
makes no sense), its default value is 1, so the selected sub-expression will be the first
sub-expression.

If 4 MathML application responds to a user command to copy a MathML sub-expre&sion to the[en-
virgnment’s ‘clipboard’ (see Section 6.3), any maction elements present in what {S\eopied should be
givgn selection values that correspond to their selection state in the MathML reéndering at the tjme
of the copy command.

When a MathML application receives a mouse event that may be pro¢essed by two or more negted
magtion elements, the innermost maction element of each action type should respond to the event.

Thg¢ meanings of the various actiontype values is given below. Note that not all renderers supporf all
of the actiontype values, and that the allowed values are opeti-ended.

<mfaction actiontype=""toggle" selection="'"positive-integer'' > (first expression) (second expres-

siop)... </maction>
The renderer alternately display the selected subexpression, cycling through them when there

is a click on the selected subexpression(Each click increments the selection value, wiap-
ping back to 1 when it reaches the last\child. Typical uses would be for exercises in educatjon,
ellipses in long computer algebra @utput, or to illustrate alternate notations. Note that the|ex-
pressions may be of significantly different size, so that size negotiation with the browser
may be desirable. If size negotiation is not available, scrolling, elision, panning, or s¢me
other method may be necessary to allow full viewing.

<mfaction actiontype=""statusline''> (expression) (message) </maction>
The renderer displays the first child. When a reader clicks on the expression or moves|the
pointer over jit, the renderer sends a rendering of the message to the browser statusline. [Be-
cause most browsers in the foreseeable future are likely to be limited to displaying tex{ on
their statusline, the second child should be an mtext element in most circumstances. [For
non‘msext messages, renderers might provide a natural language translation of the markup,
but this is not required.

<mfaction actiontype=""tooltip''> (expression) (message) </maction>
The renderer displays the first child. When the pointer pauses over the expression for a Ipng
erougirdetay time; the Tenderer disprays arendering of the message fira pop-up - toottip box
near the expression. Many systems may limit the popup to be text, so the second child should
be an mtext element in most circumstances. For non-mtext messages, renderers may pro-
vide a natural language translation of the markup if full MathML rendering is not practical,
but this is not required.

<maction actiontype="'"input''> (expression) </maction>

The renderer displays the expression. For renderers that allow editing, when focus is passed
to this element, the maction is replaced by what is entered, pasted, etc. MathML does not
restrict what is allowed as input, nor does it require an editor to allow arbitrary input. Some
renderers/editors may restrict the input to simple (linear) text.
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The actiontype values are open-ended. If another value is given and it requires additional attributes,
the attributes must be in a different namespace in XML; in HTML the attributes must begin with "data-
". An XML example is shown below:

<maction actiontype='""highlight'' my:color="'"red" my:background='yellow'> expression

</maction> ) )
In the example, non-standard attributes from another namespace are being used to pass ad-

ditional information to renderers that support them, without violating the MathML Schema
(see Section 2.3.3). The my : color attributes might change the color of the characters in the
presentation, while the my : background attribute might change the color of the background

DTS LN TR 1
OCIHIIIU UIC CIIalr aClers.

3.8 Semantics and Presentation

MathML uses the semantics element to allow specifying semantic annotations to presentation MathML
elements; these can be content MathML or other notations. As such, semantigs, should be considgred
part of both presentation MathML and content MathML. All MathML progcessors should process the
senantics element, even if they only process one of those subsets.

In §emantic annotations a presentation MathML expression is typically, the first child of the semantjcs
element. However, it can also be given inside of an annotation<xml element inside the semantjics
eleI:ent. If it is part of an annotation-xml element, then-eficoding=

"agplication/mathml-presentation+xml" or encoding="MathML-Presentation" may befused
and presentation MathML processors should use this value for the presentation.

Sed Section 5.1 for more details about the semantics and annotation-xml elements.
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Content Markup

4.1 Introduction
4.1{1 The Intent of Content Markup

Thge intent of Content Markup is to provide an explicit encoding of the underlying mathematical mg¢an-
ing| of an expression, rather than any particular rendering for the expressions Mathematics is digtin-
guiphed both by its use of rigorous formal logic to define and analyze mathematical concepts, and by
the|use of a (relatively) formal notational system to represent and communicate those concepts. Hpw-
evel, mathematics and its presentation should not be viewed as oneyand the same thing. Mathematjcal
notption, though more rigorous than natural language, is nof€theless at times ambiguous, contgxt-
dependent, and varies from community to community. In some cases, heuristics may adequately ipfer
mathematical semantics from mathematical notation. Butin'many others cases, it is preferable to work
dirgctly with the underlying, formal, mathematical objects. Content Markup provides a rigorous, [ex-
tengible semantic framework and a markup languagefor this purpose.

Thg difficulties in inferring semantics from aspresentation stem from the fact that there are many to
ong mappings from presentation to semantics’and vice versa. For example the mathematical constfuct
‘H Imultiplied by e’ is often encoded using an explicit operator as in H X e. In different presentatiqnal
contexts, the multiplication operatorymight be invisible ‘H e’, or rendered as the spoken word ‘timgs’.
Generally, many different presentations are possible depending on the context and style prefererfces
of ]Le author or reader. Thus, 'given ‘H ¢’ out of context it may be impossible to decide if this is|the
name of a chemical or a mathematical product of two variables H and e. Mathematical presentafion
als¢ varies across cultures'and geographical regions. For example, many notations for long division|are
in yse in different paftsjof the world today. Notations may lose currency, for example the use of musjcal
shafp and flat symbels to denote maxima and minima [Chaundy1954]. A notation in use in 1644|for
the [multiplicatignrmentioned above was BHe [Cajori1928].

By [encoding* the underlying mathematical structure explicitly, without regard to how it is preserjted
aurplly or‘visually, it is possible to interchange information more precisely between systems that| se-
manticdlly process mathematical objects In the trivial example ahove snch a system conld snhstitute
values for the variables H and e and evaluate the result. Important application areas include computer
algebra systems, automatic reasoning system, industrial and scientific applications, multi-lingual trans-
lation systems, mathematical search, and interactive textbooks.

The organization of this chapter is as follows. In Section 4.2, a core collection of elements comprising
Strict Content Markup are described. Strict Content Markup is sufficient to encode general expression
trees in a semantically rigorous way. It is in one-to-one correspondence with OpenMath element set.
OpenMath is a standard for representing formal mathematical objects and semantics through the use
of extensible Content Dictionaries. Strict Content Markup defines a mechanism for associating precise
mathematical semantics with expression trees by referencing OpenMath Content Dictionaries. The next
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two sections introduce markup that is more convenient than Strict markup for some purposes, some-
what less formal and verbose. In Section 4.3, markup is introduced for representing a small number of
mathematical idioms, such as limits on integrals, sums and product. These constructs may all be rewrit-
ten as Strict Content Markup expressions, and rules for doing so are given. In Section 4.4, elements are
introduced for many common function, operators and constants. This section contains many examples,
including equivalent Strict Content expressions. In Section 4.5, elements from MathML 1 and 2 whose
use is now discouraged are listed. Finally, Section 4.6 summarizes the algorithm for translating arbi-
trary Content Markup into Strict Content Markup. It collects together in sequence all the rewrite rules
introduced throughout the rest of the chapter.

4.1]2 The Structure and Scope of Content MathML Expressions

Comtent MathML represents mathematical objects as expression trees. The notion of ¢enstructirlg a
general expression tree is e.g. that of applying an operator to sub-objects. For example, the sum ‘A+y
can|be thought of as an application of the addition operator to two arguments x and y,And the expresdion
‘cop(m)’ as the application of the cosine function to the number 7.

As p general rule, the terminal nodes in the tree represent basic mathematical'6bjects such as numbgrs,
varjables, arithmetic operations and so on. The internal nodes in the tree‘tepresent function applicafion
or ¢ther mathematical constructions that build up a compound objects="Function application provides
the|most important example; an internal node might represent the application of a function to sevgral
arghments, which are themselves represented by the nodes undgrneath the internal node.

w2

Thg¢ semantics of general mathematical expressions is net & matter of consensus. It would be an efor-
mofis job to systematically codify most of mathematies)~ a task that can never be complete. Instgad,
MathML makes explicit a relatively small number ©f commonplace mathematical constructs, chdsen
cargfully to be sufficient in a large number of applications. In addition, it provides a mechanism|for
ref¢rring to mathematical concepts outside of-the base collection, allowing them to be represented, as
well.

Thg base set of content elements is clidsen to be adequate for simple coding of most of the formyilas
usefl from kindergarten to the end ¢t;high school in the United States, and probably beyond through|the
firsf two years of college, that is up to A-Level or Baccalaureate level in Europe.

While the primary role of\the MathML content element set is to directly encode the mathematjcal
strycture of expression$ independent of the notation used to present the objects, rendering issues carnot
be jgnored. There, are/different approaches for rendering Content MathML formulae, ranging fjom
natfve implementations of the MathML elements to declarative notation definitions, to XSLT sfyle
shepts. Because‘rendering requirements for Content MathML vary widely, MathML 3 does not proyide
a nprmativespecification for rendering. Instead, typical renderings are suggested by way of examples.

4.13—Strict-ContentMathME

In MathML 3, a subset, or profile, of Content MathML is defined: Strict Content MathML. This uses
a minimal, but sufficient, set of elements to represent the meaning of a mathematical expression in a
uniform structure, while the full Content MathML grammar is backward compatible with MathML 2.0,
and generally tries to strike a more pragmatic balance between verbosity and formality.

Content MathML provides a large number of predefined functions encoded as empty elements (e.g.
sin, log, etc.) and a variety of constructs for forming compound objects (e.g. set, interval, etc.).
By contrast, Strict Content MathML uses a single element (csymbol) with an attribute pointing to an
external definition in extensible content dictionaries to represent all functions, and uses only apply
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and bind for building up compound objects. The token elements such as ci and cn are also considered
part of Strict Content MathML, but with a more restricted set of attributes and with content restricted
to text.

Strict Content MathML is designed to be compatible with OpenMath (in fact it is an XML encoding of
OpenMath Objects in the sense of [OpenMath2004]). OpenMath is a standard for representing formal
mathematical objects and semantics through the use of extensible Content Dictionaries. The table below
gives an element-by-element correspondence between the OpenMath XML encoding of OpenMath
objects and Strict Content MathML.

StricrCorment Matvit Openiviaty

cn OMI, OMF

csymbol oMS

ci oMV

cs OMSTR

apgly GMA

bigd OMBIND

bvdr OMBVAR

shqre OMR

sepantics OMATTR
annjotation, annotation—-xml OMATP, OMFORELGN
ceyror OME

cbyjtes O0MB

In MathML 3, formal semantics Content MathML expressions are given by specifying equivalent Sfrict

senjantics given in terms of OpenMath Content Dictionaries, all Content MathML expressions inherit
well-defined semantics in this way. To make the\correspondence exact, an algorithm is given in termf of
trarjsformation rules that are applied to rewrite non-Strict MathML constructs into a strict equivalepnts.
Thg individual rules are introduced in context throughout the chapter. In Section 4.6, the algorithm as
a whole is described.

C(:Itent MathML expressions. Since Strict Content MathML expressions all have carefully-defined

As Jmost transformation rules relate’to classes of MathML elements that have similar argument stfuc-
turg, they are introduced in Seetion 4.3.4 where these classes are defined. Some special case rules|for
spefific elements are givefinin®Section Section 4.4. Transformations in Section 4.2 concern non-S{rict
usages of the core Cofifent MathML elements, those in Section 4.3 concern the rewriting of s¢me
additional structures‘not directly supported in Strict Content MathML.

Thg full algorithmidescribed inSection 4.6 is complete in the sense that it gives every Content MathML
expression a(specific meaning in terms of a Strict Content MathML expression. This means it hag to
give speeific ‘strict interpretations to some expressions whose meaning was insufficiently specifiedl in
MathWIL.2" The intention of this algorithm is to be faithful to mathematical intuitions. However efge

casesa remainwhere the narmative intornratation of tho alagrithi oy hroalk aarlior intiitiong
e J r (=] J °

A conformant MathML processor need not implement this transformation. The existence of these trans-
formation rules does not imply that a system must treat equivalent expressions identically. In particular
systems may give different presentation renderings for expressions that the transformation rules imply
are mathematically equivalent.

4.14 Content Dictionaries

Due to the nature of mathematics, any method for formalizing the meaning of the mathematical ex-
pressions must be extensible. The key to extensibility is the ability to define new functions and other
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symbols to expand the terrain of mathematical discourse. To do this, two things are required: a mech-
anism for representing symbols not already defined by Content MathML, and a means of associating
a specific mathematical meaning with them in an unambiguous way. In MathML 3, the csymbol ele-
ment provides the means to represent new symbols, while Content Dictionaries are the way in which
mathematical semantics are described. The association is accomplished via attributes of the csymbol
element that point at a definition in a CD. The syntax and usage of these attributes are described in
detail in Section 4.2.3.

OpenMath standard, [OpenMath2004 0 maximize modula and reuse, a Content Dictiona
ically contains a relatively small collection of definitions for closely related concepts. The OpenMath
Sodiety maintains a large set of public Content Dictionaries including the MathML CD group, thaf in-
clugling contains definitions for all pre-defined symbols in MathML. There is a process for contribufing
priyately developed CDs to the OpenMath Society repository to facilitate discovery andireuse. MathML
3 dpes not require CDs be publicly available, though in most situations the goals ef\semantic markup
will be best served by referencing public CDs available to all user agents.

In the text below, descriptions of semantics for predefined MathML symbols¢tefer to the Content IPic-
tiorjaries developed by the OpenMath Society in conjunction with the W3C Math Working Grougp. It
is important to note, however, that this information is informative, and not normative. In general,|the
prefise mathematical semantics of predefined symbols are not not\fully specified by the MathM[L 3
Req¢ommendation, and the only normative statements about syshbol semantics are those present in|the
tex{ of this chapter. The semantic definitions provided by-the OpenMath Content CDs are intenfded
to e sufficient for most applications, and are generally, compatible with the semantics specified|for
ansrogous constructs in the MathML 2.0 Recommendatipn. However, in contexts where highly preg¢ise
senjantics are required (e.g. communication betweempcomputer algebra systems, within formal syst¢ms
such as theorem provers, etc.) it is the responsibility of the relevant community of practice to vetify,
ext¢nd or replace definitions provided by OpenMath CDs as appropriate.

4.145 Content MathML Concepts

Thg basic building blocks of Content MathML expressions are numbers, identifiers and symbols. THese
bui|ding blocks are combined using function applications and binding operators. It is important to have
a bysic understanding of these key mathematical concepts, and how they are reflected in the desigh of
Comtent MathML. For the convenience of the reader, these concepts are reviewed here.

In the expression %x+y’, x is a mathematical variable, meaning an identifier that represents a quarjtity
with no fixed value. It may have other properties, such as being an integer, but its value is not a fiked

The most fundamental way in which symbols and variables are combined is function application. Con-
tent MathML makes a crucial semantic distinction between a function itself (a symbol such as the sine
function, or a variable such as f) and the result of applying the function to arguments. The apply ele-
ment groups the function with its arguments syntactically, and represents the expression resulting from
applying that function to its arguments.

Mathematically, variables are divided into bound and free variables. Bound variables are variables that
are assigned a special role by a binding operator within a certain scope. For example, the index variable
within a summation is a bound variable. They can be characterized as variables with the property

© ISO/IEC 2016 — All rights reserved


https://iecnorm.com/api/?name=b1f67f221c3e9728efa6b4f62cc7373f

ISO/IEC 40314:2016(E)

4.2. Content MathML Elements Encoding Expression Structure 131

that they can be renamed consistently throughout the binding scope without changing the underlying
meaning of the expression. Variables that are not bound are termed free variables. Because the logical
distinction between bound and free variables is important for well-defined semantics, Content MathML
differentiates between the application of a function to a free variable, e.g. f(x) and the operation of
binding a variable within a scope. The bind element is used the delineate the binding scope, and group
the binding operator with its bound variables, which are indicated by the bvar element.

In Strict Content markup, the bind element is the only way of performing variable binding. In non-
Strict usage, however, markup is provided that more closely resembles well-known idiomatic notations,
such as the ‘limit’ notations for sums and integrals. These constructs often implicitlv bind varjables,
such as the variable of integration, or the index variable in a sum. MathML terms the elements ugsefl to
repfesent the auxiliary data such as limits required by these constructions qualifier elements

Expressions involving qualifiers follow one of a small number of idiomatic patterns, éach of which
appllies to class of similar binding operators. For example, sums and products are dn, the same class
becpuse they use index variables following the same pattern. The Content MathMLs eperator classes|are
desfribed in detail in Section 4.3.4.

Eadh Content MathML element is described in a section below that beging\with a table summarizing
the|key information about the element. For elements that have different.Strict and non-Strict usgge,
thege syntax tables are divided to clearly separate the two cases. Theel€ément’s content model is given
in the Content row, linked to the MathML Schema in Appendix A_The Attributes, and Attribpite
Values rows similarly link to the schema. Where applicable,{the Class row specifies the operfitor
clags, which indicate how many arguments the operator represented by this element takes, and alsf in
mafy cases determines the mapping to Strict Content MdthML, as described in Section 4.3.4. Finglly,
the|Qualifiers row clarifies whether the operator takes qualifiers and if so, which. Note Class 4nd
Quglifiers specify how many siblings may follow-the operator element in an apply, or the children
of the element for container elements; see Section’4.2.5 and Section 4.3.3 for details).

4.2 Content MathML Elements Encoding Expression Structure

In this section we will present the'elements for encoding the structure of content MathML expressi¢ns.
Thgse elements are the only ones used for the Strict Content MathML encoding. Concretely, we hajve

basic expressions, i.e. Numbers, string literals, encoded bytes, Symbols, and Identifiers.
derived exXpressions, i.e. function applications and binding expressions, and

semanti¢ ahnotations

errordnarkup

Ful] Content\MathML allows further elements presented in Section 4.3 and Section 4.4, and allows a
ricljer confent model presented in this section. Differences in Strict and non-Strict usage of are high-
lighted\in the sections discussing each of the Strict element below. 1
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4.2.1 Numbers <cn>

Schema Fragment (Strict) ~ Schema Fragment (Full)

Class Cn Cn
Attributes CommonAtt, type CommonAtt, DefEncAtt, type?, base?
type Attribute Values "integer"|'"real" | "integer" | "real" | default is real
"double" | "double" |
"hexdouble" "hexdouble" |

"e-notation" |
"rational" |

"complex-cartesian"

| "complex-polar" |

"constant" | text

bage Attribute Values integer defaultiis 10
Content text (text | mglyph | sep | PresentationExpression|)*

The¢ cn element is the Content MathML element used to represent numbers. Strict Content MathML
supports integers, real numbers, and double precision floating point numbers.An‘these types of numbgrs,
the|content of cn is text. Additionally, cn supports rational numbers and complex numbers in which
the|different parts are separated by use of the sep element. Constructs.ising sep may be rewrittef in
Strict Content MathML as constructs using apply as described below:

Thg type attribute specifies which kind of number is represented in the cn element. The default vdlue
is "lreal". Each type implies that the content be of a certain form, as detailed below.

4.2(1.1  Rendering <cn>,<sep/>-Represented Nunibers

Th¢ default rendering of the text content of cn isthe same as that of the Presentation element mn, With
sugeested variants in the case of attributes or sep being used, as listed below.

4.2|1.2  Strict uses of <cn>

In $trict Content MathML, the type attribute is mandatory, and may only take the values "integdr",
"rgal", "hexdouble" or "double":

int¢ger An integer is represented by an optional sign followed by a string of one or more decimal
‘digits’.
real A real number ispresented in radix notation. Radix notation consists of an optional sign (‘+ or
‘-7) follewed by a string of digits possibly separated into an integer and a fractional parf by
a decimal point. Some examples are 0.3, 1, and -31.56.
doyble This type is used to mark up those double-precision floating point numbers that can be fep-
resented in the IEEE 754 standard format [IEEE754]. This includes a subset of the (mfth-
ematical) real numbers, negative zero, positive and negative real infinity and a set of '[not
a number" values. The lexical rules for interpreting the text content of a cn as an IEEE
double are specified by Section 3.1.2.5 of XML Schema Part 2: Datatypes Second Edition
[XMLSchemaDatatypes]. For example, -1E4, 1267.43233E12, 12.78e-2, 12, -0, 0 and INF
are all valid doubles in this format.
hexdouble This type is used to directly represent the 64 bits of an IEEE 754 double-precision float-
ing point number as a 16 digit hexadecimal number. Thus the number represents mantissa,
exponent, and sign from lowest to highest bits using a least significant byte ordering. This
consists of a string of 16 digits 0-9, A-F. The following example represents a NaN value.
Note that certain IEEE doubles, such as the NaN in the example, cannot be represented in
the lexical format for the "double" type.
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<cn type="hexdouble">7F800000</cn>
Sample Presentation
<mn>0x7F800000</mn>

0x7F800000

4.2.1.3  Non-Strict uses of <cn>

Th¢ base affribute 1s used to specily how the content 1s to be parsed. The attribute value 1s a fase
10 positive integer giving the value of base in which the text content of the cn is to be interprefed.
Thg¢ base attribute should only be used on elements with type "integer" or "real". Its)use onf cn
elements of other type is deprecated. The default value for base is "10".

Ad(litional values for the type attribute element for supporting e-notations for reabnumbers, ratignal
nurpbers, complex numbers and selected important constants. As with the "integer", "real",
"dquble" and "hexdouble" types, each of these types implies that the content be of a certain fgrm.
If the type attribute is omitted, it defaults to "real".

int¢ger Integers can be represented with respect to a base different fram,10: If base is present, it sgec-
ifies (in base 10) the base for the digit encoding. Thus base="16" specifies a hexadecimal
encoding. When base > 10, Latin letters (A-Z, a-z) are‘used in alphabetical order as digits.
The case of letters used as digits is not significant{ The following example encodes the Qase
10 number 32736.

<cn base="16">7FE0</cn>

Sample Presentation

<msub><mn>7FE0</mn><mn>16</mn></msub>
TFEQ¢

When base > 36, some iategers cannot be represented using numbers and letters alone. [For
example, while

<cn base="1000">10F</cn>
arguably represents-the number written in base 10 as 1,000,015, the number written in hase

10 as 1,000,063/ cannot be represented using letters and numbers alone when base is 1(00.
Consequefitly; support for additional characters (if any) that may be used for digits when
base > 36°is application specific.
real Real nunibers can be represented with respect to a base different than 10. If a base attributg is
present, then the digits are interpreted as being digits computed relative to that base (in|the
same way as described for type "integer").
e-nptation A real number may be presented in scientific notation using this type. Such numbers Have
WWt is
a real number, while the second part is an integer exponent indicating a power of the base.
For example, <cn type="e-notation">12.3<sep/>5</cn> represents 12.3 times 10°.
The default presentation of this example is 12.3e5. Note that this type is primarily useful
for backwards compatibility with MathML 2, and in most cases, it is preferable to use the
"double" type, if the number to be represented is in the range of IEEE doubles:
rational A rational number is given as two integers to be used as the numerator and denominator of a
quotient. The numerator and denominator are separated by <sep/>.
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<cn type="rational">22<sep/>7</cn>
Sample Presentation
<mrow><mn>22</mn><mo>/</mo><mn>7</mn></mrow>
22/7
complex-cartesian A complex cartesian number is given as two numbers specifying the real and imag-

inary parts. The real and imaginary parts are separated by the <sep/> element, and each part
has the format of a real number as described above.

<cn type="complex-cartesian"> 12.3 <sep/> 5 </cn>
Sample Presentation

<mrow>
<mn>12.3</mn><mo>+</mo><mn>5</mn><mo>&#x2062 ; </mo><mi>H</mi>
</mrow>

12.3+5i

complex-polar A complex polar number is given as two numbers specifying the magnitude and angle.
The magnitude and angle are separated by the <sep/> eleiment, and each part has the fornat
of a real number as described above.

<cn type="complex-polar"> 2 <sep/> 3)1415 </cn>
Sample Presentation

<mrow>
<mn>2</mn>
<mo>&#x2062; </mo>
<msup>
<mi>e</mi>
<mrow><mi>i</mi><mo>&#x2062;</mo><mn>3.1415</mn></mrow>
</msup>
</mrow>
2€i3'1415

<mrow>
<mi>Polar</mi>
<fe>&#x2061 ; </mo>
<mfenced><mn>2</mn><mn>3.1415</mn></mfenced>
</mrow>

Polar (2,3.1415)

constant If the value type is "constant", then the content should be a Unicode representation of a
well-known constant. Some important constants and their common Unicode representations
are listed below.This cn type is primarily for backward compatibility with MathML 1.0.
MathML 2.0 introduced many empty elements, such as <pi/> to represent constants, and
using these representations or a Strict csymbol representation is preferred.

In addition to the additional values of the type attribute, the content of cn element can contain (in
addition to the sep element allowed in Strict Content MathML) mglyph elements to refer to characters
not currently available in Unicode, or a general presentation construct (see Section 3.1.9), which is used
for rendering (see Section 4.1.2).
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Mapping to Strict Content MathML

If a base attribute is present, it specifies the base used for the digit encoding of both integers. The use
of base with "rational" numbers is deprecated.

Rewrite: cn sep

If there are sep children of the cn, then intervening text may be rewritten as cn elements. If the cn
element containing sep also has a base attribute, this is copied to each of the cn arguments of the
resulting symbol, as shown below.

<dn type="rational" base="b">n<sep/>d</cn>

is frewritten to

<dpply><csymbol cd="numsl">rational </csymbol>

<cn type="integer" base="b">n</cn>

<cn type="integer" base="b">d</cn>

</apply>

The symbol used in the result depends on the type attribute according to.théfollowing table:

type attribute OpenMath Symbol
e-hotation bigfloat

rafional rational
cgmplex-cartesian complex_cartgsian
cgmplex-polar complex_polaf

Note: In the case of bigfloat the symbol takes thfeerarguments, <cn type="integer">10<fcn>
shpuld be inserted as the second argument, denoting the base of the exponent used.

Iffthe type attribute has a different value, or if there is more than one <sep/> element, then the inter-
vening expressions are converted as abovei/but a system-dependent choice of symbol for the heqd of
the application must be used.

Iffa base attribute has been used thén the resulting expression is not Strict Content MathML, and each
of|the arguments needs to be rechisively processed.

Rpwrite: cn based_integer

Alcn element with @ base attribute other than 10 is rewritten as follows. (A base attribute with valje 10
is simply removed).

<dn types*<¢nteger" base="16">FF60</cn>
<dpply>Xcsymbol cd="numsl">based_integer</csymbol>

<e¢h ‘type="integer">16</cn>
<eS>FF60</cs>

</apply>

If the original element specified type "integer" or if there is no type attribute, but the content of
the element just consists of the characters [a-zA-Z0-9] and white space then the symbol used as the
head in the resulting application should be based_integer as shown. Otherwise it should be should be
based_float.
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Rewrite: cn constant

In Strict Content MathML, constants should be represented using csymbol elements. A number of
important constants are defined in the nums|1 content dictionary. An expression of the form

<cn type="constant">c</cn>

has the Strict Content MathML equivalent

<csymbol cd="nums1">c2</csymbol>

where c2 corresponds to c as specified in the following table.

C¢ntent Description OpenMath SymBol

UH03CO0 (&pis;) The usual 7 of trigonometry: approximately pi
3.141592653...

U32147 ( The base for natural logarithms: approximately e

&HxponentialE; 2.718281828...

or|&ee;)

Uj2148 ( Square root of -1 1

&ImaginaryI; or

&ii;)

U303B3 ( Euler’s constant: approximately 0.5772156649).. gamma

&gamma ;)

U$221E (&infin; Infinity. Proper interpretation varies with context infinity

orl&infty;)
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Rewrite: cn presentation mathml

If the cn contains Presentation MathML markup, then it may be rewritten to Strict MathML using
variants of the rules above where the arguments of the constructor are ci elements annotated with the
supplied Presentation MathML.

A cn expression with non-text content of the form

<cn type="rational"> P <sep/> { </cn>

is transformed to Strict Content MathML by rewriting it to

— . 2 ) PR
<g pp1y><csymb01 T numst>Trattonat N/CSYyMNDO L~

semantics>

<ci>p</ci>

<annotation-xml encoding="MathML-Presentation">
P

</annotation-xml>

/semantics>

semantics>

<ci>g</ci>

<annotation-xml encoding="MathML-Presentation">
Q

</annotation-xml>

/semantics>

apply>

Wihhere the identifier names, p and g, (which have tobe a text string) should be determined frorh the
presentation MathML content, in a system defined@yay, perhaps as in the above example by takinf the
character data of the element ignoring any elemént markup. Systems doing such rewriting should efpsure
thht constructs using the same Presentation~MathML content are rewritten to semantics eletl

using the same ci, and that conversely.¢onstructs that use different MathML should be rewritt¢n to
different identifier names (even if the. Piesentation MathML has the same character data).

related special case arises whef @& cn element contains character data not permitted in Strict Coptent
MhthML usage, e.g. non-digit, alphabetic characters. Conceptually, this is analogous to a cn element
cgntaining a presentationymarkup mtext element, and could be rewritten accordingly. However, $ince
the resulting annotatipn,Would contain no additional rendering information, such instances should be
vritten directly ag ci“elements, rather than as a semantics construct.

ents
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4.2.2 Content Identifiers <ci>

Schema Fragment Schema Fragment (Full)
(Strict)
Class Ci Ci
Attributes CommonArtt, type? CommonAtt, DefEncAtt, type?
type Attribute Values "integer"| string
"rational"| "real"|
"complex"|

"complex-polar"|

"complex-cartesian"|
"constant"l
"function"|

"vector"l "1list"l
"set"| "matrix"

Qualifiers BvarQ, DomainQ, degree, momentabout, logbase
CoItent text text | mglyph | PresentationExpression
Comtent MathML uses the ci element (mnemonic for ‘content identifier’)-fo'construct a variable. CJon-

ten{ identifiers represent ‘mathematical variables’ which have properti€s, but no fixed value. For expm-
plef x and y are variables in the expression ‘x+y’, and the variable xtwould be represented as

<ci>x</ci>

In MathML, variables are distinguished from symbols, which have fixed, external definitions, and|are
repfesented by the csymbol element.

Aftpr white space normalization the content of a cielement is interpreted as a name that identifiep it.
Tw¢ variables are considered equal, if and only ifhe€ir names are identical and in the same scope (see
Sedtion 4.2.6 for a discussion).

4.2|2.1 Strict uses of <ci>

The ci element uses the type attfibute to specify the basic type of object that it represents. In Sfrict
Comtent MathML, the set of pepmissible values is "integer", "rational", "real", "complex",
"cqmplex-polar", "complex-cartesian", "constant", "function", vector, list, set, gnd
majrix. These values-eoirespond to the symbols integer_type, rational_type, real_type, complex-
_pdlar_type, compleX_¢artesian_type, constant_type, fn_type, vector_type, list_type, set_type, and na-
trix|_type in the mathmltypes Content Dictionary: In this sense the following two expressions are don-

sid¢red equivalent:

<di type="integer">n</ci>

<demanticg>
<ci>n</ci>
<annotation-xml cd="mathmltypes" name="type" encoding="MathML-Content">
<csymbol cd="mathmltypes">integer_type</csymbol>
</annotation-xml>
</semantics>

Note that "complex" should be considered an alias for "complex-cartesian" and rewritten to the
same complex_cartesian_type symbol. It is perhaps a more natural type name for use with ci as the
distinction between cartesian and polar form really only affects the interpretation of literals encoded
with cn.
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4.2.2.2  Non-Strict uses of <ci>

The ci element allows any string value for the type attribute, in particular any of the names of the
MathML container elements or their type values.

For a more advanced treatment of types, the type attribute is inappropriate. Advanced types require
significant structure of their own (for example, vector(complex)) and are probably best constructed as
mathematical objects and then associated with a MathML expression through use of the semantics
element. See [MathMLTypes] for more examples.

Mapping to Strict Content MathMI.,

Rewrite: ci type annotation

In|Strict Content, type attributes are represented via semantic attribution. An expressipn.of the foym

<di type="T">n</ci>

is frewritten to

<gemantics>

<ci>n</ci>

<annotation-xml cd="mathmltypes" name="type" encoding="MathML-Content">
<ci>T</ci>

</annotation-xml>

</semantics>

Thg ci element can contain mglyph elements to refer to\characters not currently available in Unicdde,
or 4 general presentation construct (see Section 3.1.9), which is used for rendering (see Section 4.1{2).

Rpwrite: ci presentation mathml

Alci expression with non-text content of the form
<qi> P </ci>
is ffransformed to Strict ContentMathML by rewriting it to

<gemantics>

<ci>p</ci>

<annotation-xml_encoding="MathML-Presentation">
P

</annotapion-xml>

</semantics>

Whherethe.dentifier name, p, (which has to be a text string) should be determined from the presenthtion

athVIL content, in a system defined way, perhaps as in the above example by taking the charpcter
datao c temorte—any arktp—Sys s—dotrrg—stre writtrg—shoutdensure that
constructs using the same Presentation MathML content are rewritten to semantics elements using
the same ci, and that conversely constructs that use different MathML should be rewritten to different
identifier names (even if the Presentation MathML has the same character data).
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The following example encodes an atomic symbol that displays visually as C and that, for purposes of
content, is treated as a single symbol
<ci>
<msup><mi>C</mi><mn>2</mn></msup>
</ci>
The Strict Content MathML equivalent is

<semantics>

<ci>Co</ci>

<annotation-xml encoding="MathML-Presentation">
<msup><mi>C</mi><mn>2</mn></msup>

</annotation-xml>

</semantics>

Sqmple Presentation

<gsup><mi>C</mi><mn>2</mn></msup>

CZ

4.22.3  Rendering Content Identifiers

If the content of a ci element consists of Presentation MathML, that presentation is used. If no spch
tagging is supplied then the text content is rendered as if<it were the content of an mi element. If an
application supports bidirectional text rendering, then therendering follows the Unicode bidirectignal
renflering.

The type attribute can be interpreted to provide fendering information. For example in
<ci type="vector">V</ci>

a rgnderer could display a bold V for the vector.

4.213 Content Symbols <csymbol>

Schema Fragment (Strict) Schema Fragment (Full)
Clags Csymbol Csymbol
Attfibutes CommonAtt, cd CommonAtt, DefEncAtt, type?, cd?
Content SymbolName text | mglyph | PresentationExpression
Qualifiers BvarQ, DomainQ, degree, momentabout, logbase

A dsymboelis used to refer to a specific, mathematically-defined concept with an external definitjon.
In the expiession ‘x+y’, the plus sign is a symbol since it has a specific, external definition, nanjely
ther;ddition function. MathML 3 calls such an identifier a symbol. Elementary functions and comrpon
mathematical operators are all examples of symbols. Note that the term ‘symbol’ is used here in an
abstract sense and has no connection with any particular presentation of the construct on screen or

paper.

4.2.3.1  Strict uses of <csymbol>

The csymbol identifies the specific mathematical concept it represents by referencing its definition
via attributes. Conceptually, a reference to an external definition is merely a URI, i.e. a label unique-
ly identifying the definition. However, to be useful for communication between user agents, external
definitions must be shared.
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For this reason, several longstanding efforts have been organized to develop systematic, public reposi-
tories of mathematical definitions. Most notable of these, the OpenMath Society repository of Content
Dictionaries (CDs) is extensive, open and active. In MathML 3, OpenMath CDs are the preferred source
of external definitions. In particular, the definitions of pre-defined MathML 3 operators and functions
are given in terms of OpenMath CDs.

MathML 3 provides two mechanisms for referencing external definitions or content dictionaries. The
first, using the cd attribute, follows conventions established by OpenMath specifically for referencing
CDs. This is the form required in Strict Content MathML. The second, using the definitionURL
attrjbute, is backward compatible with MathMI. 2, and can be used to reference CDs or any other
source of definitions that can be identified by a URI. It is described in the following section

When referencing OpenMath CDs, the preferred method is to use the cd attribute as follows) Abstract-
ly, PpenMath symbol definitions are identified by a triple of values: a symbol name, a CD.name, anpd a
CI) base, which is a URI that disambiguates CDs of the same name. To associate such & triple with a
csymbol, the content of the csymbol specifies the symbol name, and the name of the Content Didtio-
nar is given using the cd attribute. The CD base is determined either from the document embedding{the
matth element which contains the csymbol by a mechanism given by the entbédding document forthat,
or iy system defaults, or by the cdgroup attribute , which is optionally specified on the enclosing mgth
element; see Section 2.2.1. In the absence of specific information http?)//www.openmath.org/cf is
assyimed as the CD base for all csymbol elements annotation, andannotation-xml. This is the [CD
basg for the collection of standard CDs maintained by the OperMath Society.

The¢ cdgroup specifies a URL to an OpenMath CD Groupdile? For a detailed description of the forat
of 4 CD Group file, see Section 4.4.2 (CDGroups) in [OpenMath2004]. Conceptually, a CD groupffile
is al list of pairs consisting of a CD name, and a corresponding CD base. When a csymbol refererfces
a 0D name using the cd attribute, the name is lookéd up in the CD Group file, and the associated [CD
basp value is used for that csymbol. When a CD, Group file is specified, but a referenced CD name does
not|appear in the group file, or there is an erfor in retrieving the group file, the referencing csymboll is
not|defined. However, the handling of the resulting error is not defined, and is the responsibility of|the
usef agent.

While references to external definitions are URIs, it is strongly recommended that CD files be retr]ev-
abl¢ at the location obtained, by interpreting the URI as a URL. In particular, other properties of|the
sympbol being defined may\be ‘available by inspecting the Content Dictionary specified. These include
notlonly the symbol definition, but also examples and other formal properties. Note, however, that there
are|multiple encodings/for OpenMath Content Dictionaries, and it is up to the user agent to correftly
det¢rmine the en¢oding when retrieving a CD.

4.2{3.2 ~ Non-Strict uses of <csymbol>

In 3ddition to the forms described above, the csymbol and element can contain mglyph elementf to
refer to characters not currently available in Unicode, or a general presentation construct (see Sec-
tion 3.1.9), which is used for rendering (see Section 4.1.2). In this case, when writing to Strict Content
MathML, the csymbol should be treated as a ci element, and rewritten using Rewrite: ci presentation
mathml.

External definitions (in OpenMath CDs or elsewhere) may also be specified directly for a csymbol
using the definitionURL attribute. When used to reference OpenMath symbol definitions, the abstract
triple of (symbol name, CD name, CD base) is mapped to a fully-qualified URI as follows:

{URI = }cdbase{ + ’/°> + }cd —name{ + ’#’ + }symbol —name

For example,
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(plus, arithl, http://www.openmath.org/cd)

is mapped to

{http://www.openmath.org/cd/arithl#plus}

The resulting URI is specified as the value of the definitionURL attribute.

This form of reference is useful for backwards compatibility with MathML?2 and to facilitate the use of
Content MathML within URI-based frameworks (such as RDF [rdf] in the Semantic Web or OMDoc
[OMDoc1.2]). Another benefit is that the symbol name in the CD does not need to correspond to the
content of the csymbol element. However, in general, this method results in much longer MathML
insfances. Also, in situations where CDs are under development, the use of a CD Group file allpws
the|locations of CDs to change without a change to the markup. A third drawback to definittonPRL
is that unlike the cd attribute, it is not limited to referencing symbol definitions in OpenMath’confent
dicfionaries. Hence, it is not in general possible for a user agent to automatically determine’ the prdper
intgrpretation for definitionURL values without further information about the contekxtand commufity
of gractice in which the MathML instance occurs.

Both the cd and definitionURL mechanisms of external reference may be’used within a sifgle
MafhML instance. However, when both a cd and a definitionURL attribute are specified on a single
csymbol, the cd attribute takes precedence.

Mapping to Strict Content MathML

In jon-Strict usage csymbol allows the use of a type attribute,

Rpwrite: csymbol type annotation

In[Strict Content, type attributes are represented\via’semantic attribution. An expression of the forjm

<dsymbol type="T">symbolname</csymbol>

is frewritten to

<gemantics>

<csymbol>symbolname</csymbol>

<annotation-xml cd="mathmltypes" name="type" encoding="MathML-Content">
<ci>T</ci>

</annotation-xml

</semantics>

4.2{3.3  Rendering Symbols

If the content of a csymbol element is tagged using presentation tags, that presentation is used. If no
such.fagging is supplied then the text content is rendered as if it were the content of an mi elemen{. In

. 1 e 1. e IS R B — 1e - k. ) 4l R fall ) h o SO d
pal ICUILAl IT all al}plldelUll aupp\.u LS UIUITUCUTIUIIAL TUAT ICIIUCIIIIE, UICIT tIC lCllUCllllg TUITUWS UIU UIIIU! (¢

bidirectional rendering.

4.2.4 String Literals <cs>

Schema Fragment (Strict) Schema Fragment (Full)
Class Cs Cs
Attributes CommonAtt CommonAtt, DefEncAtt
Content text text

The cs element encodes ‘string literals” which may be used in Content MathML expressions.
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The content of cs is text; no Presentation MathML constructs are allowed even when used in non-strict
markup. Specifically, cs may not contain mglyph elements, and the content does not undergo white
space normalization.

Content MathML
<set>

<cs>A</cs><cs>B</cs><cs> </cs>
</set>

Sqmple Presentation

<ngrow>

dmo>{</mo>

qms>A</ms>

qmo>, </mo>

4ms>B</ms>

dmo>, </mo>

dms>&#xal; &#xal;</ms>
dmo>}</mo>

</mrow>

{IIAII’"BH’H H}

4.2]5 Function Application <apply>

Schema Fragment (Strict) Scheina Fragment (Full)
Class Apply Apply
Attfibutes CommonAtt CommonAtt, DefEncAtt
Content ContExp+ ContExp+ | (ContExp, BvarQ, Qualifier?, ContExp[*)

Thq most fundamental way of building'a compound object in mathematics is by applying a functiop or
an ¢perator to some arguments.

4.215.1 Strict ContentMathML

In MathML, the apply €lement is used to build an expression tree that represents the applicatiqn a
funftion or operatar. to its arguments. The resulting tree corresponds to a complete mathematical [ex-
prepsion. Roughly-speaking, this means a piece of mathematics that could be surrounded by parenthgses
or flogical brackets” without changing its meaning.

Forjexample, (x + y) might be encoded as

<aI — I

The opening and closing tags of apply specify exactly the scope of any operator or function. The most
typical way of using apply is simple and recursive. Symbolically, the content model can be described
as:

<apply> op [ a b ...] </apply>

where the operands a, b, ... are MathML expression trees themselves, and op is a MathML expression
tree that represents an operator or function. Note that apply constructs can be nested to arbitrary depth.

An apply may in principle have any number of operands. For example, (x + y + z) can be encoded as

© ISO/IEC 2016 — All rights reserved


https://iecnorm.com/api/?name=b1f67f221c3e9728efa6b4f62cc7373f

ISO/IEC 40314:2016(E)

144 Chapter 4. Content Markup

<apply><csymbol cd="arithl">plus</csymbol>
<ci>x</ci>
<ci>y</ci>
<ci>z</ci>
</apply>
Note that MathML also allows applications without operands, e.g. to represent functions like
random(), or current-date().

Mathematical expressions involving a mixture of operations result in nested occurrences of apply. For

sl PV sarld ba-an dad oc
examplerax——-b-wonld-be-encoded-as

<apgply><csymbol cd="arithl">plus</csymbol>
d4apply><csymbol cd="arithl">times</csymbol>
<ci>a</ci>

<ci>x</ci>

{/apply>

4ci>b</ci>

</4pply>

Thgre is no need to introduce parentheses or to resort to operator precederice in order to parse expfes-
siops correctly. The apply tags provide the proper grouping for the.fe“use of the expressions within
othgr constructs. Any expression enclosed by an apply element isgwell-defined, coherent object whose
intgrpretation does not depend on the surrounding context. This is in sharp contrast to presentafion
mafkup, where the same expression may have very differeptymeanings in different contexts. For exfyim-
ple] an expression with a visual rendering such as (F+Gy¢x) 'might be a product, as in
<apply><csymbol cd="arithl">times</csymbol>

d4apply><csymbol cd="arithl">plus</csymbol>

<ci>F</ci>

<ci>G</ci>

{/apply>

dci>x</ci>

</qpply>

or {t might indicate the application of the function F' + G to the argument x. This is indicated by
cornstructing the sum

<apply><csymbol cd=Yarithl">plus</csymbol><ci>F</ci><ci>G</ci></apply>
and applying it to the*argument x as in

<agply>

d4apply><csymbol cd="arithl">plus</csymbol>

<ci>F</ci>

L{e1>G</ci>

Feppty
<ci>x</ci>

</apply>

In both cases, the interpretation of the outer apply is explicit and unambiguous, and does not change

regardless of where the expression is used.

The preceding example also illustrates that in an apply construct, both the function and the arguments
may be simple identifiers or more complicated expressions.

The apply element is conceptually necessary in order to distinguish between a function or operator,
and an instance of its use. The expression constructed by applying a function to 0 or more arguments
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is always an element from the codomain of the function. Proper usage depends on the operator that
is being applied. For example, the plus operator may have zero or more arguments, while the minus

operator requires one or two arguments in order to be properly formed.

4.2.5.2  Rendering Applications

Strict Content MathML applications are rendered as mathematical function applications. If F denotes

the rendering of f and A%

is as follows:

the rendering of a< , the the sample rendering of a simple application

Content MathML

<gpply> f
al
a2

an
</apply>

<grow>
F

4qmrow>

Al

A2
An

4/mrow>
</mrow>

Sdmple Presentation

qmo>&#x2061 ; </mo>

<mo fence="true">(</mo>

<mo separator="true">,</mo>
<mo separator="true">,</mo>
<mo separator="true">,</mo>

<mo fence="true">)</mo>

Nonp-Strict MathML. applications may also be used with qualifiers. In the absence of any more spedific
renflering rules)for well-known operators, rendering should follow the sample presentation below, fno-
tivgted bythe typical presentation for sum. Let Op denote the rendering of op , X the rendefing

of |z ,and so on. Then:
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Content MathML
<apply> op
<bvar> z </bvar>
<domainofapplication> d </domainofapplication>
erpression—in-c
</apply>
Sample Presentation

<mrow>

4munder>

Op
<mrow> X <mo>&#x2208;</mo><!-ELEMENT OF-> D </mrow>
4/munder>
4mo>&#x2061 ;</mo><!-FUNCTION APPLICATION->
4mrow>
<mo fence="true">(</mo>

Ezxpression-in-X

<mo fence="true">)</mo>
4/mrow>
</mrow>

4.216 Bindings and Bound Variables <bind> and:<bvar>

Mahy complex mathematical expressions are constructéd with the use of bound variables, and bopnd
varjables are an important concept of logic and formal languages. Variables become bound in the scppe
of gn expression through the use of a quantifier.\Informally, they can be thought of as the "dummy vari-
ablgs" in expressions such as integrals, sum§Zsproducts, and the logical quantifiers "for all" and "thjere
exi$ts". A bound variable is characterized by the property that systematically renaming the variabld (to
a ngme not already appearing in the expression) does not change the meaning of the expression.

4.216.1  Bindings

Schema Fragmeént (Strict) Schema Fragment (Full)
Claks Bind Bind
Attfibutes ComronAtt CommonAtt, DefEncAtt
Conmtent ContExp, BvarQ*, ContExp ContExp, BvarQ*, Qualifier*, ContExp+

Binding expressions are represented as MathML expression trees using the bind element. Its first
child is @ MathML expression that represents a binding operator, for example integral operator. This is
followed by a non-empty list of bvar elements denoting the bound variables, and then the final child
which is a general Content MathML expression, known as the body of the binding.

4.2.6.2  Bound Variables

Schema Fragment (Strict) Schema Fragment (Full)
Class BVar BVar
Attributes CommonAtt CommonAtt, DefEncAtt
Content ci | semantics-ci (ci | semantics-ci), degree? | degree?, (ci | semantics-ci

The bvar element is used to denote the bound variable of a binding expression, e.g. in sums, products,
and quantifiers or user defined functions.
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The content of a bvar element is an annotated variable, i.e. either a content identifier represented by
a ci element or a semantics element whose first child is an annotated variable. The name of an
annotated variable of the second kind is the name of its first child. The name of a bound variable is that
of the annotated variable in the bvar element.

Bound variables are identified by comparing their names. Such identification can be made explicit by
placing an id on the ci element in the bvar element and referring to it using the xref attribute on all
other instances. An example of this approach is

<bind><csymbol cd="quantl">forall</csymbol>

- P Py || 1] q VAN
[>aac=- €3 Far—X—X</ €T 7OVa¥

d4apply><csymbol cd="relationl">1t</csymbol>
<ci xref="var-x">x</ci>

<cn>1</cn>

{/apply>

</%ind>

Thiks id based approach is especially helpful when constructions involving bound variables are nesfed.

It i} sometimes necessary to associate additional information with a bound\variable. The information
might be something like a detailed mathematical type, an alternative presentation or encoding or a|do-
majn of application. Such associations are accomplished in the standard-way by replacing a ci elenjent
(even inside the bvar element) by a semantics element contaifiing both the ci and the additignal
infgrmation. Recognition of an instance of the bound variable.is still based on the actual ci elem¢nts
and not the semantics elements or anything else they mdy contain. The id based-approach outliped
abqve may still be used.

=.

Thg following example encodes forall x. x+y=y+x.

<bind><csymbol cd="quantl">forall</csyabol>

dbvar><ci>x</ci></bvar>

dapply><csymbol cd="relationl'>eq</csymbol>

<apply><csymbol cd="arithi">plus</csymbol><ci>x</ci><ci>y</ci></apply>
<apply><csymbol cd="arithl">plus</csymbol><ci>y</ci><ci>x</ci></apply>
{/apply>

</%ind>

In njon-Strict Content markup, the bvar element is used in a number of idiomatic constructs. These|are
desribed in Section@.3-3 and Section 4.4.

4.216.3  Rendming Bound Variables

It i a defining property of bound variables that they can be renamed consistently in the scope of their
pargntbind element. This operation, sometimes known as o.-conversion, preserves the semantic of

the \/Atu\/obiuu.

A bound variable x may be renamed to say y so long as y does not occur free in the body of the binding,
or in any annotations of the bound variable, x to be renamed, or later bound variables.

If a bound variable x is renamed, all free occurrences of x in annotations in its bvar element, any
following bvar children of the bind and in the expression in the body of the bind should be renamed.

In the example in the previous section, note how renaming x to z produces the equivalent expression
forall z. z+y=y+z, whereas x may not be renamed to y, as y is free in the body of the binding and
would be captured, producing the expression forall y. y+y=y+y which is not equivalent to the original
expression.
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4.2.6.4  Rendering Binding Constructions

If b and s are Content MathML expressions that render as the Presentation MathML expressions
B and S then the sample rendering of a binding element is as follows:

Content MathML

<bind> b

<bvar> z1 </bvar>
<bvar> </bvar>
<bvar> zn </bvar>
s

<Abind>

Sqmple Presentation
<grow>
B
4mrow>
zl
<mo separator="true">,</mo>

<mo separator="true">,</mo>

zn
4/mrow>
qmo separator="true">.</mo>
S
</mrow>
4.2{7 Structure Sharing <share>

To fonserve space in the XML enceding, MathML expression trees can make use of structure sharing.

4.217.1 The share element

Sc¢hema Fragment

Claks Share

Attfibutes CommonAtt, src
srq¢ Attribute 'Values URI

Content Empty

The¢ shéare element has an href attribute used to to reference a MathML expression tree. The valug of
the tref—attributc s ORT bpcpif_yiug the—idattributeof-the oot modeofthe cz\yxcabiuu trec—When
building a MathML expression tree, the share element is equivalent to a copy of the MathML expres-
sion tree referenced by the href attribute. Note that this copy is structurally equal, but not identical to
the element referenced. The values of the share will often be relative URI references, in which case
they are resolved using the base URI of the document containing the share element.

For instance, the mathematical object f(f(f(a,a), f(a,a)), f(f(a,a), f(a,a))) can be encoded as either
one of the following representations (and some intermediate versions as well).
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<apply><ci>f</ci> <apply><ci>f</ci>
<apply><ci>f</ci> <apply id="t1"><ci>f</ci>
<apply><ci>f</ci> <apply id="t11"><ci>f</ci>
<ci>a</ci> <ci>a</ci>
<ci>a</ci> <ci>a</ci>
</apply> </apply>
<apply><ci>f</ci> <share href="#t11"/>
<ci>a</ci>
<ci>a</ci>
<7appiy”>
4/apply> </apply>
dapply><ci>f</ci> <share href="#t1"/>
<apply><ci>f</ci>
<ci>a</ci>
<ci>a</ci>
</apply>
<apply><ci>f</ci>
<ci>a</ci>
<ci>a</ci>
</apply>
{/apply>
</3qpply> </apply>

4.2(7.2  An Acyclicity Constraint

Say that an element dominates all its children afd all elements they dominate. Say also that a
shdre element dominates its target, i.e. the element that carries the id attribute pointed to by the href
attrjbute. For instance in the representatiofnon the right above, the apply element with id="t1" pnd
als¢ the second share (with href="t14.") both dominate the apply element with id="t11".

The occurrences of the share element-must obey the following global acyclicity constraint: An elenjent
may not dominate itself. For example, the following representation violates this constraint:

<agply id="badid1"><csymbol cd="arithi">divide</csymbol>
4cn>1</cn>

d4apply><csymbol ‘ed="arithl1">plus</csymbol>

<cn>1</cn>

<share K{ref="#badid1l"/>

{/apply>

</qpply>

Hete, the apply element with id="badid1" dominates its third child, which dominates the share
eleml_rm—r“ﬁﬂﬁ_r‘m_w—rﬁrﬁ_l_en S WhiCIT dominates 1ts target: e element withh 1d="badidl . S0 by Uansitivily, tis element
dominates itself. By the acyclicity constraint, the example is not a valid MathML expression tree. It

might be argued that such an expression could be given the interpretation of the continued fraction

ﬁ. However, the procedure of building an expression tree by replacing share element does not

1+ =
terminate for such an expression, and hence such expressions are not allowed by Content MathML.

Note that the acyclicity constraints is not restricted to such simple cases, as the following example

shows:
<apply id="bar"> <apply id="baz">
<csymbol cd="arithl">plus</csymbol> <csymbol cd="arithl">plus</csymbol>
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<cn>1</cn> <cn>1</cn>
<share href="#baz"/> <share href="#bar"/>

</apply> </apply>

Here, the apply with id="bar" dominates its third child, the share with href="#baz". That element
dominates its target apply (with id="baz"), which in turn dominates its third child, the share with
href="#bar". Finally, the share with href="#bar" dominates its target, the original apply element
with id="bar". So this pair of representations ultimately violates the acyclicity constraint.

4.2713 Structure Ql’mring and Rinding

Nofe that the share element is a syntactic referencing mechanism: a share element stands\for|the
exact element it points to. In particular, referencing does not interact with binding in a semanticplly
intyitive way, since it allows a phenomenon called variable capture to occur. Consider ar‘gxample:

<bind id="outer"><csymbol cd="fnsl1">lambda</csymbol>
dbvar><ci>x</ci></bvar>
d4apply><ci>f</ci>
<bind id="inner"><csymbol cd="fns1">lambda</csymbol>
<bvar><ci>x</ci></bvar>
<share id="copy" href="#orig"/>
</bind>
<apply id="orig"><ci>g</ci><ci>x</ci></apply>
{/apply>
</Bind>
Thiks represents a term Ax. f(Ax.g(x),g(x)) which has‘two sub-terms of the form g(x), one with
idg"orig" (the one explicitly represented) andoné’with id="copy", represented by the share le-
ment. In the original, explicitly-represented term;,”the variable x is bound by the outer bind elempnt.
Hoyvever, in the copy, the variable x is bound’by the inner bind element. One says that the inner bind
has|captured the variable x.

Using references that capture variables’in this way can easily lead to representation errors, and is|not
recpmmended. For instance, using @.-conversion to rename the inner occurrence of x into, say, y ldads
to the semantically equivalent\expression Ax.f(Ay.g(y),g(x)). However, in this form, it is no lorjger
posgible to share the expredsion g(x). Replacing x with y in the inner bvar without replacing the share
element results in a change in semantics.

4.217.4  Rendering Expressions with Structure Sharing

Thdre are_several acceptable renderings for the share element. These include rendering the elenjent
as 4 hypertext link to the referenced element and using the rendering of the element referenced by fhe
hrgf aftribute.

4.2.8 Attribution via semantics

Content elements can be annotated with additional information via the semantics element. MathML
uses the semantics element to wrap the annotated element and the annotation-xml and
annotation elements used for representing the annotations themselves. The use of the semantics,
annotation and annotation-xml is described in detail Chapter 5.

The semantics element is be considered part of both presentation MathML and Content MathML.
MathML considers a semantics element (strict) Content MathML, if and only if its first child is
(strict) Content MathML.
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4.2.9 Error Markup <cerror>

Schema Fragment (Strict) Schema Fragment (Full)
Class Error Error
Attributes CommonAtt CommonAtt, DefEncAtt
Content csymbol, ContExp* csymbol, ContExp*

A content error expression is made up of a csymbol followed by a sequence of zero or more MathML
expressions. The initial expression must be a csymbol indicating the kind of error. Subsequent children,
if present, indicate the context in which the error occurred.

The¢ cerror element has no direct mathematical meaning. Errors occur as the result of some @cfion
performed on an expression tree and are thus of real interest only when some sort of communicatiop is
taking place. Errors may occur inside other objects and also inside other errors.

As|an example, to encode a division by zero error, one might employ a hypotheticah aritherfor
Content Dictionary containing a DivisionByZero symbol, as in the following expression:

<cgrror>

q4csymbol cd="aritherror">DivisionByZero</csymbol>

dapply><csymbol cd="arithl">divide</csymbol><ci>x</cif<en>0</cn></apply>
</gerror>

Nofe that error markup generally should enclose only the smallest¢rroneous sub-expression. Thuk a
cepror will often be a sub-expression of a bigger one, e.g.

<agply><csymbol cd="relationl">eq</csymbol>

Jcerror>

<csymbol cd="aritherror">DivisionByZero</csymbol>
<apply><csymbol cd="arithl">divide&/csymbol><ci>x</ci><cn>0</cn></apply}
4/cerror>
4cn>0</cn>
</3pply>

Thg default presentation of a cerrex element is an merror expression whose first child is a presepta-
tion) of the error symbol, and whose’subsequent children are the default presentations of the remairfing
children of the cerror. In particular, if one of the remaining children of the cerror is a presentafion
MathML expression, it is Used literally in the corresponding merror.

<derror>

<csymbol cd="aritherror">DivisionByZero</csymbol>

<apply><e€symbol cd="arithl">divide</csymbol><ci>x</ci><cn>0</cn></apply>
</cerrox>

Sdmple-Presentation

<NreTToT
<mtext>DivisionByZero:&#160;</mtext>
<mfrac><mi>x</mi><mn>0</mn></mfrac>
</merror>

DivisionByZero: g

Note that when the context where an error occurs is so nonsensical that its default presentation would
not be useful, an application may provide an alternative representation of the error context. For example:

<cerror>
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<csymbol cd="error">Illegal bound variable</csymbol>
<cs> &lt;bvar&gt;&lt;plus/&gt;&lt;/bvar&gt; </cs>
</cerror>

4.2.10 Encoded Bytes <cbytes>

Schema Fragment (Strict) Schema Fragment (Full)
Class Cbytes Cbytes
Attributes CommonAtt CommonAtt, DefEncAtt
Coifitent bascod bascod

Thg content of cbytes represents a stream of bytes as a sequence of characters in Base64 enced|ng,
thaf is it matches the base64Binary data type defined in [XMLSchemaDatatypes]. All white spacg is
ignpred.

Thg¢ cbytes element is mainly used for OpenMath compatibility, but may be used, ‘as in OpenMatl, to
encppsulate output from a system that may be hard to encode in MathML, suchrasbinary data relafing
to the internal state of a system, or image data.

Thg rendering of cbytes is not expected to represent the content and the proposed rendering is that of
an ¢mpty mrow. Typically cbytes is used in an annotation-xml orig-itself annotated with Presepta-
tior) MathML, so this default rendering should rarely be used.

4.3 Content MathML for Specific Structures

Thg elements of Strict Content MathML describednif’ the previous section are sufficient to encode Jog-
ical assertions and expression structure, and they do so in a way that closely models the standard don-
stryctions of mathematical logic that underli¢ithe foundations of mathematics. As a consequence, S{rict
mafkup can be used to represent all of mathematics, and is ideal for providing consistent mathematjcal
senpantics for all Content MathML expressions.

At the same time, many notational-idioms of mathematics are not straightforward to represent dirpct-
ly yith Strict Content markup-4or example, standard notations for sums, integrals, sets, piecewise
funftions and many other common constructions require non-obvious technical devices, such as the in-
troduction of lambda fdngtions, to rigorously encode them using Strict markup. Consequently, in ofder
to rthake Content MathMIL easier to use, a range of additional elements have been provided for encoding
such idiomatic constructs more directly. This section discusses the general approach for encoding spch
idigmatic copstfucts, and their Strict Content equivalents. Specific constructions are discussed in ddgtail
in Section4:4-

—

Mostddiomatic constructions which Content markup addresses fall into about a dozen classes. S¢me

Off acaclaccac cuob oc coasataar aloaansc baova thate onya nynfnv C‘imﬂn«ly acoaall oo bhar of on-
these-elassesrsueh-as-containerelements—have-their-own-Synte—Simitarty—a-smal-rumberof +
Strict constructions involve a single element with an exceptional syntax, for example partialdiff.
These exceptional elements are discussed on a case-by-case basis in Section 4.4. However, the majority
of constructs consist of classes of operator elements which all share a particular usage of qualifiers.
These classes of operators are described in Section 4.3.4.

In all cases, non-Strict expressions may be rewritten using only Strict markup. In most cases, the trans-
formation is completely algorithmic, and may be automated. Rewrite rules for classes of non-Strict con-
structions are introduced and discussed later in this section, and rewrite rules for exceptional constructs
involving a single operator are given in Section 4.4. The complete algorithm for rewriting arbitrary
Content MathML as Strict Content markup is summarized at the end of the Chapter in Section 4.6.
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4.3.1 Container Markup

Many mathematical structures are constructed from subparts or parameters. The motivating example is
a set. Informally, one thinks of a set as a certain kind of mathematical object that contains a collection
of elements. Thus, it is intuitively natural for the markup for a set to contain, in the XML sense, the
markup for its constituent elements. The markup may define the set elements explicitly by enumerat-
ing them, or implicitly by rule, using qualifier elements. However, in either case, the markup for the
elements is contained in the markup for the set, and consequently this style of representation is termed
container markup in MathML. By contrast, Strict markup represents an instance of a set as the result
of applying a function or constructor symbol to arguments, In this style of markup, the markup for the
set fonstruction is a sibling of the markup for the set elements in an enclosing apply element.

While the two approaches are formally equivalent, container markup is generally more intuitiye-for on-
expert authors to use, while Strict markup is preferable is contexts where semantic rigor lis, paramopnt.
In addition, MathML 2 relied on container markup, and thus container markup is necessary in cgses
where backward compatibility is required.

MathML provides container markup for the following mathematical construets: sets, lists, intervals,
vectors, matrices (two elements), piecewise functions (three elements) and lambda functions. There|are
corfesponding constructor symbols in Strict markup for each of these; ‘with the exception of lampda
funftions, which correspond to binding symbols in Strict markup, Note that in MathML 2, the term
"coptainer markup" was also taken to include token elements, and)the deprecated declare, fn gnd
reln elements, but MathML 3 limits usage of the term to the-aBove constructs.

The rewrite rules for obtaining equivalent Strict Content markup from container markup depend on
the|operator class of the particular operator involved,For details about a specific container elempnt,
obthin its operator class (and any applicable special>case information) by consulting the syntax tgble
and discussion for that element in Section 4.4. Then apply the rewrite rules for that specific operfitor
clags as described in Section 4.3.4.

4.3]1.1  Container Markup for Consttuctor Symbols

Thg¢ arguments to container elements corresponding to constructors may either be explicitly given as
a sgquence of child elements, 0¥'they may be specified by a rule using qualifiers. The only exceptions
are|the piecewise, piecejand otherwise elements used for representing functions with piecewise
definitions. The argumeénts of these elements must always be specified explicitly.

Hgre is an exaiple of container markup with explicitly specified arguments:

<det><ei>a</ci><ci>b</ci><ci>c</ci></set>

TTis is equivalent to the following Strict Content MathML expression:

- PR TR,
<appty><csymboi—cd="sett

e L 2 | - L . .l L . . L . L - >
[SASAY /bbylllUUJ_ Cl-~asN/ Cl C1l--UN/CL CL-UN/CL /d.lJlJ__y
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Another example of container markup, where the list of arguments is given indirectly as an expression
with a bound variable. The container markup for the set of even integers is:

<set>
<bvar><ci>x</ci></bvar>
<domainofapplication><integers/></domainofapplication>
<apply><times/><cn>2</cn><ci>x</ci></apply>

</set>

This may be written as follows in Strict Content MathML:

<gdpply><csymbol cd="setl1">map</csymbol>
<bind><csymbol cd="fns1">lambda</csymbol>
<bvar><ci>x</ci></bvar>

<apply><csymbol cd="arithl">times</csymbol>

<cn>2</cn>
<ci>x</ci>
</apply>
</bind>
<csymbol cd="setnamel">Z</csymbol>
</apply>

4.3]1.2  Container Markup for Binding Constructors

The¢ lambda element is a container element corresponding to the lambda symbol in the fns1 Confent
Digtionary. However, unlike the container elements-of the preceding section, which purely constfuct
mathematical objects from arguments, the 1ambda ‘element performs variable binding as well. There-
for¢, the child elements of 1ambda have distinguished roles. In particular, a 1ambda element must have
at Igast one bvar child, optionally followed\by qualifier elements, followed by a Content MathML ¢le-
ment. This basic difference between the-d.ambda container and the other constructor container elem¢nts
is arso reflected in the OpenMath symbols to which they correspond. The constructor symbols hav¢ an
Op¢nMath role of "application"  while the lambda symbol has a role of "bind".

—

This example shows thetuse of lambda container element and the equivalent use of bind in $trict
Céntent MathML

<lambda><bvar>xti>x</ci></bvar><ci>x</ci></lambda>

<Bind><csymbol cd="fns1">lambda</csymbol>
dbvar><ei>x</ci></bvar><ci>x</ci>
</bind>

4.3.2 Bindings with <apply>

MathML allows the use of the apply element to perform variable binding in non-Strict constructions
instead of the bind element. This usage conserves backwards compatibility with MathML 2. It also
simplifies the encoding of several constructs involving bound variables with qualifiers as described
below.

Use of the apply element to bind variables is allowed in two situations. First, when the operator to
be applied is itself a binding operator, the apply element merely substitutes for the bind element.
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The logical quantifiers <forall/>, <exists/> and the container element lambda are the primary
examples of this type.

The second situation arises when the operator being applied allows the use of bound variables with
qualifiers. The most common examples are sums and integrals. In most of these cases, the variable
binding is to some extent implicit in the notation, and the equivalent Strict representation requires the
introduction of auxiliary constructs such as lambda expressions for formal correctness.

Because expressions using bound variables with qualifiers are idiomatic in nature, and do not always
involve true variable binding, one cannot expect systematic renaming (alpha-conversion) of variables
"bound ™~ With apply to preserve meaning in all cases. An example 101 this 1S the d1I1 element wijere
the[bvar term is technically not bound at all.

The following example illustrates the use of apply with a binding operator. In these'cases, the cprre-
sponding Strict equivalent merely replaces the apply element with a bind element:
<dpply><forall/>

<bvar><ci>x</ci></bvar>

<apply><geq/><ci>x</ci><ci>x</ci></apply>

</apply>

The equivalent Strict expression is:

<Bind><csymbol cd="logicl">forall</csymbol>

<bvar><ci>x</ci></bvar>

<apply><csymbol cd="relationl">geq</csymbel><ci>x</ci><ci>x</ci></apply>
</Abind>
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In this example, the sum operator is not itself a binding operator, but bound variables with qualifiers
are implicit in the standard notation, which is reflected in the non-Strict markup. In the equivalent
Strict representation, it is necessary to convert the summand into a lambda expression, and recast the
qualifiers as an argument expression:

<apply><sum/>

<bvar><ci>i</ci></bvar>
<lowlimit><cn>0</cn></lowlimit>
<uplimit><cn>100</cn></uplimit>
<FpPpIyC<power/ C<TI X</ TR I/ TI></appiy>
</apply>

The equivalent Strict expression is:

<gpply><csymbol cd="arithl">sum</csymbol>
<apply><csymbol cd="intervall">integer_interval</csymbol>
<cn>0</cn>
<cn>100</cn>
</apply>
<bind><csymbol cd="fns1">lambda</csymbol>
<bvar><ci>i</ci></bvar>
<apply><csymbol cd="arithl">power</csymbol>
<ci>x</ci>
<ci>i</ci>
</apply>
</bind>
</apply>

4.313 Qualifiers

Mahy common mathematical constructs involve an operator together with some additional data. [The
additional data is either implicit in Conventional notation, such as a bound variable, or thought of as part
of the operator, as is the case with the limits of a definite integral. MathML 3 uses qualifier elements to
repfesent the additional data in such cases.

Quilifier elements are always used in conjunction with operator or container elements. Their mearfing
is ifliomatic, and depends on the context in which they are used. When used with an operator, qualiffers
alwlays follow theoperator and precede any arguments that are present. In all cases, if more than pne
qudlifier is present, they appear in the order bvar, lowlimit, uplimit, interval, conditiqgn,

donpainofapplication, degree, momentabout, logbase.

The préeise function of qualifier elements depends on the operator or container that they modify. [The
majority of USE cases 1all ifto one ol several categorics, discussed below, and usage notes 10T Specific
operators and qualifiers are given in Section 4.4.

4.3.3.1 Uses of <domainofapplication>, <interval>, <condition>, <lowlimit> and
<uplimit>

Class qualifier
Attributes CommonAtt
Content ContExp

(For the syntax of interval see Section 4.4.1.1.)

© ISO/IEC 2016 — All rights reserved


https://iecnorm.com/api/?name=b1f67f221c3e9728efa6b4f62cc7373f

ISO/IEC 40314:2016(E)

4.3. Content MathML for Specific Structures 157

The primary use of domainofapplication, interval, uplimit, lowlimit and condition is to
restrict the values of a bound variable. The most general qualifier is domainofapplication. It is
used to specify a set (perhaps with additional structure, such as an ordering or metric) over which an
operation is to take place. The interval qualifier, and the pair lowlimit and uplimit also restrict
a bound variable to a set in the special case where the set is an interval. The condition qualifier,
like domainofapplication, is general, and can be used to restrict bound variables to arbitrary sets.
However, unlike the other qualifiers, it restricts the bound variable by specifying a Boolean-valued
function of the bound variable. Thus, condition qualifiers always contain instances of the bound
variable, and thus require a preceding bvar, while the other qualifiers do not. The other qualifiers may
eve
subj

In most cases, any of the qualifiers capable of representing the domain of interest can.bg used|in-
terdhangeably. The most general qualifier is domainofapplication, and therefore has™a privileged
rolg. It is the preferred form, unless there are particular idiomatic reasons to use,ohe of the ofher
qudlifiers, e.g. limits for an integral. In MathML 3, the other forms are treated as.shorthand notations
for[domainofapplication because they may all be rewritten as equivalentdomainofapplicatfon
constructions. The rewrite rules to do this are given below. The other ‘qualifier elements are fpro-
vided because they correspond to common notations and map more easily to familiar presentatigns.
Thgrefore, in the situations where they naturally arise, they may be more convenient and direct than
donainofapplication.

To |llustrate these ideas, consider the following examples showing alternative representations of a defi-
nitq integral. Let C denote the interval from O to 1, and f(x)= x*>. Then domainofapplication cduld
be yised express the integral of a function f over C in thiy way:
<apply><int/>

4domainofapplication>

<ci type="set">C</ci>
4/domainofapplication>

4ci type="function">f</ci>

</qpply>

Nofe that no explicit bound variable is identified in this encoding, and the integrand is a functjon.
prnatively, the interval qualifier could be used with an explicit bound variable:

e

<apply><int/>

dbvar><ci>x</di></bvar>
dinterval><cn>»0</cn><cn>1</cn></interval>
dapply><power/><ci>x</ci><cn>2</cn></apply>
</4pply>

Thq¢ paitlowlimit and uplimit can also be used. This is perhaps the most "standard" representation
of thisjintegral:

<apply><int/>
<bvar><ci>x</ci></bvar>
<lowlimit><cn>0</cn></lowlimit>
<uplimit><cn>1</cn></uplimit>
<apply><power/><ci>x</ci><cn>2</cn></apply>
</apply>
Finally, here is the same integral, represented using a condition on the bound variable:
<apply><int/>
<bvar><ci>x</ci></bvar>
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<condition>
<apply><and/>
<apply><leq/><cn>0</cn><ci>x</ci></apply>
<apply><leq/><ci>x</ci><cn>1</cn></apply>
</apply>
</condition>
<apply><power/><ci>x</ci><cn>2</cn></apply>
</apply>
Note the use of the explicit bound variable within the condition term. Note also that when a bound
varjable is used, the integrand is an expression in the bound variable, not a function.

The general technique of using a condition element together with domainofapplicatidn)is qpite
powerful. For example, to extend the previous example to a multivariate domain, one may usé€ an ektra
boynd variable and a domain of application corresponding to a cartesian product:

<agply><int/>
dbvar><ci>x</ci></bvar>
dbvar><ci>y</ci></bvar>
4domainofapplication>
<set>
<bvar><ci>t</ci></bvar>
<bvar><ci>u</ci></bvar>
<condition>
<apply><and/>
<apply><leq/><cn>0</cn><ci>t</ci>K/apply>
<apply><leq/><ci>t</ci><cn>1</en></apply>
<apply><leq/><cn>0</cn><ci>ux/ci></apply>
<apply><leq/><ci>u</ci><en>1</cn></apply>
</apply>
</condition>
<list><ci>t</ci><ci>ug/ci></list>
</set>
4/domainofapplication>
dapply><times/>
<apply><power/>¥ci>x</ci><cn>2</cn></apply>
<apply><power/><ci>y</ci><cn>3</cn></apply>
{/apply>
</4pply>
Nofe that.therorder of the inner and outer bound variables is significant.

Mappifgs to Strict Content MathML

When rewriting expressions to Strict Content MathML, qualifier elements are removed via a series of
rules described in this section. The general algorithm for rewriting a MathML expression involving
qualifiers proceeds in two steps. First, constructs using the interval, condition, uplimit and
lowlimit qualifiers are converted to constructs using only domainofapplication. Second,
domainofapplication expressions are then rewritten as Strict Content markup.
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Rewrite: interval qualifier

<apply> H
<bvar> z </bvar>
<lowlimit> a </lowlimit>
<uplimit> b </uplimit>
c

</apply>

<apply> H

<bvar> o ('/hv: r>

<domainofapplication>
<apply><csymbol cd="intervall"><nterval</csymbol>
a
b
</apply>
</domainofapplication>
(o

apply>

<

The symbol used in this translation depends on the head of the applieation, denoted by H herg¢. By
ddfault interval should be used, unless the semantics of the head term can be determined and indjicate
a more specific interval symbols. In particular, several predefined-Content MathML element shou|d be
used with more specific interval symbols. If the head is int then oriented_interval is used. Whep the
hgad term is sum or product, integer_interval should be tsed.

The above technique for replacing lowlimit and uplimit qualifiers with a domainofapplication
el¢gment is also used for replacing the interval qudlifier.

The¢ condition qualifier restricts a bound yariable by specifying a Boolean-valued expression dn a
larger domain, specifying whether a given\value is in the restricted domain. The condition elenjent
conftains a single child that represents the-truth condition. Compound conditions are formed by applyling
Boglean operators such as and in thereondition.
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Rewrite: condition

To rewrite an expression using the condition qualifier as one using domainofapplication,

<bvar> z1 </bvar>
<bvar> zn </bvar>
<condition> P </condition>

1s rewritten to

<bvar> zl1 </bvar>
<bvar> zn_ </bvar>
<domainofapplication>
<apply><csymbol cd="setl">suchthat</csymbol>
R
<bind><csymbol cd="fns1">lambda</csymbol>
<bvar> zl1 </bvar>
<bvar> zn </bvar>
P
</bind>
</apply>
</domainofapplication>

If the apply has a domainofapplication (perhaps originally expressed as interval or an uplimit/
1qwlimit pair) then thatisused for R .Otherwise R isasetdetermined by the type attribute (f the
bdund variable as specified in Section 4.2.2.2, if that is présent. If the type is unspecified, the translhtion
infroduces an unspecified domain via content identifier.<ei>R</ci>.

By ppplying the rules above, expression using the.jnterval, condition, uplimit and lowlimitcan
be fewritten using only domainofapplication."Once a domainofapplication has been obtaifed,
the|final mapping to Strict markup is accomplished using the following rules:

Rewrite: restriction

Af application of a function thatis’qualified by the domainofapplication qualifier (expressed lpy an
afply element without bound-variables) is converted to an application of a function term constrjcted
with the restriction symboh
<gpply> F
<domainofapplication>
c

</domainofapplication>

al

an

<

apply>
[ v nv 4

may be written as:
<apply>
<apply><csymbol cd="fnsl">restriction</csymbol>
F
c
</apply>
al
an
</apply>
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In general, an application involving bound variables and (possibly) domainofapplication is rewrit-
ten using the following rule, which makes the domain the first positional argument of the application,
and uses the lambda symbol to encode the variable bindings. Certain classes of operator have alternative
rules, as described below.

Rewrite: apply bvar domainofapplication

A content MathML expression with bound variables and domainofapplication

<apply> H
<bvar> vl </bvar>

<bvar> wn </bvar>

<domainofapplication> D </domainofapplication>
Al
Am

</apply>

is frewritten to

<gpply> H

D

<bind><csymbol cd="fns1">lambda</csymbol>
<bvar> vl </bvar>

<bvar> wn </bvar>
Al
</bind>

<bind><csymbol cd="fns1">lambda</csymbol>
<bvar> vl </bvar>

<bvar> wvn </bvar>
Am
</bind>
</apply>
If fthere is no domainofapplication qualifier the D child is omitted.

4.313.2 (" Uses of <degree>

Clafss qualifier
Attributes CommonAtt
Content ContExp

The degree element is a qualifier used to specify the ‘degree’ or ‘order’ of an operation. MathML
uses the degree element in this way in three contexts: to specify the degree of a root, a moment,
and in various derivatives. Rather than introduce special elements for each of these families, MathML
provides a single general construct, the degree element in all three cases.

Note that the degree qualifier is not used to restrict a bound variable in the same sense of the qualifiers
discussed above. Indeed, with roots and moments, no bound variable is involved at all, either explicitly
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or implicitly. In the case of differentiation, the degree element is used in conjunction with a bvar, but
even in these cases, the variable may not be genuinely bound.

For the usage of degree with the root and moment operators, see the discussion of those operators be-
low. The usage of degree in differentiation is more complex. In general, the degree element indicates
the order of the derivative with respect to that variable. The degree element is allowed as the second
child of a bvar element identifying a variable with respect to which the derivative is being taken. Here
is an example of a second derivative using the degree qualifier:

<apply><diff/>

<ci>x</ci>

<degree><cn>2</cn></degree>
4/bvar>
d4apply><power/><ci>x</ci><cn>4</cn></apply>
</qpply>
For|details see Section 4.4.4.2 and Section 4.4.4.3.

4.313.3  Uses of <momentabout> and <logbase>

Thg qualifiers momentabout and logbase are specialized elements specifically for use with the
monent and log operators respectively. See the descriptions of'those operators below for their usage.

4.314 Operator Classes

Th¢ Content MathML elements described in detailgn the next section may be broadly separated {nto
clagses. The class of each element is shown in the’syntax table that introduces the element in Section {.4.
The class gives an indication of the generalintended mathematical usage of the element, and #lso
detgrmines its usage as determined by the'schema. The class also determines the applicable rewfrite
rulgs for mapping to Strict Content MathML. This section presents the rewrite rules for each of]the
opdrator classes.

Thg rules in this section cover the'use cases applicable to specific operator classes. Special-case rewrite
rulgs for individual elements are discussed in the sections below. However, the most common usage
patfern is generic, and istused by operators from almost all operator classes. It consists of applying
an pperator to an explicit'list of arguments using an apply element. In these cases, rewriting to S{rict
Comtent MathML {s simply a matter of replacing the empty element with an appropriate csymbol, as
listgd in the sydtax tables in Section 4.4. This is summarized in the following rule.

Rewrite:yelement

Fac mmmplP
<plus/>

is equivalent to the Strict form

<csymbol cd="arithl">plus</csymbol>

In MathML 2, the definitionURL attribute could be used to redefine or modify the meaning of an
operator element. When the definitionURL attribute is present, the value for the cd attribute on the
csymbol should be determined by the definitionURL value if possible. The correspondence between
cd and definitionURL values is described Section 4.2.3.2.
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4.3.4.1  N-ary Operators (classes nary-arith, nary-functional, nary-logical, nary-linalg, nary-set,
nary-constructor)

Many MathML operators may be used with an arbitrary number of arguments. The corresponding
OpenMath symbols for elements in these classes also take an arbitrary number of arguments. In all
such cases, either the arguments my be given explicitly as children of the apply or bind element, or
the list may be specified implicitly via the use of qualifier elements.

Schema Patterns

Thg elements representing these n-ary operators are specified in the following schema patterns inyAp-
peridix A: nary-arith.class, nary-functional.class, nary-logical.class, nary-linalg.class, nary=set.clpss,
narj-constructor.class.

Rewriting to Strict Content MathML
If the argument list is given explicitly, the Rewrite: element rule applies.

Any use of qualifier elements is expressed in Strict Content MathME \via explicitly applying|the
funftion to a list of arguments using the apply_to_list symbol as shown in the following rule. [The
rul¢ only considers the domainofapplication qualifier as othér qualifiers may be rewritten |to
dogainofapplication as described earlier.

Rpwrite: n-ary domainofapplication

Af expression of the following form, where <unon/> represents any element of the relevant clasg and
efpression—in-z is an arbitrary expressiomndnhvolving the bound variable(s)

<gpply><union/>

<bvar> z </bvar>

<domainofapplication> D </domainofapplication>
erpression-—in-c

</apply>

is frewritten to

<gpply><csymbol cd=!fns2">apply_to_list</csymbol>
<csymbol cd="@etl1">union</csymbol>
<apply><csyfboel cd="1list1">map</csymbol>
<bind><esymbol cd="fnsl">lambda</csymbol>
<bvar> z </bvar>
erpression-1n-=
£/bind>
D
</apply>
</apply>

The above rule applies to all symbols in the listed classes. In the case of nary-set.class the choice
of Content Dictionary to use depends on the type attribute on the arguments, defaulting to setl, but
multiset] should be used if type="multiset".

Note that the members of the nary-constructor.class, such as vector, use constructor syntax
where the arguments and qualifiers are given as children of the element rather than as children of a
containing apply. In this case, the above rules apply with the analogous syntactic modifications.
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4.3.4.2  N-ary Constructors for set and list (class nary-setlist-constructor)

The use of set and 1ist follows the same format as other n-ary constructors, however when rewriting
to Strict Content MathML a variant of the above rule is used. This is because the map symbol implicitly
constructs the required set or list, and apply_to_list is not needed in this case.

Schema Patterns

The elements representing these n-ary operators are specified in the schema pattern nary-setlist-constructor.
class.

Rewriting to Strict Content MathML
If the argument list is given explicitly, the Rewrite: element rule applies.

WHen qualifiers are used to specify the list of arguments, the following rule is used.

Rewrite: n-ary setlist domainofapplication

An expression of the following form, where <set/> is either of the elements set or 1ist and
egpression—in—x is an arbitrary expression involving the bound ¥ariable(s)

<get>

<bvar> z </bvar>

<domainofapplication> D </domainofapplication>
eTpression—1in-c

</set>

is frewritten to

<dpply><csymbol cd="setl">map</csymbol>
<bind><csymbol cd="fns1">lambdaX/csymbol>
<bvar> z </bvar>
erpression-in-=c
</bind>
D
</apply>
Note that when D js~already a set or list of the appropriate type for the container element, anfl the
lajbda function créated from exzpression-in-z is the identity, the entire container element siould
be rewritten directly as D .

In the case &f set, the choice of Content Dictionary and symbol depends on the value of the type
attrjbute-of the arguments. By default the set symbol is used, but if one of the arguments has type
attrjbute with value "multiset", the multiset symbol is used. If there is a type attribute with vglue
othe : i
with their type by

han "sot" or "o ot the ce mbol should be used —and-the arcuments-should be annotdted

rewriting the type attribute using the rule Rewrite: attributes.

4.3.4.3  N-ary Relations (classes nary-reln, nary-set-reln)

MathML allows transitive relations to be used with multiple arguments, to give a natural expression to
‘chains’ of relations such as a < b < ¢ < d. However unlike the case of the arithmetic operators, the
underlying symbols used in the Strict Content MathML are classed as binary, so it is not possible to
use apply_to_list as in the previous section, but instead a similar function predicate_on_list is used, the
semantics of which is essentially to take the conjunction of applying the predicate to elements of the
domain two at a time.
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Schema Patterns

The elements representing these n-ary operators are specified in the following schema patterns in Ap-
pendix A: nary-reln.class, nary-set-reln.class.

Rewriting to Strict Content MathML

Rewrite: n-ary relations

A’l exnressionof the form
r

<gpply><lt/>
a b ¢ d
</apply>

repvrites to Strict Content MathML

<dpply><csymbol cd="fns2">predicate_on_list</csymbol>
q4csymbol cd="relni">1t</csymbol>

dapply><csymbol cd="list1">list</csymbol>

a b c¢c d

{/apply>

</apply>

Rpwrite: n-ary relations bvar

An expression of the form

<gpply><it/>

qovar> z </bvar>

q4domainofapplication> R </domainofapplication>
erpression-in-=T

</apply>

where expresstion-in-z is antarbitrary expression involving the bound variable, rewrites tp the
Strict Content MathML

<gdpply><csymbol cd=%"fns2">predicate_on_list</csymbol>
q4csymbol cd="relnf*>1t</csymbol>
dapply><csymbol jcd="1list1">map</csymbol>
R

<bind><€gymbol cd="fnsl1">lambda</csymbol>

<bvar> z </bvar>

erpression—in-c

&/bind>
\/dpply/
</apply>

The above rules apply to all symbols in classes nary-reln.class and nary-set-reln.class. In
the latter case the choice of Content Dictionary to use depends on the type attribute on the symbol,
defaulting to setl, but multiset] should be used if type="multiset".

4.3.4.4  N-ary/Unary Operators (classes nary-minmax, nary-stats)

The MathML elements, max, min and some statistical elements such as mean may be used as a n-
ary function as in the above classes, however a special interpretation is given in the case that a single
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argument is supplied. If a single argument is supplied the function is applied to the elements represented
by the argument.

The underlying symbol used in Strict Content MathML for these elements is Unary and so if the
MathML is used with O or more than 1 arguments, the function is applied to the set constructed from
the explicitly supplied arguments according to the following rule.

Schema Patterns

The_elements representing these n-ary operators are specified in the following schema patterns in Ap-
penldix A: nary-minmax.class, nary-stats.class.

Rewriting to Strict Content MathML

pwrite: n-ary unary set

R
When an element, <maz/>, of class nary-stats or nary-minmax is applied to/an explicit list of O of 2 or
mpre arguments, al a2 an

<gdpply><maz/> al a2 an </apply>

It fis is translated to the unary application of the symbol <csymbol' cd="minmazl" name="mag"/>
as|specified in the syntax table for the element to the set of arguments, constructed using the <csymbol
cd="setl" name="set"/> symbol.

<dpply><csymbol cd="minmazl">mazr</csymbpl>

<apply><csymbol cd="setl">set</csymbol>
al a2 an

</apply>

</Japply>

Like all MathML n-ary operators, The-list of arguments may be specified implicitly using qualifier
elements. This is expressed in Stri€tyContent MathML using the following rule, which is similar tofthe
rul¢ Rewrite: n-ary domainofdpplication but differs in that the symbol can be directly applied to|the
constructed set of arguments and it is not necessary to use apply_to_list.
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Rewrite: n-ary unary domainofapplication

An expression of the following form, where <maz/> represents any element of the relevant class and
expression—in-z is an arbitrary expression involving the bound variable(s)
<apply><maz/>

<bvar> z </bvar>

<domainofapplication> D </domainofapplication>

eTrpTression=in-—=c

</apply>
is frewritten to

<gdpply><csymbol cd="minmazl">maxr</csymbol>
<apply><csymbol cd="setl">map</csymbol>
<bind><csymbol cd="fns1">lambda</csymbol>
<bvar> z </bvar>
erpression—in-=
</bind>
D
</apply>
</apply>
Note that when D is already a set and the lambda function created from ezpression-in-z js the
idgntity, the domainofapplication term should should beréwritten directly as D .

If the element is applied to a single argument the set symbol is not used and the symbol is applied
dirgctly to the argument.

Rewrite: n-ary unary single

When an element, <maz/>, of class nary=stats or nary-minmax is applied to a single argument,
<dpply><maz/> a </apply>

It s is translated to the unary application of the symbol in the syntax table for the element.

<gpply><csymbol cd="minmazl">max</csymbol> a </apply>

Nofe: Earlier versions ¢f MathML were not explicit about the correct interpretation of elements in fhis
clags, and left it undefined as to whether an expression such as max(X) was a trivial applicatiof of
mak to a singletonyor whether it should be interpreted as meaning the maximum of values of the] set
X. Applicatiens. finding that the rule Rewrite: n-ary unary single can not be applied as the supplied
argpment is'a'scalar may wish to use the rule Rewrite: n-ary unary set as an error recovery. As a further
compplication, in the case of the statistical functions the Content Dictionary to use in this case depejnds
on fhe désired interpretation of the argument as a set of explicit data or a random variable represenfing
a distribution.

4.3.4.5  Binary Operators (classes binary-arith, binary-logical, binary-reln, binary-linalg, binary-set)

Binary operators take two arguments and simply map to OpenMath symbols via Rewrite: element
without the need of any special rewrite rules. The binary constructor interval is similar but uses
constructor syntax in which the arguments are children of the element, and the symbol used depends
on the type element as described in Section 4.4.1.1
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Schema Patterns

The elements representing these binary operators are specified in the following schema patterns in
Appendix A: binary-arith.class, binary-logical.class, binary-reln.class, binary-linalg.class, binary-set.
class.

4.3.4.6  Unary Operators (classes unary-arith, unary-linalg, unary-functional, unary-set,
unary-elementary, unary-veccalc)

Unary operators take a single areument and map to OpenMath svmbols via Rewrite: element without
the|need of any special rewrite rules.

ScHema Patterns

Thg¢ elements representing these unary operators are specified in the following sehéma pattern$ in
Appendix A: unary-arith.class, unary-functional.class, unary-set.class, unary-eleméntary.class, ungry-
vecgalc.class.

4.3|4.7  Constants (classes constant-arith, constant-set)

Constant symbols relate to mathematical constants such as e and tfue and also to names of sets such as
the|Real Numbers, and Integers. In Strict Content MathML,they rewrite simply to the corresponding
symbol listed in the syntax tables for these elements in Section 4.4.10.

ScHema Patterns

The elements representing these constants are specified in the schema patterns constant-arith.class pnd
constant-set.class.

4.3|14.8  Quantifiers (class quantifier)

The Quantifier class is used fof the forall and exists quantifiers of predicate calculus.

ScHema Patterns

Thg elements représenting quantifiers are specified in the schema pattern quantifier.class.

RewritingstesStrict Content MathML

If yse¢d’with bind and no qualifiers, then the interpretation in Strict Content MathML is simplef In

1 C 1 el 3 hEal 1 . . LN <P pal At A e . 1 L] .
ge[ LAl T USTU WIUT apPpP Ly O QUAITTITES, UHIC TIIICT PICLAUUIT I SUITCT C UIIICTIU IVIAUTIVILL 1S VId UIC TOITOW lng

rule.
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Rewrite: quantifier

An expression of following form where <ezists/> denotes an element of class quantifier and
expression—in-z is an arbitrary expression involving the bound variable(s)
<apply><ezists/>
<bvar> z </bvar>
<domainofapplication> D </domainofapplication>
erpression—in-c

<feppty

is rewritten to an expression

<gind><csymbol cd="quantl">ezists</csymbol>

<bvar> z </bvar>

<apply><csymbol cd="logicl">and</csymbol>

<apply><csymbol cd="setl1">in</csymbol> =z D </apply>

erpression—in-c

</apply>

</bind>

where the symbols <csymbol cd="gquantl">ezists</csymbol>-and

<dsymbol cd="1logicl">and</csymbol> are as specified in(he syntax table of the element. (The

additional symbol being and in the case of exists and implies in the case of forall.) Whei} no

ddmainofapplication is present, no logical conjunctiefVis’necessary, and the translation is diregt.

4.314.9  Other Operators (classes lambda, interyal/int, diff partialdiff, sum, product, limit)

Spgcial purpose classes, described in the sectidns for the appropriate elements

Sclema Patterns

Thg elements are specified in the following schema patterns in Appendix A: lambda.class, interjval.
clags, int.class, partialdiff.classy.sum.class, product.class, limit.class.

4.3]5 Non-strict-Attributes

A 1jumber of content MathML elements such as cn and interval allow attributes to specialize|the
senpantics of h€ objects they represent. For these cases, special rewrite rules are given on a case{by-
casg basisdimSéction 4.4. However, content MathML elements also accept attributes shared all MathML
elements, and depending on the context, may also contain attributes from other XML namespaces. Spch
attrjbute$ must be rewritten in alternative form in Strict Content Markup.
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Rewrite: attributes

For instance,
<ci class="foo" xmlns:other="http://example.com" other:att="bla">xz</ci>
is rewritten to

<semantics>
<ci>x</ci>
<annotation cd="mathmlattr"
name="class" encoding="text/plain">foo</annotation>
<annotation-xml cd="mathmlattr" name="foreign" encoding="MathML-Content*]
<apply><csymbol cd="mathmlattr">foreign_attribute</csymbol>
<cs>http://example. com</cs>
<cs>other</cs>
<cs>att</cs>
<cs>bla</cs>
</apply>
</annotation-xml>

</semantics>

Fqr MathML attributes not allowed in Strict Content MathML the\content dictionary mathmlaftr is
referenced, which provides symbols for all attributes allowed on ‘content MathML elements.

4.4 Content MathML for Specific Operators and Constants

Thiks section presents elements representing a core’Set of mathematical operators, functions and don-
stafgts. Most are empty elements, covering therSubject matter of standard mathematics curricula up to
thellevel of calculus. The remaining elements’are container elements for sets, intervals, vectors andl so
on.|For brevity, all elements defined in this section are sometimes called operator elements.

Eadh subsection below discusses a specific operator element, beginning with a syntax table, giving|the
elements operator class. Special\case rules for rewriting as Strict Markup are introduced as needed.
Hoyever, in most cases, the. gefieric rewrite rules for the appropriate operator class is sufficient In
parficular, unless otherwise‘indicated, elements are to be rewritten using the default Rewrite: elenjent
rulg. Note, however, that all elements in this section must be rewritten in some fashion, since they|are
notlallowed in Strict €ontent markup.

In MathML 2<the' definitionURL attribute could be used to redefine or modify the meaning of an
opgrator element. This use of the definitionURL attribute is deprecated in MathML 3. Instead a
csymbol element should be used. In general, the value of cd attribute on the csymbol will corresppnd
to the‘definitionURL value.

4.4.1 Functions and Inverses

4.4.1.1 Interval <interval>

Class interval
Attributes CommonAtt, DefEncAtt,closure?
Content ContExp,ContExp

OM Symbols interval_cc, interval_oc, interval_co, interval_oo

The interval element is a container element used to represent simple mathematical intervals of the
real number line. It takes an optional attribute closure, with a default value of "closed".
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Content MathML

<interval closure="open"><ci>x</ci><cn>1</cn></interval>
<interval closure="closed"><cn>0</cn><cn>1</cn></interval>
<interval closure="open-closed"><cn>0</cn><cn>1</cn></interval>
<interval closure="closed-open"><cn>0</cn><cn>1</cn></interval>

Sample Presentation

<pfenced><mi1i>x</mi><mn>I1</mn></mifenced>

(x,1)

<nfenced open="[" close="]"><mn>0</mn><mn>1</mn></mfenced>

[0,1]

<pfenced open="(" close="]"><mn>0</mn><mn>1</mn></mfenced>
(0,1]

<nfenced open="[" close=")"><mn>0</mn><mn>1</mn></mfenced>
[0,1)

Mapping to Strict Content MathML

In $trict markup, the interval element corresponds to ené\of four symbols from the intervall confent
dicfionary. If closure has the value "open" then interval corresponds to the interval_oo. With
the|value "closed" interval corresponds to the symbol interval_cc, with value "open-closed| to
intgrval_oc, and with "closed-open" to interval_co.

4.4]1.2 Inverse <inverse>

Class unary-functional
Attfibutes CommonAtt, DefEncAtt
Content Empty

OM Symbols inverse

Th¢ inverse element'is/applied to a function in order to construct a generic expression for the finc-
tiorjal inverse of that-function. The inverse element may either be applied to arguments, or it hay
appear alone, ipmwhich case it represents an abstract inversion operator acting on other functions.

Content MathML
<dpply><inverse/>
<ci> f </ci>

</apply>

Sample Presentation

<msup><mi>f</mi><mrow><mo> (</mo><mn>-1</mn><mo>) </mo></mrow></msup>

f(—l)
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Content MathML

<apply>
<apply><inverse/><ci type="matrix">A</ci></apply>
<ci>a</ci>

</apply>

Sample Presentation

<mrow>

qmsup><mi>A</mi><mrow><mo> (</mo><mn>-1</mn><mo>)</mo></mrow></msup>
qmo>&#x2061 ; </mo>

dmfenced><mi>a</mi></mfenced>

</mrow>

ACD (a)

4.4{1.3 Lambda <lambda>

Claks lambda
Attfibutes CommonAtt, DefEncAtt
Content BvarQ, DomainQ, ContExp

Qualifiers BvarQ,DomainQ
OM Symbols lambda

Thq lambda element is used to construct a user-defined.function from an expression, bound variables,
and qualifiers. In a lambda construct with n (possibly 0) bound variables, the first n children are byar
elefents that identify the variables that are used“as placeholders in the last child for actual paramgter

valyies. The bound variables can be restricted by an optional domainofapplication qualifier or pne
of its shorthand notations. The meaning of the 1ambda construct is an n-ary function that returns|the
expression in the last child where the béund variables are replaced with the respective arguments.

Thg domainofapplication childrestricts the possible values of the arguments of the constru¢ted
fungtion. For instance, the followihg lambda construct represents a function on the integers.

<lgmbda>

dbvar><ci> x </¢i¥¥X/bvar>
d4domainofapplicdtion><integers/></domainofapplication>
dapply><sin#3<ci> x </ci></apply>

</lambda>

If al 1ambda-eonstruct does not contain bound variables, then the 1ambda construct is superfluous pnd
may be removed, unless it also contains a domainofapplication construct. In that case, if the [last
child of'the 1ambda construct is itself a function. then the domainofapplication restricts its exisfing
functional arguments, as in this example, which is a variant representation for the function above.
<lambda>

<domainofapplication><integers/></domainofapplication>

<sin/>
</lambda>

Otherwise, if the last child of the 1ambda construct is not a function, say a number, then the lambda
construct will not be a function, but the same number, and any domainofapplication is ignored.
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Content MathML

<lambda>
<bvar><ci>x</ci></bvar>
<apply><sin/>
<apply><plus/><ci>x</ci><cn>1</cn></apply>
</apply>
</lambda>

S mple Fresentation

<grow>

qmi>&#x3bb; </mi>
dmi>x</mi>

dmo> .</mo>
dmfenced>

<mrow>
<mi>sin</mi>
<mo>&#x2061 ;</mo>
<mrow><mo> (</mo><mi>x</mi><mo>+</mo><mn>1</mn><mé6>)</mo></mrow>
</mrow>

4/mfenced>

</mrow>

Ax.(sin (x+1))

<grow>

4mi>x</mi>

dmo>&#x21a6;</mo>

<mrow>

<mi>sin</mi>

<mo>&#x2061 ;</mo>

<mrow><mo> (</mo><mi>x<y/mi><mo>+</mo><mn>1</mn><mo>) </mo></mrow>
</mrow>

</mrow>

x> sin 1)

Mapping to Strict-Markup
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Rewrite: lambda

If the 1ambda element does not contain qualifiers, the lambda expression is directly translated into a
bind expression.

<lambda>
<bvar> zl1 </bvar><bvar> zn </bvar>
expression—-in—zrl-zn
</lambda>
rewrites to the Strict Content MathML

<gind><csymbol cd="fns1">lambda</csymbol>

<bvar> zl1 </bvar><bvar> zn </bvar>
expression—-in—zcl-zn

</Abind>

Rpwrite: lambda domainofapplication

If|the 1ambda element does contain qualifiers, the qualifier may be rewfittén to
ddmainofapplication and then the lambda expression is translated-te\a' function term constrijcted
with lambda and restricted to the specified domain using restriction,

<Jambda>

<bvar> zl1 </bvar><bvar> zn </bvar>

<domainofapplication> D </domainofapplicatiep>
expression—-in—zl-zn

</lambda>

repvrites to the Strict Content MathML

<gdpply><csymbol cd="fnsl'">restrictign</csymbol>

<bind><csymbol cd="fns1">lambdd</csymbol>
<bvar> z1 </bvar><bvar> zn </bvar>
expression—-in—zl-zn

</bind>

D

</apply>

4.4]1.4  Functioincomposition <compose/>

Class nary-functional
Attfibutes CommonAtt, DefEncAtt
Content Empty

QuIliﬁers BvarQ,DomainQ

OM Symbols left_compose

The compose element represents the function composition operator. Note that MathML makes no as-
sumption about the domain and codomain of the constituent functions in a composition; the domain of
the resulting composition may be empty.

The compose element is a commutative n-ary operator. Consequently, it may be lifted to the induced
operator defined on a collection of arguments indexed by a (possibly infinite) set by using qualifier
elements as described in Section 4.3.4.1.

© ISO/IEC 2016 — All rights reserved


https://iecnorm.com/api/?name=b1f67f221c3e9728efa6b4f62cc7373f

ISO/IEC 40314:2016(E)

4.4. Content MathML for Specific Operators and Constants 175

Content MathML
<apply><compose/><ci>f</ci><ci>g</ci><ci>h</ci></apply>
Sample Presentation

<mrow><mi>f</mi><mo>&#x2218;</mo><mi>g</mi><mo>&#x2218;</mo><mi>h</mi></mrow>
fogoh

Content MathML
<dpply><eq/>
<apply>
<apply><compose/><ci>f</ci><ci>g</ci></apply>
<ci>x</ci>
</apply>
<apply><ci>f</ci><apply><ci>g</ci><ci>x</ci></apply></apply>
</apply>
Sdmple Presentation

<grow>
4mrow>
<mrow><mo> (</mo><mi>f</mi><mo>&#x2218;</mo><mi>g</mi><mo>) </mo></mrow>
<mo>&#x2061 ; </mo>
<mfenced><mi>x</mi></mfenced>
4/mrow>
dmo>=</mo>
4mrow>
<mi>f</mi>
<mo>&#x2061 ; </mo>
<mfenced>
<mrow>
<mi>g</mi>
<mo>&#x2061 ; </mé>
<mfenced><mi¥x%X/mi></mfenced>
</mrow>
4/mfenced>
4/mrow>
</mrow>

(fog)(x) =f(8(x))

4.4.1.5  Identity function <ident/>

Class unary-functional
Attributes CommonAtt, DefEncAtt
Content Empty

OM Symbols identity

The ident element represents the identity function. Note that MathML makes no assumption about the
domain and codomain of the represented identity function, which depends on the context in which it is
used.
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Content MathML
<apply><eq/>
<apply><compose/>
<ci type="function">f</ci>
<apply><inverse/>
<ci type="function">f</ci>
</apply>
Feppty
<ident/>
</apply>
Sdmple Presentation

<grow>

dqmrow>

<mi>f</mi>

<mo>&#x2218;</mo>

<msup><mi>f</mi><mrow><mo> (</mo><mn>-1</mn><mo>) </mod><)/mrow></msup>
4/mrow>

qmo>=</mo>

qmi>id</mi>

</[mrow>

4.4|1.6  Domain <domain/>

Class unary-functional
Attfibutes CommonAtt, DefEncAtt
Content Empty

OM Symbols domain

The¢ domain element representsthe domain of the function to which it is applied. The domain is thq set
of yalues over which the €unction is defined.

Content MathMl

<3pply><e€q/>
<apply><domain/><ci>f</ci></apply>
<peals/>

</apply>

Sample Presentation

<mrow>
<mrow><mi>domain</mi><mo>&#x2061 ;</mo><mfenced><mi>f</mi></mfenced></mrow>
<mo>=</mo>
<mi mathvariant="double-struck">R</mi>

</mrow>

domain(f) =R
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4.4.1.7  codomain <codomain/>

Class unary-functional
Attributes CommonAtt, DefEncAtt
Content Empty

OM Symbols range

The codomain represents the codomain, or range, of the function to which is is applied. Note that the
codomain is not necessarily equal to the image of the function, it is merely required to contain the
image.

Content MathML

<gpply><eq/>
<apply><codomain/><ci>f</ci></apply>
<rationals/>

</apply>

Sdmple Presentation

<grow>
dmrow><mi>codomain</mi><mo>&#x2061 ;</mo><mfenced><mi>f</mi></mfenced></mr¢w>
4mo>=</mo>

dmi mathvariant="double-struck">Q</mi>
</mrow>

codomain (f) = Q

4.411.8  Image <image/>

Class unary-functional
Attfibutes CommonAtt, DefEncAtt
Content Empty

OM Symbols image

The¢ image element represent the image of the function to which it is applied. The image of a funcfion
is the set of values taken bysthe function. Every point in the image is generated by the function applied
to ome point of the domain.

Content MathML

<gpply><eq/>
<dpply><image/><sin/></apply>

LintarualSLenSs_dc/onSscons 1< /cnSL/intoryal>
7 7 7

</apply>
Sample Presentation
<mrow>
<mrow><mi>image</mi><mo>&#x2061 ;</mo><mfenced><mi>sin</mi></mfenced></mrow>

<mo>=</mo>
<mfenced open="[" close="]"><mn>-1</mn><mn>1</mn></mfenced>

</mrow>

image (sin) = [—1, 1]
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4.4.1.9  Piecewise declaration <piecewise>, <piece>, <otherwise>

Class Constructor
Attributes CommonAtt, DefEncAtt
Content piece* otherwise?

OM Symbols piecewise

Syntax Table for piecewise

Class Constructor
Attributes CommonAtt, DefEncAtt
Content ContExp ContExp

OM Symbols piece
Syntax Table for piece

Clafss Constructor
Attfibutes CommonAtt, DefEncAtt
Content ContExp

OM Symbols otherwise
Synjtax Table for otherwise

The¢ piecewise, piece, and otherwise elements are used to represent ‘piecewise’ function defini-
tion}s of the form  H(x) = 0 if x less than 0, H(x) = 1 otherwisel,

Thg declaration is constructed using the piecewise element. This contains zero or more piece]el-
ements, and optionally one otherwise element. Each piece element contains exactly two childfen.
Thg first child defines the value taken by the piecewise expression when the condition specifiedl in
the|associated second child of the piece is truexThe degenerate case of no piece elements and [no
otHerwise element is treated as undefined forall values of the domain.

Th¢ otherwise element allows the specification of a value to be taken by the piecewise funcfion
when none of the conditions (second ehild elements of the piece elements) is true, i.e. a default vajue.

It should be noted that no ‘order-of execution’ is implied by the ordering of the piece child elem¢nts
within piecewise. It is the responisibility of the author to ensure that the subsets of the function donjain
defined by the second childten.of the piece elements are disjoint, or that, where they overlap, the values
of the corresponding first children of the piece elements coincide. If this is not the case, the mearfing
of the expression is undefined.

Hete is an example:
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Content MathML

<piecewise>
<piece>
<apply><minus/><ci>x</ci></apply>
<apply><1lt/><ci>x</ci><cn>0</cn></apply>
</piece>
<piece>
<cn>0</cn>
N3C1 ) SARPANCle VA AN N b & R of AN o1 1 EA VA 03§ P G Y o) Oy
</piece>
<piece>
<ci>x</ci>
<apply><gt/><ci>x</ci><cn>0</cn></apply>
</piece>
</piecewise>

Sdmple Presentation

<grow>
4mo>{</mo>
4dmtable>
<mtr>

<mtd><mrow><mo>&#x2212;</mo><mi>x</mi></mPow></mtd>

<mtd columnalign="left"><mtext>&#xal; if\ &#xal;</mtext></mtd>
<mtd><mrow><mi>x</mi><mo>&1lt ; </mo><mn>0</mn></mrow></mtd>
</mtr>
<mtr>

<mtd><mn>0</mn></mtd>

<mtd columnalign="left"><mtext>&#xa0; if &#xal;</mtext></mtd>
<mtd><mrow><mi>x</mi><mo>%</mo><mn>0</mn></mrow></mtd>

</mtr>

<mtr>

<mtd><mi>x</mi></mtd>

<mtd columnaligh="left"><mtext>&#xal; if &#xal;</mtext></mtd>
<mtd><mrow><mi>x</mi><mo>&gt ; </mo><mn>0</mn></mrow></mtd>

</mtr>

4/mtable>

</mrow>
—x if x<0
0 if x=0

Mapping to Strict Markup

In Strict Content MathML, the container elements piecewise, piece and otherwise are mapped
to applications of the constructor symbols of the same names in the piecel CD. Apart from the fact
that these three elements (respectively symbols) are used together, the mapping to Strict markup is
straightforward:
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Content MathML

<piecewise>
<piece>
<cn>0</cn>
<apply><1lt/><ci>x</ci><cn>0</cn></apply>
</piece>
<piece>
<cn>1</cn>
<Fppiy gt/ T/ <Tr /> <7/appty”
</piece>
<otherwise>
<ci>x</ci>
</otherwise>
</piecewise>

Stict Content MathML equivalent

<gdpply><csymbol cd="piecel">piecewise</csymbol>
<apply><csymbol cd="piecel">piece</csymbol>
<cn>0</cn>
<apply><csymbol cd="relationl">1t</csymbol><ci>x</ci><cn>0</cn></apply’
</apply>
<apply><csymbol cd="piecel">piece</csymbol>
<cn>1</cn>
<apply><csymbol cd="relationl">gt</c&ymbol><ci>x</ci><cn>1</cn></apply}
</apply>
<apply><csymbol cd="piecel">otherwise</csymbol>
<ci>x</ci>
</apply>
</apply>

4.4)2 Arithmetic, Algebra.and Logic

4.4)12.1  Quotient <quotient/>

Clakss binafy-arith
Attfibutes CommonAtt, DefEncAtt
Content Empty

OM Symbols—/ quotient

Thg quotient element represents the integer division operator. When the operator is applied to intgger
argpments a and b, the result is the ‘quotient of a divided by b’. That is, the quotient of integers a pnd
b, is the integer g such that a = b * g + r, with Irl less than |10l and a * r positive. In common usage, ¢ is
called the quotient and r is the remainder.

Content MathML
<apply><quotient/><ci>a</ci><ci>b</ci></apply>
Sample Presentation

<mrow><mo>&#x230a; </mo><mi>a</mi><mo>/</mo><mi>b</mi><mo>&#x230b;</mo></mrow>

a/b]
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4.4.2.2  Factorial <factorial/>

Class unary-arith
Attributes CommonAtt, DefEncAtt
Content Empty

OM Symbols factorial

This element represents the unary factorial operator on non-negative integers.

The factorial of an integer n is given by n! = n*(n-1)* ... * 1

Content MathML
<gpply><factorial/><ci>n</ci></apply>
Sdmple Presentation

<pgrow><mi>n</mi><mo>!</mo></mrow>

n!

4.4{2.3  Division <divide/>

Class binary-arith
Attfibutes CommonAtt, DefEncAtt
Content Empty

OM Symbols divide

Thg divide element represents the division operator ina number field.

Content MathML
<gdpply><divide/>
<ci>a</ci>
<ci>b</ci>
</apply>

Sdmple Presentation

<prow><mi>a</mi><mo>/</mo><mi>b</mi></mrow>

a/b

4.4{2.4 ~“Waximum <max/>

Claks nary-minmax
AttributesCOIMMONATT, DEfENCATT
Content Empty

Qualifiers BvarQ, DomainQ
OM Symbols max

The max element denotes the maximum function, which returns the largest of the arguments to which it
is applied. Its arguments may be explicitly specified in the enclosing apply element, or specified using
qualifier elements as described in Section 4.3.4.4. Note that when applied to infinite sets of arguments,
no maximal argument may exist.
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Content MathML
<apply><max/><cn>2</cn><cn>3</cn><cn>5</cn></apply>
Sample Presentation

<mrow>

<mi>max</mi>

<mrow>

<mo>{</mo><mn>2</mn><mo>, </mo><mn>3</mn><mo>, </mo><mn>5</mn><mo>}</mo>
4/mrow>
</mrow>

max{2,3,5}

Content MathML

<dpply><max/>
<bvar><ci>y</ci></bvar>
<condition>
<apply><in/>
<ci>y</ci>
<interval><cn>0</cn><cn>1</cn></interval>
</apply>
</condition>
<apply><power/><ci>y</ci><cn>3</cn></apply>
</Aapply>
Sqmple Presentation

<grow>

dmi>max</mi>

4mrow>
<mo>{</mo><mi>y</mi><mo>{</mo>
<mrow>
<msup><mi>y</mi><&mn>3</mn></msup>
<mo>&#x2208; </mo>

<mfenced open="[" close="]"><mn>0</mn><mn>1</mn></mfenced>
</mrow>

<mo>}</moS

4/mrow>

</mrow>

max{v3!vé [0, 1]}

7

4.4.2.5  Minimum <min/>

Class nary-minmax
Attributes CommonAtt, DefEncAtt
Content Empty

Qualifiers BvarQ,DomainQ
OM Symbols min
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The min element denotes the minimum function, which returns the smallest of the arguments to which it
is applied. Its arguments may be explicitly specified in the enclosing apply element, or specified using
qualifier elements as described in Section 4.3.4.4. Note that when applied to infinite sets of arguments,
no minimal argument may exist.

Content MathML
<apply><min/><ci>a</ci><ci>b</ci></apply>

Sample Presentation

<nrow>

dmi>min</mi>

dmrow><mo>{</mo><mi>a</mi><mo>, </mo><mi>b</mi><mo>}</mo></mrow>
</mrow>

min{a,b}

Content MathML
<dpply><min/>
<bvar><ci>x</ci></bvar>
<condition>
<apply><notin/><ci>x</ci><ci type="set">Bg/ci></apply>
</condition>
<apply><power/><ci>x</ci><cn>2</cn></apply>
</apply>
Sdmple Presentation

<grow>

dmi>min</mi>
qmrow><mo>{</mo><msup><mi>x<{/mi><mn>2</mn></msup><mo> | </mo>
<mrow><mi>x</mi><mo>&#x2209 ;</mo><mi>B</mi></mrow>
<mo>}</mo>

</mrow>

</mrow>

min {lex B}

4.4|2.6  Subfraction <minus/>

Class unary-arith, binary-arith
Attfibiites CommonAtt, DefEncAtt
Content Empty

OM Symbols unary_minus, minus

The minus element can be used as a unary arithmetic operator (e.g. to represent - x), or as a binary
arithmetic operator (e.g. to represent x- y).

If it is used with one argument, minus corresponds to the unary_minus symbol.
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Content MathML
<apply><minus/><cn>3</cn></apply>

Sample Presentation
<mrow><mo>&#x2212;</mo><mn>3</mn></mrow>

-3

If it is used with two arguments, minus corresponds to the minus symbol

Content MathML
<dpply><minus/><ci>x</ci><ci>y</ci></apply>
Sqmple Presentation

<grow><mi>x</mi><mo>&#x2212;</mo><mi>y</mi></mrow>

X=y

In Both cases, the translation to Strict Content markup is direct, as described in Rewrite: element. [t is
mefely a matter of choosing the symbol that reflects the actual usage:

4.4{2.7  Addition <plus/>

Class nary-arith
Attfibutes CommonAtt, DefEncAtt
Content Empty

Qualifiers BvarQ,DomainQ
OM Symbols plus

Thq plus element represents the addition' operator. Its arguments are normally specified expliditly
in the enclosing apply element. As dn-n-ary commutative operator, it can be used with qualifier to
spefify arguments, however, this.is'discouraged, and the sum operator should be used to represent spch
expressions instead.

Content MathML
<gpply><plus/%<ci>x</ci><ci>y</ci><ci>z</ci></apply>
Sqmple Pregentation

<grow><miSx</mi><mo>+</mo><mi>y</mi><mo>+</mo><mi>z</mi></mrow>

X+y+z

4.4.2.8  Exponentiation <power/>

Class binary-arith
Attributes CommonAtt, DefEncAtt
Content Empty

OM Symbols power

The power element represents the exponentiation operator. The first argument is raised to the power of
the second argument.
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Content MathML
<apply><power/><ci>x</ci><cn>3</cn></apply>
Sample Presentation
<msup><mi>x</mi><mn>3</mn></msup>

x3

4.4]12.9  Remainder <rem/>

Class binary-arith
Attfibutes CommonAtt, DefEncAtt
Content Empty

OM Symbols remainder

Thg¢ rem element represents the modulus operator, which returns the remainder that results from diyid-
ing|the first argument by the second. That is, when applied to integer arguniefits a and b, it returns|the
unifjue integer r such that a = b * g + r, with Irl less than |10l and a * r poSitive.

Content MathML

<gpply><rem/><ci> a </ci><ci> b </ci></apply>
Sqmple Presentation
<grow><mi>a</mi><mo>mod</mo><mi>b</mi></mrow>

amodb

4.4{2.10 Multiplication <times/>

Class nary-arith
Attfibutes CommonAtt, DefEncAtt
Conmtent Empty

Qualifiers BvarQ,DomainQ
OM Symbols times

Thq times element r€presents the n-ary multiplication operator. Its arguments are normally specified
expllicitly in th€.énclosing apply element. As an n-ary commutative operator, it can be used wWith
qudlifiers to specify arguments by rule, however, this is discouraged, and the product operator shquld
be pised to represent such expressions instead.

Content MathML

<apply><times/><ci>a</ci><ci>b</ci></apply>

Sample Presentation

<mrow><mi>a</mi><mo>&#x2062;</mo><mi>b</mi></mrow>
ab
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4.4.2.11 Root <root/>

Class unary-arith, binary-arith
Attributes CommonAtt, DefEncAtt
Content Empty
Qualifiers degree

OM Symbols root

The root element is used to extract roots. The kind of root to be taken is specified by a ‘degree’
element, which should be given as the second child of the apply element enclosing the root element.
Thl gatfre S—€ eSPOoa Fe-CaSe caegree< rEaS-Hhe-valde sivmavivinmvivisavingvivis th
3, and so on. If no degree is present, a default value of 2 is used.

Content MathML

<gpply><root/>

<degree><ci type="integer'">n</ci></degree>
<ci>a</ci>

</apply>

Sdmple Presentation
<groot><mi>a</mi><mi>n</mi></mroot>

Ww

a

Mapping to Strict Content Markup

In $trict Content markup, the root symbol is alwaysmsed with two arguments, with the second indifat-
ing|the degree of the root being extracted.

Céntent MathML
<gpply><root/><ci>x</ci></apply>
Strict Content MathML equivaleht

<dpply><csymbol cd={arithl">root</csymbol>
<ci>x</ci>

<cn type="integer">2</cn>

</apply>

Content MathML
<dpply><root/>

<degree><Lci type="integer'">n</ci></degree>
(=) JIL (=] (=)

<ci>a</ci>

</apply>

Strict Content MathML equivalent

<apply><csymbol cd="arithl">root</csymbol>
<ci>a</ci>
<cn type="integer">n</cn>

</apply>
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4.4.2.12 Greatest common divisor <gcd/>

Class nary-arith

Attributes CommonAtt, DefEncAtt
Content Empty

Qualifiers BvarQ,DomainQ

OM Symbols gcd

187

The gcd element represents the n-ary operator which returns the greatest common divisor of its argu-
ments. Its arguments may be explicitly specified in the enclosing apply element, or specified by rule

1 e - 4 4 1
as TSTITOTU TIT STTUOIT .0 #. 1.

C

<gpply><gcd/><ci>a</ci><ci>b</ci><ci>c</ci></apply>
Sdmple Presentation

<grow>

qmi>gcd</mi>

dmo>&#x2061 ; </mo>
qmfenced><mi>a</mi><mi>b</mi><mi>c</mi></mfenced>

ntent MathML

mrow>

ged(a,b,c)

Th

renflerings.

When the gcd element is applied to an explicitlist of arguments, the translation to Strict Con
markup is direct, using the gcd symbol, as deseribed in Rewrite: element. However, when qualifiers
usefl, the equivalent Strict markup is computed via Rewrite: n-ary domainofapplication.

4.4{2.13 And <and/>

Clags nary-logical
Attfibutes CommonAtt, DefEncAtt
Content Empty

Qualifiers BvarQ/DomainQ
OM Symbols _and

The¢ and elefnent represents the logical ‘and’ function which is an n-ary function taking Boolean|
gurhents-and’ returning a Boolean value. It is true if all arguments are true, and false otherwise
arghnients may be explicitly specified in the enclosing apply element, or specified by rule as descri

in

is default rendering is English-language locale specific: other locales may have different def]

hult

ent
are

ar-
Its
bed

Spr\ﬁnn 4341

<
S

Content MathML

apply><and/><ci>a</ci><ci>b</ci></apply>

ample Presentation

<mrow><mi>a</mi><mo>&#x2227 ;</mo><mi>b</mi></mrow>

alb
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Content MathML

<apply><and/>
<bvar><ci>i</ci></bvar>
<lowlimit><cn>0</cn></lowlimit>
<uplimit><ci>n</ci></uplimit>
<apply><gt/><apply><selector/><ci>a</ci><ci>i</ci></apply><cn>0</cn></apply>

</apply>

Stfict Content MathML

<gpply><csymbol cd="fns2">apply_to_list</csymbol>
<csymbol cd="logicl">and</csymbol>
<apply><csymbol cd="1list1">map</csymbol>
<bind><csymbol cd="fnsl">lambda</csymbol>
<bvar><ci>i</ci></bvar>
<apply><csymbol cd="relationl">gt</csymbol>
<apply><csymbol cd="linalgl">vector_selector</csyubol>
<ci>i</ci>
<ci>a</ci>
</apply>
<cn>0</cn>
</apply>
</bind>
<apply><csymbol cd="intervall">integex)interval</csymbol>
<cn type="integer">0</cn>
<ci>n</ci>
</apply>
</apply>
</apply>
Sgmple Presentation

<grow>

dmunderover>

<mo>&#x22C0 ; </mo>
<mrow><mi>i</mi><mo>=</mo><mn>0</mn></mrow>
<mi>n</mi>

4/munderovér>

dmrow>

<mo?® (£/mo>
<méub><mi>a</mi><mi>i</mi></msub>
<mo>&gt ;</mo>

<mn>0</mn>

<mo>)</mo>

</mrow>

</mrow>
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4.4.2.14 Or <or/>

Class nary-logical
Attributes CommonAtt, DefEncAtt
Content Empty

Qualifiers BvarQ,DomainQ
OM Symbols or

ISO/IEC 40314:2016(E)
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The or element represents the logical ‘or’ function. It is true if any of the arguments are true, and false

otherwise.

Content MathML
<gpply><or/><ci>a</ci><ci>b</ci></apply>

Sdmple Presentation
<grow><mi>a</mi><mo>&#x2228;</mo><mi>b</mi></mrow>

aVb

4.4|2.15 Exclusive Or <xor/>

Class nary-logical
Attfibutes CommonAtt, DefEncAtt
Content Empty

Qualifiers BvarQ,DomainQ
OM Symbols xor

Thq xor element represents the logical ‘xor’ funetion. It is true if there are an odd number of frue

arghments or false otherwise.

Content MathML
<gpply><xor/><ci>a</ci><¢i>b</ci></apply>
Sdmple Presentation
<grow><mi>a</mi><mo>x0r</mo><mi>b</mi></mrow>

axorb

4.4{2.16 Net<not/>

Clags unary-logical
Attfibutés CommonAtt, DefEncAtt
Content Empty

OM Symbols not

The not element represents the logical not function which takes one Boolean argument, and returns the

opposite Boolean value.
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Content MathML
<apply><not/><ci>a</ci></apply>
Sample Presentation

<mrow><mo>&#xac ;</mo><mi>a</mi></mrow>

—ad

4.4.2.17 Implies <implies/>

Class binary-logical
Attfibutes CommonAtt, DefEncAtt
Content Empty

OM Symbols implies

Thq implies element represents the logical implication function which takes twoBoolean expressions
as qrguments. It evaluates to false if the first argument is true and the second argliment is false, otherwise
it eyaluates to true.

Content MathML
<gpply><implies/><ci>A</ci><ci>B</ci></apply>
Sqmple Presentation
<grow><mi>A</mi><mo>&#x21d2;</mo><mi>B</mi></mrow>
A=1B

4.4{2.18 Universal quantifier <forall/>

Class quantifier
Attfibutes CommonAtt, DefEncAtt
Content Empty

Qualifiers BvarQ,DomainQ
OM Symbols forall, implies

Thq¢ forall element represents the universal ("for all") quantifier which takes one or more bopnd
var|ables, and an.atgument which specifies the assertion being quantified. In addition, condition or
other qualifiersunay be used as described in Section 4.3.4.8 to limit the domain of the bound variables.
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Content MathML

<bind><forall/>
<bvar><ci>x</ci></bvar>
<apply><eq/>
<apply><minus/><ci>x</ci><ci>x</ci></apply>
<cn>0</cn>
</apply>
</bind>

Sqmple Presentation

<grow>
qmo>&#x2200 ; </mo>
dmi>x</mi>
qmo>.</mo>
dmfenced>

<mrow>
<mrow><mi>x</mi><mo>&#x2212;</mo><mi>x</mi></mrow>
<mo>=</mo>
<mn>0</mn>
</mrow>
4/mfenced>
</mrow>

Mapping to Strict Markup

When the forall element is used with a condition qualifier the strict equivalent is constructed ¥
the|help of logical implication by the rule Rewrite: quantifier. Thus

<bind><forall/>

4bvar><ci>p</ci></bvar>

q4bvar><ci>q</ci></bvar>

q4condition>

<apply><and/>
<apply><in/><ci>p</ci><rationals/></apply>
<apply><din/><ci>q</ci><rationals/></apply>
<apply><It/><ci>p</ci><ci>q</ci></apply>

</apply>

4/condition>

4apply><1t/>

(Pi)P(/ri>

<apply><power/><ci>q</ci><cn>2</cn></apply>
</apply>

</bind>

th

=

translates to
<bind><csymbol cd="quantl">forall</csymbol>
<bvar><ci>p</ci></bvar>
<bvar><ci>q</ci></bvar>
<apply><csymbol cd="logicl">implies</csymbol>
<apply><csymbol cd="logicl">and</csymbol>
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<apply><csymbol cd="setl1">in</csymbol>
<ci>p</ci>
<csymbol cd="setnamel">Q</csymbol>
</apply>
<apply><csymbol cd="setl1">in</csymbol>
<ci>q</ci>
<csymbol cd="setnamel">Q</csymbol>
</apply>
<apply><csymbol cd="relationl">1t</csymbol><ci>p</ci><ci>q</ci></apply>
</apply~>
<apply><csymbol cd="relationl">1t</csymbol>
<ci>p</ci>
<apply><csymbol cd="arithl">power</csymbol>
<ci>q</ci>
<cn>2</cn>
</apply>
</apply>
{/apply>
</%ind>

Sample Presentation

<myow>
<no>&#x2200 ; </mo>
<grow>
qmrow><mi>p</mi><mo>&#x2208;</mo><mi mathvariant="double-struck">Q</mi></mrow>
qmo>&#x2227 ; </mo>
qmrow><mi>q</mi><mo>&#x2208;</mo><mi*mathvariant="double-struck">Q</mi></mrow>
qmo>&#x2227 ; </mo>

dmrow><mo> (</mo><mi>p</mi><mo>&lt ; </mo><mi>q</mi><mo>)</mo></mrow>
</mrow>

<no>.</mo>

<gfenced>

qmrow><mi>p</mi><mo>&1t; </mo><msup><mi>q</mi><mn>2</mn></msup></mrow>
</mfenced>

</nrow>

VpeQngeQA (p<q).(p<7)

<myow>

<o>&#x%2200 ; </mo>

<grow><mi>p</mi><mo>,</mo><mi>q</mi></mrow>

<no>></mo>

<mfenced>

<mrow>
<mrow>
<mo> (</mo>
<mrow>
<mi>p</mi><mo>&#x2208;</mo><mi mathvariant="double-struck">Q</mi>
</mrow>
<mo>&#x2227 ; </mo>
<mrow>
<mi>q</mi><mo>&#x2208;</mo><mi mathvariant="double-struck">Q</mi>
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</mrow>

<mo>&#x2227 ; </mo>

<mrow><mo> (</mo><mi>p</mi><mo>&lt; </mo><mi>q</mi><mo>) </mo></mrow>
<mo>)</mo>
</mrow>
<mo>&#x21d2;</mo>
<mrow>

<mo> (</mo>

<mi>p</mi>

<mo>&IT;</mo~>
<msup><mi>q</mi><mn>2</mn></msup>
<mo>)</mo>

</mrow>
4/mrow>

</mfenced>
</nrow>

Vp,q.((P€QAgGEQA (p<q)) = (p<4?))

4.4)2.19 Existential quantifier <exists/>

Class quantifier
Attfibutes CommonAtt, DefEncAtt
Content Empty

Qualifiers BvarQ,DomainQ
OM Symbols exists, and

Thg exists element represents the existential (\there exists") quantifier which takes one or more bophnd
varjables, and an argument which specifies.the assertion being quantified. In addition, condition or
other qualifiers may be used as described iit Section 4.3.4.8 to limit the domain of the bound variablles.
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Content MathML

<bind><exists/>
<bvar><ci>x</ci></bvar>
<apply><eq/>
<apply><ci>f</ci><ci>x</ci></apply>
<cn>0</cn>
</apply>
</bind>

Sqmple Presentation

<grow>
qmo>&#x2203; </mo>
dmi>x</mi>
qmo>.</mo>
dmfenced>

<mrow>
<mrow><mi>f</mi><mo>&#x2061 ; </mo><mfenced><mi>x</mi></mfenced></mrow>
<mo>=</mo>
<mn>0</mn>
</mrow>
4/mfenced>
</mrow>
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Content MathML

<apply><exists/>

<bvar><ci>x</ci></bvar>

<domainofapplication>
<integers/>

</domainofapplication>

<apply><eq/>

<apply><ci>f</ci><ci>x</ci></apply>
\(.,Il/‘U\/lbll/

</apply>

</apply>

Stfict MathML equivalent:

<Bind><csymbol cd="quantl">exists</csymbol>
<bvar><ci>x</ci></bvar>
<apply><csymbol cd="logicl">and</csymbol>
<apply><csymbol cd="setl1">in</csymbol>
<ci>x</ci>
<csymbol cd="setnamel">Z</csymbol>
</apply>
<apply><csymbol cd="relationl">eq</csymbol>
<apply><ci>f</ci><ci>x</ci></apply>
<cn>0</cn>
</apply>
</apply>
</bind>
Sqmple Presentation

<grow>

dmo>&#x2203; </mo>
dmi>x</mi>

qmo> . </mo>

dmfenced separatorss"'>
<mrow><mi>x</mi>¥mo>&#x2208;</mo><mi mathvariant="double-struck">Z</mi><fmrowp
<mo>&#x2227 ; </mo>

<mrow>

<mrow><mi>f</mi><mo>&#x2061 ;</mo><mfenced><mi>x</mi></mfenced></mrow>
<mo>=</mo>

<mn>0</mn>

<mrow>

</mfenced>

</mrow>

I(xeZAf(x)=0)

4.4.2.20 Absolute Value <abs/>

Class unary-arith
Attributes CommonAtt, DefEncAtt
Content Empty

OM Symbols abs
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The abs element represents the absolute value function. The argument should be numerically valued.
When the argument is a complex number, the absolute value is often referred to as the modulus.

Content MathML
<apply><abs/><ci>x</ci></apply>
Sample Presentation

<mrow><mo> | </mo><mi>x</mi><mo> | </mo></mrow>
Lol

1

4.4{2.21 Complex conjugate <conjugate/>

Class unary-arith
Attfibutes CommonAtt, DefEncAtt
Content Empty

OM Symbols conjugate

Thg conjugate element represents the function defined over the complex numbers with returns|the
complex conjugate of its argument.

Content MathML

<dpply><conjugate/>

<apply><plus/>
<ci>x</ci>
<apply><times/><cn>&#x2148;</cnx<¢i>y</ci></apply>

</apply>

</apply>

Sqmple Presentation

<nglover>

4qmrow>

<mi>x</mi>

<mo>+</mo>
<mrow><mn>&#x2148 ; </mn><mo>&#x2062; </mo><mi>y</mi></mrow>
4/mrow>

dmo>&#xafy</mo>

</mover>

X+1iy

4.4.2.22 Argument <arg/>

Class unary-arith
Attributes CommonAtt, DefEncAtt
Content Empty

OM Symbols argument

The arg element represents the unary function which returns the angular argument of a complex num-
ber, namely the angle which a straight line drawn from the number to zero makes with the real line
(measured anti-clockwise).
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Content MathML
<apply><arg/>
<apply><plus/>
<ci> x </ci>
<apply><times/><imaginaryi/><ci>y</ci></apply>
</apply>
</apply>

S mple Fresentation

<grow>
dqmi>arg</mi>
qmo>&#x2061 ; </mo>
4dmfenced>

<mrow>
<mi>x</mi>
<mo>+</mo>
<mrow><mi>i</mi><mo>&#x2062;</mo><mi>y</mi></mrow>
</mrow>
4/mfenced>
</mrow>

arg (x+iy)

4.412.23 Real part <real/>

Clakss unary-arith
Attfibutes CommonAtt, DefEncAtt
Content Empty

OM Symbols real

Thg¢ real element represents the unhary operator used to construct an expression representing the "r¢al"”
parf of a complex number, that is, the x component in x + iy.
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Content MathML

<apply><real/>
<apply><plus/>
<ci>x</ci>
<apply><times/><imaginaryi/><ci>y</ci></apply>
</apply>
</apply>
Sample Presentation

<grow>
qmo>&#x211b; </mo>

qmo>&#x2061 ; </mo>

dmfenced>

<mrow>

<mi>x</mi>

<mo>+</mo>
<mrow><mi>i</mi><mo>&#x2062;</mo><mi>y</mi></mrow>
</mrow>

4/mfenced>

</mrow>

R(x+iy)

4.4{2.24 Imaginary part <imaginary/>

Class unary-arith
Attfibutes CommonAtt, DefEncAtt
Content Empty

OM Symbols imaginary

The¢ imaginary element represents the unary operator used to construct an expression representing|the
"imjaginary" part of a complex(number, that is, the y component in x + iy.
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Content MathML
<apply><imaginary/>
<apply><plus/>
<ci>x</ci>
<apply><times/><imaginaryi/><ci>y</ci></apply>
</apply>
</apply>

Sample Presentation

<grow>
qmo>&#x2111;</mo>
qmo>&#x2061 ; </mo>

dmfenced>

<mrow>

<mi>x</mi>

<mo>+</mo>
<mrow><mi>i</mi><mo>&#x2062;</mo><mi>y</mi></mrow>
</mrow>

4/mfenced>

</mrow>

J(x+iy)

4.4{2.25 Lowest common multiple <lcm/>

Clags nary-arith
Attfibutes CommonAtt, DefEncAtt
Content Empty

Qualifiers BvarQ,DomainQ
OM Symbols Icm

The¢ lcm element represents thie -ary operator used to construct an expression which represents|the
leagt common multiple of its arguments. If no argument is provided, the lcm is 1. If one argumert is
propyided, the lem is thatargument. The least common multiple of x and 1 is x.

Content MathME
<gpply><lcm/><ci>a</ci><ci>b</ci><ci>c</ci></apply>

Sdmplé¢ Presentation

<nrow>

<mi>lcm</mi>

<mo>&#x2061 ;</mo>
<mfenced><mi>a</mi><mi>b</mi><mi>c</mi></mfenced>
</mrow>

lem (a,b,¢)

This default rendering is English-language locale specific: other locales may have different default
renderings.
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4.4.2.26 Floor <floor/>

Class unary-arith
Attributes CommonAtt, DefEncAtt
Content Empty

OM Symbols floor

The floor element represents the operation that rounds down (towards negative infinity) to the nearest
integer. This function takes one real number as an argument and returns an integer.

Content MathML

<gpply><floor/><ci>a</ci></apply>

Sqmple Presentation

<grow><mo>&#x230a; </mo><mi>a</mi><mo>&#x230b;</mo></mrow>

la]

4.4{2.27 Ceiling <ceiling/>

Class unary-arith
Attfibutes CommonAtt, DefEncAtt
Content Empty

OM Symbols ceiling

Th¢ ceiling element represents the operation that rounds up (towards positive infinity) to the neafest
intgger. This function takes one real number as anargument and returns an integer.

Content MathML

<gdpply><ceiling/><ci>a</ci><fapply>

Sdmple Presentation

<grow><mo>&#x2308 ; </mo><mi>a</mi><mo>&#x2309 ; </mo></mrow>

[a]

4.43 Relations
4.4{3.1  Equals <eq/>

Clags nary-reln
Attfibutes CommonAtt, DefEncAtt
Content Empty

Qualifiers BvarQ,DomainQ
OM Symbols eq

The eq elements represents the equality relation. While equality is a binary relation, eq may be used
with more than two arguments, denoting a chain of equalities, as described in Section 4.3.4.3.
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Content MathML
<apply><eq/>

<cn type="rational">2<sep/>4</cn>

<cn type="rational">1<sep/>2</cn>
</apply>
Sample Presentation
<mrow>
dmrow><mn>2</mn><mo>/</mo><mn>4</mn></mrow>
qmo>=</mo>
qmrow><mn>1</mn><mo>/</mo><mn>2</mn></mrow>
</mrow>

2/4=1/2

4.4)3.2  Not Equals <neq/>

Class binary-reln
Attfibutes CommonAtt, DefEncAtt
Conmtent Empty

OM Symbols neq

Thg neq element represents the binary inequality relatiomy.i.e. the relation "not equal to" which retyrns
tru¢ unless the two arguments are equal.

Content MathML
<gpply><neq/><cn>3</cn><cn>4</cn></apply>
Sdmple Presentation

<grow><mn>3</mn><mo>&#x2260 ; </mo><mn>4</mn></mrow>

344

4.4|13.3  Greater than' <gt/>

Class nary-reln
Attfibutes CommonAtt, DefEncAtt
Content, Empty

Qualifiers BvarQ,DomainQ
Ohl s)’ lllb\}}b st

The gt element represents the "greater than" function which returns true if the first argument is greater
than the second, and returns false otherwise. While this is a binary relation, gt may be used with more
than two arguments, denoting a chain of inequalities, as described in Section 4.3.4.3.
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Content MathML

<apply><gt/><cn>3</cn><cn>2</cn></apply>

Sample Presentation

<mrow><mn>3</mn><mo>&gt ; </mo><mn>2</mn></mrow>
3>2

4.4.3.4  Less Than <1t/>

Class nary-reln
Attfibutes CommonAtt, DefEncAtt
Content Empty

Qualifiers BvarQ,DomainQ
OM Symbols 1t

Thg 1t element represents the "less than" function which returns true if the fifstyargument is less than
thelsecond, and returns false otherwise. While this is a binary relation, 1t may/be used with more than
twq arguments, denoting a chain of inequalities, as described in Section@.3:4.3.

Content MathML

<gpply><1lt/><cn>2</cn><cn>3</cn><cn>4</cn>< /apply>

Sqmple Presentation

<grow><mn>2</mn><mo>&1lt ; </mo><mn>3</mn><mo>&1t ; </mo><mn>4</mn></mrow>

2<3<4

4.4)13.5  Greater Than or Equal <geq/>

Clakss nary-reln
Attfibutes CommonAtt, DefEncAtt
Content Empty

Qualifiers BvarQ,DentainQ
OM Symbols geq

Thg geq element.represents the "greater than or equal to" function which returns true if the first ajgu-
ment is greater’than or equal to the second, and returns false otherwise. While this is a binary relatipn,
geq may be\used with more than two arguments, denoting a chain of inequalities, as describeq in
Sedtion 4.3:4.3.
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Content MathML
<apply><geq/><cn>4</cn><cn>3</cn><cn>3</cn></apply>
Strict Content MathML
<apply><csymbol cd="fns2">predicate_on_list</csymbol>
<csymbol cd="relnl">geq</csymbol>
<apply><csymbol cd="list1">list</csymbol>
<cn>4</cn><cn>3</cn><cn>3</cn>
</apply>
</apply>
Sdmple Presentation

<grow><mn>4</mn><mo>&#x2265 ; </mo><mn>3</mn><mo>&#x2265 ; </mo><mn>3< /mn></mr¢w>

4>32>3

4.4)13.6  Less Than or Equal <leq/>

Class nary-reln
Attfibutes CommonAtt, DefEncAtt
Content Empty

Qualifiers BvarQ,DomainQ
OM Symbols leq

Thq 1eq element represents the "less than or equal to? function which returns true if the first argunjent
is l¢ss than or equal to the second, and returns false otherwise. While this is a binary relation, leq thay
be yised with more than two arguments, denotinga‘chain of inequalities, as described in Section 4.3.44.3.

Content MathML
<gpply><leq/><cn>3</cn><cn>3<7/cn><cn>4</cn></apply>
Sqmple Presentation

<grow><mn>3</mn><mo>&#x2264 ; </mo><mn>3</mn><mo>&#x2264 ; </mo><mn>4</mn></mrpw>
3<3<4

4.4)3.7  Equiyalent <equivalent/>

Clakss binary-logical
Attfibutes CommonAtt, DefEncAtt
Content Empty

OM Symbols equivalent

The equivalent element represents the relation that asserts two Boolean expressions are logically
equivalent, that is have the same Boolean value for any inputs.
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Content MathML
<apply><equivalent/>
<ci>a</ci>
<apply><not/><apply><not/><ci>a</ci></apply></apply>
</apply>
Sample Presentation

<mrow>
<mi>a</mi>
dmo>&#x2261 ;</mo>
dmrow><mo>&#xac ; </mo><mrow><mo>&#xac ; </mo><mi>a</mi></mrow></mrow>

</mrow>

a=—-a

4.4{3.8  Approximately <approx/>

Clags binary-reln
Attfibutes CommonAtt, DefEncAtt
Content Empty

OM Symbols approx

The¢ approx element represent the relation that asserts the approximate equality of its arguments.

Content MathML

<gpply><approx/>

<pi/>

<cn type="rational">22<sep/>7</cn>
</apply>

Sdmple Presentation

<grow>

qmi>&#x3c0;</mi>

4qmo>&#x2243 ;</mo>
dmrow><mn>22</mn><mo>/</mo><mn>7</mn></mrow>
</mrow>

=X22/7

4.4{3:9v" Factor Of <factorof/>

Class binary-reln
Attributes CommonAtt, DefEncAtt
Content Empty

OM Symbols factorof

The factorof element is used to indicate the mathematical relationship that the first argument "is a
factor of" the second. This relationship is true if and only if » mod a = 0.
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Content MathML
<apply><factorof/><ci>a</ci><ci>b</ci></apply>
Sample Presentation
<mrow><mi>a</mi><mo> | </mo><mi>b</mi></mrow>

alb

4.4{4 Calculus and Vector Calculus
4.4|4.1 Integral <int/>

Claks int
Attfibutes CommonAtt, DefEncAtt
Content Empty

Qualifiers BvarQ,DomainQ
OM Symbols int defint

The int element is the operator element for a definite or indefinite intégral over a function or a defihite
over an expression with a bound variable.

Content MathML

<gdpply><eq/>
<apply><int/><sin/></apply>
<cos/>

</apply>

Sqmple Presentation

<grow><mrow><mi>&#x222b;</mi®»<mi>sin</mi></mrow><mo>=</mo><mi>cos</mi></mr¢w>
/ sin = cos

Content MathML

<dpply><int/>
<interval»<ci>a</ci><ci>b</ci></interval>
<cos/>

</apply=

Sqmple Presentation

<mrow>
<msubsup><mi>&#x222b;</mi><mi>a</mi><mi>b</mi></msubsup><mi>cos</mi>
</mrow>

b
/ Cos
a

The int element can also be used with bound variables serving as the integration variables.
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Content MathML

Here, definite integrals are indicated by providing qualifier elements specifying a domain of integration
(here a lowlimit/uplimit pair). This is perhaps the most "standard" representation of this integral:
<apply><int/>
<bvar><ci>x</ci></bvar>
<lowlimit><cn>0</cn></lowlimit>
<uplimit><cn>1</cn></uplimit>
<apply><power/><ci>x</ci><cn>2</cn></apply>
</apply>
Sdmple Presentation

<mrow>

qmsubsup><mi>&#x222b; </mi><mn>0</mn><mn>1</mn></msubsup>
qmsup><mi>x</mi><mn>2</mn></msup>

qmi>d</mi>

dmi>x</mi>

</mrow>
1
/ 2dx
0

Mapping to Strict Markup

As pn indefinite integral applied to a function, the intielement corresponds to the int symbol from|the
cal¢ulus! content dictionary. As a definite integral-applied to a function, the int element corresponds
to the defint symbol from the calculus1 contentdictionary.

WHen no bound variables are present, the translation of an indefinite integral to Strict Content Markup
is sfraight forward. When bound variables are present, the following rule should be used.
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Rewrite: int

Translate an indefinite integral, where exzpresston-in—-z is an arbitrary expression involving the
bound variable(s) =z
<apply><int/>
<bvar> z </bvar>
eTpression—1in-c
</apply>
to the expression
<gpply>
<apply><csymbol cd="calculusl">int</csymbol>
<bind><csymbol cd="fns1">lambda</csymbol>
<bvar> z </bvar>
erpression-in-=c
</bind>
</apply>
T
</apply>
Note that as x is not bound in the original indefinite integral, thecdntegrated function is applied tp the
variable x making it an explicit free variable in Strict Content Markup expression, even though| it is
bdund in the subterm used as an argument to int.

Fqr instance, the expression
<gpply><int/>
<bvar><ci>x</ci></bvar>
<apply><cos/><ci>x</ci></apply>
</apply>
has the Strict Content MathML equivalent
<gpply>
<apply><csymbol cd='"c¢alculusl">int</csymbol>
<bind><csymbol _&d="fns1">lambda</csymbol>
<bvar><ci>¥<fci></bvar>
<apply><cog/><ci>x</ci></apply>
</bind>
</apply>
<ci>x<Aei>
</apply>

For a definite integral without bound variables, the translation 1s also straightforward.
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For instance, the integral of a differential form f over an arbitrary domain C represented as
<apply><int/>
<domainofapplication><ci>C</ci></domainofapplication>
<ci>f</ci>
</apply>
is equivalent to the Strict Content MathML:
<apply><csymbol cd="calculusl">defint</csymbol><ci>C</ci><ci>f</ci></apply>

N te, hr\\xmvpr’ the additional remarks on the translations of other kinds of nlnqliﬁprq that mav be used

to|specify a domain of integration in the rules for definite integrals following.

When bound variables are present, the situation is more complicated in general, and the following rjiles
arefused.

Rpwrite: defint

Tianslate a definite integral, where expresston—-in-z is an arbitrasj.€xpression involving the
bdund variable(s) z

<gpply><int/>

<bvar> z </bvar>

<domainofapplication> D </domainofapplicatien®
erpression—in-c

</apply>

to|the expression

<gdpply><csymbol cd="calculusl">defints/csymbol>
D

<bind><csymbol cd="fns1">lambda</csymbol>
<bvar> z </bvar>

erpression—in-c

</bind>

</apply>

Bu{ the definite integral With an lowlimit/uplimit pair carries the strong intuition that the rang¢ of
intggration is oriented,/and thus swapping lower and upper limits will change the sign of the result| To
accpmmodate thiss.iise the following special translation rule:
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Rewrite: defint limits
<apply><int/>
<bvar> z </bvar>
<lowlimit> a </lowlimit>
<uplimit> b </uplimit>
erpression—in-=T
</apply>

where exzpression-in-z is an expression in the variable x is translated to to the expression:

<gppiy><csymborcd=ttatcutust*>defimt</Tsymbot>
<apply><csymbol cd="intervall">oriented_interval</csymbol>
a b
</apply>
<bind><csymbol cd="fns1">lambda</csymbol>
<bvar> z </bvar>
erpression-in-c
</bind>
apply>
e oriented_interval symbol is also used when translating the intetval qualifier, when it is usgd to
cify the domain of integration. Integration is assumed to procged from the left endpoint to the fright
point.

o2 = A

=

e case for multiple integrands is treated analogously.
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Note that use of the condition qualifier also requires special treatment. In particular, it extends to
multivariate domains by using extra bound variables and a domain corresponding to a cartesian product
as in:
<bind><int/>
<bvar><ci>x</ci></bvar>
<bvar><ci>y</ci></bvar>
<condition>
<apply><and/>
<FppiyC<teg/s<TrrO</TC T IR/ T/ appiy>
<apply><leq/><ci>x</ci><cn>1</cn></apply>
<apply><leq/><cn>0</cn><ci>y</ci></apply>
<apply><leq/><ci>y</ci><cn>1</cn></apply>
</apply>
</condition>
<apply><times/>
<apply><power/><ci>x</ci><cn>2</cn></apply>
<apply><power/><ci>y</ci><cn>3</cn></apply>
</apply>
</Abind>

Strict Content MathML equivalent

<gdpply><csymbol cd="calculusl">defint</csymhol>
dapply><csymbol cd="setl">suchthat</csymbol>
<apply><csymbol cd="setl">cartesianproduct</csymbol>
<csymbol cd="setnamel">R</csymbol>
<csymbol cd="setnamel">R</csymbol>
</apply>
<apply><csymbol cd="logicl">and</csymbol>
<apply><csymbol cd="arithi'>leq</csymbol><cn>0</cn><ci>x</ci></apply>
<apply><csymbol cd="arithl">leq</csymbol><ci>x</ci><cn>1</cn></apply>
<apply><csymbol cd={aprithl">leq</csymbol><cn>0</cn><ci>y</ci></apply>
<apply><csymbol cd='"arithl">leq</csymbol><ci>y</ci><cn>1</cn></apply>
</apply>
<bind><csymbo# ‘cd="fns11">lambda</csymbol>
<bvar><ci>x</ci></bvar>
<bvar><gd>y</ci></bvar>
<apply><csymbol cd="arithl">times</csymbol>
<apply><csymbol cd="arithl">power</csymbol><ci>x</ci><cn>2</cn></apply’
<apply><csymbol cd="arithl">power</csymbol><ci>y</ci><cn>3</cn></apply’
(/ap?TyS
</bind>
</apply>
</apply>

4.4.4.2  Diftferentiation <diff/>

Class Differential-Operator
Attributes CommonAtt, DefEncAtt
Content Empty

OM Symbols  diff
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The diff element is the differentiation operator element for functions or expressions of a single vari-
able. It may be applied directly to an actual function thereby denoting a function which is the derivative
of the original function, or it can be applied to an expression involving a single variable.

Content MathML
<apply><diff/><ci>f</ci></apply>
Sample Presentation

<msup><mi>f</mi><mo>&#x2032:</mo></msup>
/

f

Content MathML

<gpply><eq/>

<apply><diff/>
<bvar><ci>x</ci></bvar>
<apply><sin/><ci>x</ci></apply>

</apply>

<apply><cos/><ci>x</ci></apply>

</apply>

Sdmple Presentation

<grow>
dmfrac>
<mrow><mi>d</mi><mrow><mi>sin</mi><mé>&#x2061 ;</mo><mi>x</mi></mrow></mr¢w>
<mrow><mi>d</mi><mi>x</mi></mrow>

4/mfrac>

dmo>=</mo>

qmrow><mi>cos</mi><mo>&#x2061; </mo><mi>x</mi></mrow>
<Amrow>

dsinx

dx

= COSX

Thg bvar element may\also contain a degree element, which specifies the order of the derivative t¢ be
taken.
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Content MathML

<apply><diff/>
<bvar><ci>x</ci><degree><cn>2</cn></degree></bvar>
<apply><power/><ci>x</ci><cn>4</cn></apply>

</apply>

Sample Presentation

<mfrac>

<mrow>
<msup><mi>d</mi><mn>2</mn></msup>
<msup><mi>x</mi><mn>4</mn></msup>
4/mrow>
qmrow><mi>d</mi><msup><mi>x</mi><mn>2</mn></msup></mrow>

</mfrac>

Mapping to Strict Markup

is

w

Forl the translation to strict Markup it is crucial to realize that in the expresSion case, the variabl
actyially not bound by the differentiation operator.
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Rewrite: diff

Translate an expression
<apply><diff/>
<bvar> z </bvar>
erpression-in-c
</apply>
where ezpresstion—-tin—z is an expression in the variable x to the expression
<apply>
<apply><csymbol cd="calculusl">diff</csymbol>
<bind><csymbol cd="fnsl1">lambda</csymbol>
<bvar> z </bvar>
E
</bind>
</apply>
T
</apply>
Note that the differentiated function is applied to the variable x making its status as a free varjable
expplicit in strict markup. Thus the strict equivalent of
<gpply><diff/>
<bvar><ci>x</ci></bvar>
<apply><sin/><ci>x</ci></apply>
</apply>
is
<gpply>
<apply><csymbol cd="calculusl1">diff</csymbol>
<bind><csymbol cd="fnsl1">lambda</csymbol>
<bvar><ci>x</ci></bvar>
<apply><csymbol cd=!transcl">sin</csymbol><ci>x</ci></apply>
</bind>
</apply>
<ci>x</ci>
</apply>

If the bvar element contains a degree element, use the nthdiff symbol.
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Rewrite: nthdiff
<apply><diff/>
<bvar> z <degree> n </degree></bvar>
erpression—in-c
</apply>
where expression—in-z is an is an expression in the variable x is translated to to the expression:
<apply>
<apply><csymbol cd="calculusl1">nthdiff</csymbol>
U]
<bind><csymbol cd="fnsl">lambda</csymbol>
<bvar> z </bvar>
erpression—1in-c
</bind>
</apply>
T
</apply>

Far example

<gdpply><diff/>
<bvar><degree><cn>2</cn></degree><ci>x</ci></bvar>
<apply><sin/><ci>x</ci></apply>

</apply>
Strict Content MathML equivalent
<gpply>
<apply><csymbol cd="calculusl'">athdiff</csymbol>
<cn>2</cn>

<bind><csymbol cd="fns1">lambda</csymbol>
<bvar><ci>x</ci></byar>
<apply><csymbol ed="transcl">sin</csymbol><ci>x</ci></apply>
</bind>
</apply>
<ci>x</ci>
</apply>

4.4{4.3 _<Partial Differentiation <partialdiff/>

Class partialdiff
All i‘Uule CUllllllUllAlL, DCfEAlLAll
Content Empty

OM Symbols partialdiff partialdiffdegree

The partialdiff element is the partial differentiation operator element for functions or expressions
in several variables.

For the case of partial differentiation of a function, the containing partialdiff takes two arguments:
firstly a list of indices indicating by position which function arguments are involved in constructing the
partial derivatives, and secondly the actual function to be partially differentiated. The indices may be
repeated.

© ISO/IEC 2016 — All rights reserved


https://iecnorm.com/api/?name=b1f67f221c3e9728efa6b4f62cc7373f

ISO/IEC 40314:2016(E)

4.4. Content MathML for Specific Operators and Constants 215

Content MathML

<apply><partialdiff/>
<list><cn>1</cn><cn>1</cn><cn>3</cn></1list>
<ci type="function">f</ci>

</apply>

Sample Presentation

<mrow>

4msub>

<mi>D</mi>

<mrow><mn>1</mn><mo>,</mo><mn>1</mn><mo>, </mo><mn>3</mn></mrow>
4/msub>

dmi>f</mi>

</mrow>

Di13f

Content MathML

<gpply><partialdiff/>

<list><cn>1</cn><cn>1</cn><cn>3</cn></1list>

<lambda>
<bvar><ci>x</ci></bvar>
<bvar><ci>y</ci></bvar>
<bvar><ci>z</ci></bvar>
<apply><ci>f</ci><ci>x</ci><ci>y</¢i><ci>z</ci></apply>

</lambda>

</apply>

Sqmple Presentation

<ngfrac>

dmrow>

<msup><mo>&#x2202 j</mo><mn>3</mn></msup>
<mrow>

<mi>f</mi><mod&#x2061 ;</mo><mfenced><mi>x</mi><mi>y</mi><mi>z</mi></mfepced>
4/mrow>

4/mrow>

4mrow>
<mrow><mo>&#x2202 ; </mo><msup><mi>x</mi><mn>2</mn></msup></mrow>
<mréw><mo>&#x2202 ; </mo><mi>z</mi></mrow>

</mrow>

</mfrac>

3 f(x,y,2)
0x29z7

In the case of algebraic expressions, the bound variables are given by bvar elements, which are children
of the containing apply element. The bvar elements may also contain degree element, which specify
the order of the partial derivative to be taken in that variable.
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Content MathML

<apply><partialdiff/>

<bvar><ci>x</ci></bvar>

<bvar><ci>y</ci></bvar>

<apply><ci type="function">f</ci><ci>x</ci><ci>y</ci></apply>
</apply>
Sample Presentation

<mfrac>

4mrow>
<msup><mo>&#x2202 ; </mo><mn>2</mn></msup>
<mrow>

<mi>f</mi>

<mo>&#x2061 ; </mo>
<mfenced><mi>x</mi><mi>y</mi></mfenced>
</mrow>

4/mrow>

4mrow>
<mrow><mo>&#x2202 ; </mo><mi>x</mi></mrow>
<mrow><mo>&#x2202;</mo><mi>y</mi></mrow>
4/mrow>

</Amfrac>

9 f (x,y)
0xdy

Where a total degree of differentiation must be'specified, this is indicated by use of a degree elenjent
at the top level, i.e. without any associated;bvar, as a child of the containing apply element.

© ISO/IEC 2016 — All rights reserved


https://iecnorm.com/api/?name=b1f67f221c3e9728efa6b4f62cc7373f

ISO/IEC 40314:2016(E)

4.4. Content MathML for Specific Operators and Constants 217

Content MathML

<apply><partialdiff/>
<bvar><ci>x</ci><degree><ci>m</ci></degree></bvar>
<bvar><ci>y</ci><degree><ci>n</ci></degree></bvar>
<degree><ci>k</ci></degree>
<apply><ci type="function">f</ci>

<ci>x</ci>

<ci>y</ci>
<7app1y>
</apply>
Sdmple Presentation

<gfrac>

dmrow>

<msup><mo>&#x2202 ; </mo><mi>k</mi></msup>

<mrow>

<mi>f</mi><mo>&#x2061; </mo><mfenced><mi>x</mi><mi>y</mi></mfenced>
</mrow>

4/mrow>

dmrow>
<mrow><mo>&#x2202 ; </mo><msup><mi>x</mi><mi>n</mi></msup></mrow>
<mrow><mo>&#x2202; </mo><msup><mi>y</mi><miSn</mi></msup></mrow>
4/mrow>

</mfrac>

9" f (x,y)
axmayn

Mapping to Strict Markup

When applied to a function, the paxtialdiff element corresponds to the partialdiff symbol from|the
cal¢ulus! content dictionary. No.special rules are necessary as the two arguments of partialdjff
trarjslate directly to the two arguments of partialdiff.
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Rewrite: partialdiffdegree

If partialdiff is used with an expression and bvar qualifiers it is rewritten to Strict Content MathML
using the partialdiffdegree symbol.

<apply><partialdiff/>
<bvar> 1 <degree> nl </degree></bvar>
<bvar> zk <degree> nk </degree></bvar>
<degree> total-nl-nk </degree>
expression—-in—zl-zk
<fappiy”>
gzpression—in—zl-xk is an arbitrary expression involving the bound variables
<gpply>
<apply><csymbol cd="calculusl">partialdiffdegree</csymbol>
<apply><csymbol cd="list1">list</csymbol>
nil nk
</apply>
total-nl-nk
<bind><csymbol cd="fnsl1">lambda</csymbol>
<bvar> zl1 </bvar>
<bvar> zk </bvar>
expression—-in—zl-zk
</bind>
</apply>
zl
zk
</apply>
Iffany of the bound variables do not use :a‘degree qualifier, <cn>1</cn> should be used in plage of
the degree. If the original expression did Tiot use the total degree qualifier then the second argumgnt to
partialdiffdegree should be the sum, of-the degrees, for example

<gdpply><csymbol cd="arithl!>plus</csymbol>
nl nk

</apply>
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With this rule, the expression

<apply><partialdiff/>

<bvar><ci>x</ci><degree><ci>n</ci></degree></bvar>
<bvar><ci>y</ci><degree><ci>m</ci></degree></bvar>
<apply><sin/>

<apply><times/><ci>x</ci><ci>y</ci></apply>
</apply>

</apply>

1S

<g

translated 1into

pply>

<apply><csymbol cd="list1">list</csymbol>
<ci>n</ci><ci>m</ci>
</apply>
<apply><csymbol cd="arithl">plus</csymbol>
<ci>n</ci><ci>m</ci>
</apply>
<bind><csymbol cd="fnsl1">lambda</csymbol>
<bvar><ci>x</ci></bvar>
<bvar><ci>y</ci></bvar>
<apply><csymbol cd="transcl">sin</csymbol>
<apply><csymbol cd="arithl">times</csymbol>
<ci>x</ci><ci>y</ci>
</apply>
</apply>
</bind>
<ci>x</ci>
<ci>y</ci>
</apply>
apply>

<apply><csymbol cd="calculusl">partialdiffdegree</csymbol>

4.4

Cla
Att

4.4  Divergence <divergence/>

SS unary-veccalc
Fibutes CommonAtt, DefEncAtt

Content Empty

OM

Symbols divergence

Thd

divergence element is the vector calculus divergence operator, often called div. It represents|the

divergence function which takes one argument which should be a vector of scalar-valued functions,
intended to represent a vector-valued function, and returns the scalar-valued function giving the diver-
gence of the argument.
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Content MathML

<apply><divergence/><ci>a</ci></apply>

Sample Presentation

<mrow><mi>div</mi><mo>&#x2061 ;</mo><mfenced><mi>a</mi></mfenced></mrow>

div (a)

Content MathML
<gpply><divergence/>

<ci type="vector">E</ci>
</apply>

Sdmple Presentation

<grow><mi>div</mi><mo>&#x2061 ;</mo><mfenced><mi>E</mi></mfenced></mrow>
div (E)

<grow><mo>&#x2207 ; </mo><mo>&#x22c5 ; </mo><mi>E</mi></mrew>

V-E

Thq functions defining the coordinates may be defined implicitly as‘expressions defined in terms of|the
cogrdinate names, in which case the coordinate names mustbeyprovided as bound variables.
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Content MathML

<apply><divergence/>

<bvar><ci>x</ci></bvar>

<bvar><ci>y</ci></bvar>

<bvar><ci>z</ci></bvar>

<vector>
<apply><plus/><ci>x</ci><ci>y</ci></apply>
<apply><plus/><ci>x</ci><ci>z</ci></apply>
<FppIyC<prus/o<Tisz/TISRT Iy /TI></appiy>

</vector>

</apply>

Sqmple Presentation

<grow>
qmi>div</mi>
qmo>&#x2061 ; </mo>
qmo> (</mo>
qmtable>
<mtr><mtd>

<mi>x</mi>

<mo>&#x21a6;</mo>
<mrow><mi>x</mi><mo>+</mo><mi>y</mi></mroWw>
</mtd></mtr>

<mtr><mtd>

<mi>y</mi>

<mo>&#x21a6;</mo>
<mrow><mi>x</mi><mo>+</mo><mi>z</mi></mrow>
</mtd></mtr>

<mtr><mtd>

<mi>z</mi>

<mo>&#x21a6;</mo>
<mrow><mi>z</mi><mo>+</mo><mi>y</mi></mrow>
</mtd></mtr>
4/mtable>
qmo>) </mo>
</mrow>

X—=>x+y
div y—=x+z
Z=zt+y

4.4.4.5  Gradient <grad/>

Class unary-veccalc
Attributes CommonAtt, DefEncAtt
Content Empty

OM Symbols grad

The grad element is the vector calculus gradient operator, often called grad. It is used to represent the
grad function, which takes one argument which should be a scalar-valued function and returns a vector
of functions.
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Content MathML
<apply><grad/><ci type="function">f</ci></apply>
Sample Presentation

<mrow><mi>grad</mi><mo>&#x2061;</mo><mfenced><mi>f</mi></mfenced></mrow>

grad (f)

<mrow><mo>&#x2207 ; </mo><mo>&#x2061 ; </mo><mfenced><mi>f</mi></mfenced></mrow>

V(f)

Thq functions defining the coordinates may be defined implicitly as expressions defined in térms of|the
cogrdinate names, in which case the coordinate names must be provided as bound variables.

Content MathML

<gpply><grad/>

<bvar><ci>x</ci></bvar>

<bvar><ci>y</ci></bvar>

<bvar><ci>z</ci></bvar>
<apply><times/><ci>x</ci><ci>y</ci><ci>z</ci></apply>
</apply>

Sdmple Presentation

<nrow>

qmi>grad</mi>

qmo>&#x2061 ; </mo>

qmrow>

<mo>(</mo>
<mfenced><mi>x</mi><mi>y</mi><mi>z</mi></mfenced>
<mo>&#x21a6;</mo>

<mrow>

<mi>x</mi><mo>&#x2062; </mo><mi>y</mi><mo>&#x2062;</mo><mi>z</mi>
</mrow>

<mo>)</mo>

4/mrow>

</mrow>

grad ((x,y,z) — xyz)

4.4.4.6 Curl <curl/>

Class unary-veccalc
Attributes CommonAtt, DefEncAtt
Content Empty

OM Symbols curl

The curl element is used to represent the curl function of vector calculus. It takes one argument which
should be a vector of scalar-valued functions, intended to represent a vector-valued function, and returns
a vector of functions.
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Content MathML
<apply><curl/><ci>a</ci></apply>
Sample Presentation

<mrow><mi>curl</mi><mo>&#x2061 ;</mo><mfenced><mi>a</mi></mfenced></mrow>
curl (a)

<mrow><mo>&#x2207 ; </mo><mo>&#xd7 ; </mo><mi>a</mi></mrow>

V xa

Thg functions defining the coordinates may be defined implicitly as expressions defined in terms of|the
cogrdinate names, in which case the coordinate names must be provided as bound variables:

4.414.7  Laplacian <laplacian/>

Class unary-veccalc
Attfibutes CommonAtt, DefEncAtt
Content Empty

OM Symbols Laplacian

Th¢ laplacian element represents the Laplacian operator of Yector calculus. The Laplacian tak¢s a
single argument which is a vector of scalar-valued function§representing a vector-valued function, pnd
retyrns a vector of functions.

Content MathML

<dpply><laplacian/><ci type="vector">E</ci></apply>
Sdmple Presentation

<grow>

qmsup><mo>&#x2207 ; </mo><mn>2</mn></msup>
qmo>&#x2061 ; </mo>

qmfenced><mi>E</mi></mfenced>

</mrow>

v*(E)

Thg function$ defining the coordinates may be defined implicitly as expressions defined in terms of|the
cogrdinatesnames, in which case the coordinate names must be provided as bound variables.
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Content MathML

<apply><laplacian/>
<bvar><ci>x</ci></bvar>
<bvar><ci>y</ci></bvar>
<bvar><ci>z</ci></bvar>
<apply><ci>f</ci><ci>x</ci><ci>y</ci></apply>
</apply>

Sample Presentation

<grow>
qmsup><mo>&#x2207 ; </mo><mn>2</mn></msup>
4qmo>&#x2061 ; </mo>
4qmrow>

<mo> (</mo>
<mfenced><mi>x</mi><mi>y</mi><mi>z</mi></mfenced>
<mo>&#x21a6;</mo>

<mrow>

<mi>f</mi>

<mo>&#x2061 ;</mo>
<mfenced><mi>x</mi><mi>y</mi></mfenced>
</mrow>
<mo>) </mo>
4/mrow>
</mrow>

V2 ((x,7,2) — f(x,))

4.415 Theory of Sets
4.4{5.1  Set <set>

Class nary-getlist-constructor
Attfibutes CommonAtt, DefEncAtt, type?
type Attribute Values _*set" | "multiset" | text
Content ContExp*

Qualifiers BvarQ,DomainQ

OM Symbols set, multiset

Thg set represents a function which constructs mathematical sets from its arguments. It is an njary
funftion, The members of the set to be constructed may be given explicitly as child elements of|the
constrdetor, or specified by rule as described in Section 4.3.1.1. There is no implied ordering to|the
elements of a set.
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Content MathML

<set>
<ci>a</ci><ci>b</ci><ci>c</ci>

</set>

Sample Presentation

<mrow>
<mo>{</mo><mi>a</mi><mo>,</mo><mi>b</mi><mo>,</mo><mi>c</mi><mo>}</mo>
</mrow>

{a,b,c}

In general, a set can be constructed by providing a function and a domain of application., Fhe‘elem¢nts
of the set correspond to the values obtained by evaluating the function at the points of the’domain.

Content MathML

<det>

<bvar><ci>x</ci></bvar>

<condition>
<apply><1t/><ci>x</ci><cn>5</cn></apply>

</condition>

<ci>x</ci>

</set>

Sdmple Presentation

<grow>

4mo>{</mo>

4mi>x</mi>

dmo> | </mo>

dmrow><mi>x</mi><mo>&1t ; </mo><mn>5</mn></mrow>

qmo>}</mo>

</mrow>

{x]x <5}

© ISO/IEC 2016 — All rights reserved


https://iecnorm.com/api/?name=b1f67f221c3e9728efa6b4f62cc7373f

ISO/IEC 40314:2016(E)

226 Chapter 4. Content Markup

Content MathML

<set>
<bvar><ci type="set">S</ci></bvar>
<condition>
<apply><in/><ci>S</ci><ci type="list">T</ci></apply>
</condition>
<ci>8</ci>
</set>

Sqmple Presentation

<grow>

dmo>{</mo>

dmi>S</mi>

dmo> | </mo>
dmrow><mi>S</mi><mo>&#x2208;</mo><mi>T</mi></mrow>
4qmo>}</mo>

</mrow>

{S|SeT}

Content MathML

<det>
<bvar><ci> x </ci></bvar>
<condition>
<apply><and/>
<apply><1t/><ci>x</ci><cn>5</en></apply>
<apply><in/><ci>x</ci><naturalnumbers/></apply>
</apply>
</condition>
<ci>x</ci>
</set>

Sqmple Presentation

<grow>

qmo>{</mo>

dmi>x</mi>

qmo> | </mo>

4mrow>

<prow><mo> (</mo><mi>x</mi><mo>&1lt ; </mo><mn>5</mn><mo>) </mo></mrow>
<moS>&#x2227 ; </mo>

<mrow>
<mi>x</mi><mo>&#x2208;</mo><mi mathvariant="double-struck">N</mi>
</mrow>

</mrow>

<mo>1}</mo>

</mrow>

{x] (x <5) Ax e N}
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4.4.5.2  List<list>

Class nary-setlist-constructor
Attributes CommonAtt, DefEncAtt, order
order Attribute Values "numeric" | "lexicographic”
Content ContExp*

Qualifiers BvarQ,DomainQ

OM Symbols interval_cc, list

The 1ist elements represents the n-ary function which constructs a list from its arguments. Lists differ
fropsetsir-that-therets-an-exphcitordertotheelemests—mr—0M9

Thq list entries and order may be given explicitly.

Content MathML

<list>
<ci>a</ci><ci>b</ci><ci>c</ci>
<Alist>

Sqmple Presentation

<mrow>
4mo> (</mo><mi>a</mi><mo>,</mo><mi>b</mi><mo>,</mo><mi>c</mi><mo>)</mo>

</mrow>

(a,b,c)

In general a list can be constructed by providing a function and a domain of application. The elem¢nts
of the list correspond to the values obtained by<gvaluating the function at the points of the domhin.
When this method is used, the ordering of thetlist elements may not be clear, so the kind of ordefing
may be specified by the order attribute. Two orders are supported: lexicographic and numeric.

Content MathML

<list order="numeric">

<bvar><ci>x</ci><fbvar>

<condition>
<apply><1t/><ci>x</ci><cn>5</cn></apply>

</condition>

<Alist>

Sdmple Presentation

<nrew>

HMO>-C<7/1HC

<mi>x</mi>
<mo> | </mo>
<mrow><mi>x</mi><mo>&1t ;</mo><mn>5</mn></mrow>
<mo>)</mo>
</mrow>

(x]x <5)
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4.4.5.3  Union <union/>

Class nary-set
Attributes CommonAtt, DefEncAtt
Content Empty

Qualifiers BvarQ,DomainQ
OM Symbols union

The union element is used to denote the n-ary union of sets. It takes sets as arguments, and denotes the
set that contains all the elements that occur in any of them.

Arguments may be explicitly specified.

Content MathML
<dpply><union/><ci>A</ci><ci>B</ci></apply>

Sqmple Presentation
<grow><mi>A</mi><mo>&#x222a;</mo><mi>B</mi></mrow>
AUB

Arguments may also be specified using qualifier elements as deseribed in Section 4.3.4.1. operfitor
element can be used as a binding operator to construct the union over a collection of sets.

Content MathML
<gpply><union/>
<bvar><ci type="set">S</ci></bvar>
<domainofapplication>
<ci type="list">L</ci>
</domainofapplication>
<ci type="set"> S</ci>
</apply>
Sqmple Presentation

<grow><munder><mo>&#x22c3; </mo><mi>L</mi></munder><mi>S</mi></mrow>

s

4.415.4 ~Intersect <intersect/>

Class nary-set
Attributes CommonATt, DeIENCATT
Content Empty

Qualifiers BvarQ,DomainQ
OM Symbols intersect

The intersect element is used to denote the n-ary intersection of sets. It takes sets as arguments,
and denotes the set that contains all the elements that occur in all of them. Its arguments may be
explicitly specified in the enclosing apply element, or specified using qualifier elements as described
in Section 4.3.4.1.
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Content MathML

<apply><intersect/>
<ci type="set"> A </ci>
<ci type="set"> B </ci>
</apply>
Sample Presentation
<mrow><mi>A</mi><mo>&#x2229;</mo><mi>B</mi></mrow>

ANB

Content MathML

<gpply><intersect/>

<bvar><ci type="set">S</ci></bvar>

<domainofapplication><ci type="1list">L</ci></domainofappligation>
<ci type="set"> S </ci>

</apply>

Sqmple Presentation
<grow><munder><mo>&#x22c2;</mo><mi>L</mi></munder><mi>S</mi></mrow>

NS

4.4{5.5  Set inclusion <in/>

Clakss binary-set
Attfibutes CommonAtt, DefEncAtt
Content Empty

OM Symbols in

The¢ in element represents the(set inclusion relation. It has two arguments, an element and a set. [t is
usefl to denote that the element is in the given set.

Content MathMIs
<gpply><infd<ci>a</ci><ci type="set">A</ci></apply>
Sdmple Presentation

<grow><mi>a</mi><mo>&#x2208;</mo><mi>A</mi></mrow>

ac A

When translating to Strict Content Markup, if the type has value "multiset", then the in symbol
from multiset] should be used instead.

4.4.5.6  Set exclusion <notin/>

Class binary-set
Attributes CommonAtt, DefEncAtt
Content Empty

OM Symbols notin
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The notin represents the negated set inclusion relation. It has two arguments, an element and a set. It
is used to denote that the element is not in the given set.

Content MathML
<apply><notin/><ci>a</ci><ci type="set">A</ci></apply>
Sample Presentation

<mrow><mi>a</mi><mo>&#x2209;</mo><mi>A</mi></mrow>

A
7Y

When translating to Strict Content Markup, if the type has value "multiset", then the_ insynjbol
frofn multiset] should be used instead.

4.415.7  Subset <subset/>

Class nary-set-reln
Attfibutes CommonAtt, DefEncAtt
Content Empty

OM Symbols subset

Thq subset element represents the subset relation. It is used todenote that the first argument is a subset
of the second. As described in Section 4.3.4.3, it may also b€ used as an n-ary operator to express fhat
each argument is a subset of its predecessor.

Content MathML

<gdpply><subset/>

<ci type="set">A</ci>

<ci type="set">B</ci>

</apply>

Sqmple Presentation

<grow><mi>A</mi><mo>&#x2286 ;</mo><mi>B</mi></mrow>

ACB

4.4)5.8  Proper-Subset <prsubset/>

Clags nary-set-reln
Attfibutes CommonAtt, DefEncAtt
Content Empty

OM Symbols prsubset

The prsubset element represents the proper subset relation, i.e. that the first argument is a proper
subset of the second. As described in Section 4.3.4.3, it may also be used as an n-ary operator to
express that each argument is a proper subset of its predecessor.
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Content MathML
<apply><prsubset/>
<ci type="set">A</ci>
<ci type="set">B</ci>
</apply>
Sample Presentation

<mrow><mi>A</mi><mo>&#x2282;</mo><mi>B</mi></mrow>

A B

4.4{5.9

Claks
Attfibutes
Content

OM
Thd

Symbols

Not Subset <notsubset/>

binary-set

CommonAtt, DefEncAtt
Empty

notsubset

meft is not a subset of the second.

notsubset element represents the negated subset relation. It is uséd 16 denote that the first ajgu-

Content MathML
<gpply><notsubset/>

<ci type="set">A</ci>
<ci type="set">B</ci>
</apply>
Sdmple Presentation
<grow><mi>A</mi><mo>&#x2288;</mo><mi>B</mi></mrow>

AZB

When translating to Strict Content Markup, if the type has value "multiset", then the in synjbol
from multiset] should be used instead.

4.4{5.10 Not Proper-Subset <notprsubset/>

Clakss binary-set

Attfibutes CommonAtt, DefEncAtt
Content Empty

OM Symibols notprsubset

The notprsubset element represents the negated proper subset relation. It is used to denote that the

first argument is not a proper subset of the second.
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Content MathML
<apply><notprsubset/>
<ci type="set">A</ci>
<ci type="set">B</ci>
</apply>
Sample Presentation
<mrow><mi>A</mi><mo>&#x2284 ;</mo><mi>B</mi></mrow>
A rrz B

When translating to Strict Content Markup, if the type has value "multiset", then the insynjbol
frofn multisetl should be used instead.

4.4)5.11 Set Difference <setdiff/>

Claks binary-set
Attfibutes CommonAtt, DefEncAtt
Content Empty

OM Symbols setdiff, setdiff

Thq setdiff element represents set difference operator. It takes'two sets as arguments, and dendtes
the|set that contains all the elements that occur in the first set; but not in the second.

Content MathML

<dpply><setdiff/>

<ci type="set">A</ci>

<ci type="set">B</ci>

</apply>

Sdmple Presentation

<grow><mi>A</mi><mo>&#x2216 ; </mo><mi>B</mi></mrow>

A\B

When translating to(Strict Content Markup, if the type has value "multiset", then the in synjbol
frofn multiset] should be used instead.

4.4(5.12 «Cardinality <card/>

Class unary-set
Att ;but\ao C\JllllllUllAtt’ D\/fElJ\/Att
Content Empty

OM Symbols size, size

The card element represents the cardinality function, which takes a set argument and returns its car-
dinality, i.e. the number of elements in the set. The cardinality of a set is a non-negative integer, or an
infinite cardinal number.
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Content MathML

<apply><eq/>
<apply><card/><ci>A</ci></apply>
<cn>b</cn>

</apply>

Sample Presentation

<mrow>

<mrow><mo> | </mo><mi>A</mi><mo> | </mo></mrow>

dmo>=</mo>

dmn>5</mn>

</mrow>

Al =5

When translating to Strict Content Markup, if the type has value "multiset", then the size synjbol
frofn multiset] should be used instead.

4.4)5.13 Cartesian product <cartesianproduct/>

Class nary-set
Attfibutes CommonAtt, DefEncAtt
Content Empty

Qualifiers BvarQ,DomainQ
OM Symbols cartesian_product

Thq cartesianproduct element is used to represents the Cartesian product operator. It takes pets
as qrguments, which may be explicitly specified in the enclosing apply element, or specified uding
qudlifier elements as described in Section 4:374.1.

Content MathML
<dpply><cartesianproduct/><ci>A</ci><ci>B</ci></apply>
Sqmple Presentation

<grow><mi>A</miZ<mo>&#xd7 ; </mo><mi>B</mi></mrow>

AXB

4.4}6 Sequences and Series

4.4|6:\  Sum <sum/>

Class sum
Attributes CommonAtt, DefEncAtt
Content Empty

Qualifiers BvarQ,DomainQ
OM Symbols sum

The sum element represents the n-ary addition operator. The terms of the sum are normally specified by
rule through the use of qualifiers. While it can be used with an explicit list of arguments, this is strongly
discouraged, and the plus operator should be used instead in such situations.
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The sum operator may be used either with or without explicit bound variables. When a bound variable
is used, the sum element is followed by one or more bvar elements giving the index variables, followed
by qualifiers giving the domain for the index variables. The final child in the enclosing apply is then an
expression in the bound variables, and the terms of the sum are obtained by evaluating this expression at
each point of the domain of the index variables. Depending on the structure of the domain, the domain
of summation is often given by using uplimit and lowlimit to specify upper and lower limits for the
sum.

When no bound variables are explicitly given, the final child of the enclosing apply element must be a
function, and the terms of the sum are obtained by evaluating the function at each point of the domain
spefified by qualifiers.

Content MathML

<dpply><sum/>

<bvar><ci>x</ci></bvar>
<lowlimit><ci>a</ci></lowlimit>
<uplimit><ci>b</ci></uplimit>
<apply><ci>f</ci><ci>x</ci></apply>
</apply>

Sdmple Presentation

<grow>

4munderover>

<mo>&#x2211;</mo>

<mrow><mi>x</mi><mo>=</mo><mi>a</mi></mrow>

<mi>b</mi>

4/munderover>
dmrow><mi>f</mi><mo>&#x2061 ; </mo><mfenced><mi>x</mi></mfenced></mrow>
</mrow>
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Content MathML
<apply><sum/>

<bvar><ci>x</ci></bvar>

<condition>

<apply><in/><ci>x</ci><ci type="set">B</ci></apply>

</condition>

<apply><ci type="function">f</ci><ci>x</ci></apply>
</apply>

Sqmple Presentation

<grow>

4munder>

<mo>&#x2211;</mo>

<mrow><mi>x</mi><mo>&#x2208;</mo><mi>B</mi></mrow>

4/munder>

dmrow><mi>f</mi><mo>&#x2061 ;</mo><mfenced><mi>x</mi></mfenced></mrow>

Y ()

xeB

Content MathML

<gpply><sum/>
<domainofapplication>

<ci type="set">B</ci>
</domainofapplication>
<ci type="function">f</ci>
</apply>
Sdmple Presentation

<grow><munder><mo>&#x2211;</mo><mi>B</mi></munder><mi>f</mi></mrow>

§f

Mapping to Strict Content MathML

When no explicit\bound variables are used, no special rules are required to rewrite sums as Sfrict
Conmtent beyond' the generic rules for rewriting expressions using qualifiers. However, when bofind
varlables-ate*used, it is necessary to introduce a lambda construction to rewrite the expression in|the
boynd variables as a function.
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Content MathML

<apply><sum/>
<bvar><ci>i</ci></bvar>
<lowlimit><cn>0</cn></lowlimit>
<uplimit><cn>100</cn></uplimit>
<apply><power/><ci>x</ci><ci>i</ci></apply>

</apply>

Strict Content MathML equivalent

<gdpply><csymbol cd="arithl">sum</csymbol>
<apply><csymbol cd="intervall">integer_interval</csymbol>
<cn>0</cn>
<cn>100</cn>
</apply>
<bind><csymbol cd="fns1">lambda</csymbol>
<bvar><ci>i</ci></bvar>
<apply><csymbol cd="arithl">power</csymbol><ci>x</ci>ei>i</ci></apply}
</bind>

</apply>

4.46.2  Product <product/>

Clags product
Attfibutes CommonAtt, DefEncAtt
Conmtent Empty

Qualifiers BvarQ,DomainQ
OM Symbols product

Thg¢ product element represents the n=dry multiplication operator. The terms of the product are norrpal-
ly specified by rule through the use of-qualifiers. While it can be used with an explicit list of argumepts,
thig is strongly discouraged, and'the¢ times operator should be used instead in such situations.

Thg¢ product operator may.be-used either with or without explicit bound variables. When a bound vari-
abl¢ is used, the produgt,element is followed by one or more bvar elements giving the index variables,
followed by qualifierS giving the domain for the index variables. The final child in the enclosing apply
is then an expression in the bound variables, and the terms of the product are obtained by evaluafing
thid expressiorfat-€¢ach point of the domain. Depending on the structure of the domain, it is commqnly
given usingsuplimit and lowlimit qualifiers.

Whenmo-bound variables are explicitly given, the final child of the enclosing apply element mus} be

a fynetion. and the terms of the product are obtained by evaluating the function at each point offthe
domain specified by qualifiers.
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Content MathML
<apply><product/>

<bvar><ci>x</ci></bvar>

<lowlimit><ci>a</ci></lowlimit>

<uplimit><ci>b</ci></uplimit>

<apply><ci type="function">f</ci>
<ci>x</ci>

</apply>

appiy”
mple Presentation
row>

munderover>
<mo>&#x220f ; </mo>

<mrow><mi>x</mi><mo>=</mo><mi>a</mi></mrow>

<mi>b</mi>
/munderover>

mrow><mi>f</mi><mo>&#x2061 ;</mo><mfenced><mi>x</mi><Y/mfenced></mrow>

mrow>

C
<g

S

<n

ntent MathML

pply><product/>
<bvar><ci>x</ci></bvar>
<condition>
<apply><in/>
<ci>x</ci>
<ci type="set">B</oiY
</apply>
</condition>
<apply><ci>f</¢i»<ci>x</ci></apply>
apply>
mple Presentation

row>
mundexr>

<mo>&#x220f ; </mo>

<mrow><mi>y < /miS<moSUHe2208 < /ma><mi>SBL /miSs< /myrgyS
7 7

</munder>
<mrow><mi>f</mi><mo>&#x2061 ;</mo><mfenced><mi>x</mi></mfenced></mrow>
</mrow>

[17)

XEB

Mapping to Strict Content MathML

When no explicit bound variables are used, no special rules are required to rewrite products as Strict
Content beyond the generic rules for rewriting expressions using qualifiers. However, when bound
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variables are used, it is necessary to introduce a lambda construction to rewrite the expression in the
bound variables as a function.

Content MathML

<apply><product/>

<bvar><ci>i</ci></bvar>
<lowlimit><cn>0</cn></lowlimit>
<uplimit><cn>100</cn></uplimit>
<apply><power/><ci>x</ci><ci>1il/ci></apply>
</apply>

Strict Content MathML equivalent

<dpply><csymbol cd="arithl">product</csymbol>
<apply><csymbol cd="intervall">integer_interval</csymbol>
<cn>0</cn>
<cn>100</cn>
</apply>
<bind><csymbol cd="fns1">lambda</csymbol>
<bvar><ci>i</ci></bvar>
<apply><csymbol cd="arithl">power</csymbol><cidx</ci><ci>i</ci></apply’
</bind>

</apply>

4.4]6.3 Limits <limit/>

Claks limit

Attfibutes CommonAtt, DefEncAtt
Content Empty

Qualifiers lowlimit, condition

OM Symbols limit, both_sides;.above, below, null

Thq 1imit element represents the operation of taking a limit of a sequence. The limit point is expregsed
by $pecifying a lowlimit.dnd a bvar, or by specifying a condition on one or more bound variabjles.
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Content MathML

<apply><limit/>
<bvar><ci>x</ci></bvar>
<lowlimit><cn>0</cn></lowlimit>
<apply><sin/><ci>x</ci></apply>

</apply>

Sample Presentation

<mrow>

4munder>

<mi>1lim</mi>
<mrow><mi>x</mi><mo>&#x2192;</mo><mn>0</mn></mrow>
4/munder>
dmrow><mi>sin</mi><mo>&#x2061 ; </mo><mi>x</mi></mrow>
</mrow>

lim sinx
x—0

Content MathML

<gpply><limit/>

<bvar><ci>x</ci></bvar>

<condition>
<apply><tendsto/><ci>x</ci><cn>0</cn><fapply>

</condition>

<apply><sin/><ci>x</ci></apply>

</apply>

Sdmple Presentation

<grow>

4munder>

<mi>1lim</mi>
<mrow><mi>x</mi><mo>&#x2192;</mo><mn>0</mn></mrow>
4/munder>
dnrow><mi>sin</mi><mo>&#x2061 ; </mo><mi>x</mi></mrow>
</mrow>

limGinx
x—0
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Content MathML
<apply><limit/>
<bvar><ci>x</ci></bvar>
<condition>
<apply><tendsto type="above"/><ci>x</ci><ci>a</ci></apply>
</condition>
<apply><sin/><ci>x</ci></apply>
</apply>

Sqmple Presentation

<grow>
4munder>
<mi>1lim</mi>
<mrow><mi>x</mi><mo>&#x2192;</mo><msup><mi>a</mi><mo>+</mo></msup></mrow}
4/munder>

dmrow><mi>sin</mi><mo>&#x2061 ;</mo><mi>x</mi></mrow>
</mrow>

lim sinx
x—a+t

Thg direction from which a limiting value is approached is giveiras an argument limit in Strict Conjent
MathML, which supplies the direction specifier symbols bty sides, above, and below for this purpfse.
Thg first correspond to the values "all", "above", and."bélow" of the type attribute of the tendgto
element below. The null symbol corresponds to the casewhere no type attribute is present. We transfate

Rewrite: limits condition
<dpply><limit/>
<bvar> z </bvar>
<condition>

<apply><tendsto/> z .<En>0</cn></apply>
</condition>
erpression-in-c
</apply>
Strict Content MathML equivalent
<gpply><csymbol cd="limit1">1limit</csymbol>
<cn>0</en>
<csymbol cd="1limitl">null</csymbol>
<bind><csymbol cd="fns1">lambda</csymbol>
Lbvar> z </bvar>

erpression-—1in-c

</bind>

</apply>

where expression-in-z isan arbitrary expression involving the bound variable(s), and the choice
of symbol, null depends on the type attribute of the tendsto element as described above.
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4.4.6.4  Tends To <tendsto/>

Class binary-reln

Attributes CommonAtt, DefEncAtt, type?
type Attribute Values string

Content Empty

OM Symbols limit

The tendsto element is used to express the relation that a quantity is tending to a specified value.
While this is used primarily as part of the statement of a mathematical limit, it exists as a construct on

't s 11 £ s +l r 1 ctot P L £ da t A ¢ :
its pwh-to-aHow-one-to—eaptire-mathemateat-statements—stehas—Astends—to——and—te-provide a

bui|ding block to construct more general kinds of limits.

Thg tendsto element takes the attributes type to set the direction from which the limiting-valuf is
approached.

Content MathML

<dpply><tendsto type="above"/>

<apply><power/><ci>x</ci><cn>2</cn></apply>
<apply><power/><ci>a</ci><cn>2</cn></apply>

</apply>

Sdmple Presentation

<grow>

qmsup><mi>x</mi><mn>2</mn></msup>

dmo>&#x2192;</mo>
qmsup><msup><mi>a</mi><mn>2</mn></mgup><mo>+</mo></msup>
<Amrow>

+
2 a?
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Content MathML

<apply><tendsto/>
<vector><ci>x</ci><ci>y</ci></vector>
<vector>
<apply><ci type="function">f</ci><ci>x</ci><ci>y</ci></apply>
<apply><ci type="function">g</ci><ci>x</ci><ci>y</ci></apply>
</vector>
</apply>

Sqmple Presentation

<nfenced><mtable>

<mtr><mtd><mi>x</mi></mtd></mtr>

<mtr><mtd><mi>y</mi></mtd></mtr>

</mtable></mfenced>

<no>&#x2192;</mo>

<gfenced><mtable>

<mtr><mtd>
<mi>f</mi><mo>&#x2061; </mo><mfenced><mi>x</mi><mi>y</mi></mfenced>

</mtd></mtr>

<mtr><mtd>
<mi>g</mi><mo>&#x2061 ; </mo><mfenced><mi>x</mi><mi>y</mi></mfenced>

</mtd></mtr>

</mtable></mfenced>

()~ (46

Mapping to Strict Content MathML

Thg usage of tendsto to qualify a limif is formally defined by writing the expression in Strict Confent
MafhML via the rule Rewrite: limits.condition. The meanings of other more idiomatic uses of tendgto
are|not formally defined by this-specification. When rewriting these cases to Strict Content MathML,

terldsto should be rewritten to-an annotated identifier as shown below.

Rewrite: tendsto

<flendsto/>

Strict ContentdVfathML equivalent:

<demanti-cs>

4ci>tendsto</ci>

dJannotation-xml encoding="MathML-Content">
<tendsto/>
</annotation-xml>

</semantics>
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4.4.7 Elementary classical functions

4.4.7.1  Common trigonometric functions <sin/>, <cos/>, <tan/>, <sec/>, <csc/>, <cot/>

Class unary-elementary
Attributes CommonAtt, DefEncAtt
Content Empty

OM Symbols sin

These operator elements denote the standard trigonometric functions. Since their standard interpreta-
tions are widely known, they are discussed as a group.

Content MathML

<gpply><sin/><ci>x</ci></apply>

Sqmple Presentation

<grow><mi>sin</mi><mo>&#x2061 ; </mo><mi>x</mi></mrow>

sinx

Content MathML

<gpply><sin/>

<apply><plus/>
<apply><cos/><ci>x</ci></apply>
<apply><power/><ci>x</ci><cn>3</cn></apply>

</apply>

</apply>

Sqmple Presentation

<grow>

dmi>sin</mi>

dmo>&#x2061 ; </mo>

4mrow>

<mo> (</mo>
<mrow><mi>cos</mi><mo>&#x2061 ; </mo><mi>x</mi></mrow>
<mo>+</mo>
<msup><mi>x«/mi><mn>3</mn></msup>
<mo>) </me>

4/mrow>

</mrow>

sin (cosx + x3)

4.4.7.2  Common inverses of trigonometric functions <arcsin/>, <arccos/>, <arctan/>,
<arcsec/>, <arccsc/>, <arccot/>

Class unary-elementary
Attributes CommonAtt, DefEncAtt
Content Empty

OM Symbols arcsin
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These operator elements denote the inverses of standard trigonometric functions. Differing definitions
are in use so for maximum interoperability applications evaluating such expressions should follow the
definitions in [Abramowitz1977].

Content MathML
<apply><arcsin/><ci>x</ci></apply>
Sample Presentations

<mrow>

qmi>arcsin</mi>
dmo>&#x2061 ; </mo>
qmi>x</mi>
</mrow>

arcsinx

<njrow>
qmsup><mi>sin</mi><mrow><mo>-</mo><mn>1</mn></mrow></msup>
4qmo>&#x2061 ; </mo>

dmi>x</mi>

</mrow>

sin"!x

4.4)7.3  Common hyperbolic functions <sinh/>, <¢esh/>, <tanh/>, <sech/>, <csch/>,

<coth/>
Class unary-elementary
Attfibutes CommonAtt, DefEncAtt
Content Empty

OM Symbols sinh

Thgse operator elements denote the-standard hyperbolic functions. Since their standard interpretatijons
are|widely known, they are diseussed as a group.

Content MathML
<gpply><sinh¥#><ci>x</ci></apply>

Sdmple Preséntation

<grow><mi>sinh</mi><mo>&#x2061 ;</mo><mi>x</mi></mrow>

4.4.7.4  Common inverses of hyperbolic functions <arcsinh/>, <arccosh/>, <arctanh/>,
<arcsech/>, <arccsch/>, <arccoth/>

Class unary-elementary
Attributes CommonAtt, DefEncAtt
Content Empty

OM Symbols arcsinh

These operator elements denote the inverses of standard hyperbolic functions. Differing definitions
are in use so for maximum interoperability applications evaluating such expressions should follow the
definitions in [Abramowitz1977].
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Content MathML
<apply><arcsinh/><ci>x</ci></apply>
Sample Presentations
<mrow>

<mi>arcsinh</mi>

<mo>&#x2061 ;</mo>

<mi>x</mi>
</mrow>

<njrow>
qmsup><mi>sinh</mi><mrow><mo>-</mo><mn>1</mn></mrow></msup>
4qmo>&#x2061 ; </mo>

dmi>x</mi>

</mrow>

4.4(7.5  Exponential <exp/>

Class unary-arith
Attfibutes CommonAtt, DefEncAtt
Content Empty

OM Symbols exp

Thg¢ exp element represents the exponentiation functienjassociated with the inverse of the In functjon.
It tgkes one argument.

Content MathML
<gpply><exp/><ci>x</ci></apply>
Sqmple Presentation

<gsup><mi>e</mi><mi>x</mi></msup>

e

4.47.6  Natural Logarithm <1n/>

Class unary-functional
Attfibutes CommonAtt, DefEncAtt
Content Empty

OM _ Symbols __In

The 1n element represents the natural logarithm function.

Content MathML

<apply><ln/><ci>a</ci></apply>

Sample Presentation

<mrow><mi>1n</mi><mo>&#x2061 ;</mo><mi>a</mi></mrow>

Ina
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4.4.7.7  Logarithm <log/>, <logbase>

Class unary-functional
Attributes CommonAtt, DefEncAtt
Content Empty

Qualifiers logbase
OM Symbols log

The 1og elements represents the logarithm function relative to a given base. When present, the logbase
qualifier specifies the base. Otherwise, the base is assumed to be 10. apply.

Content MathML

<dpply><log/>
<logbase><cn>3</cn></logbase>
<ci>x</ci>

</apply>

Sdmple Presentation
<grow><msub><mi>log</mi><mn>3</mn></msub><mo>&#x2061 ;</mo><mi>x</mi></mrow]

logz x

Content MathML

<gpply><log/><ci>x</ci></apply>

Sqmple Presentation

<grow><mi>log</mi><mo>&#x2061 ; </mo><mi>x</mi></mrow>

logx

Mapping to Strict Content MathML

When mapping log to Strict Cenfent, one uses the log symbol denoting the function that returns|the
log|of its second argument with fespect to the base specified by the first argument. When logbasg is
prepent, it determines the base. Otherwise, the default base of 10 must be explicitly provided in Sfrict
mafkup. See the following-example.
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<apply><plus/>

<apply>
<log/>
<logbase><cn>2</cn></logbase>
<ci>x</ci>

</apply>

<apply>
<log/>
<ci>y</ci>

St

</apply>
apply>
rict Content MathML equivalent:
pply>
<csymbol cd="arithl">plus</csymbol>
<apply>
<csymbol cd="transcl">log</csymbol>
<cn>2</cn>
<ci>x</ci>
</apply>
<apply>
<csymbol cd="transcl">log</csymbol>
<cn>10</cn>
<ci>y</ci>
</apply>
apply>

4.4

4.4

Cla
Att

8 Statistics

8.1 Mean <mean/>

S nary-stats
Fibutes CommonAtt; DefEncAtt

Content Empty

Qu
OM

Thd
var

hlifiers BvarQ,DomainQ
Symbols mean; mean

able.

mean elemieiit represents the function returning arithmetic mean or average of a data set or random
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Content MathML

<apply><mean/>
<cn>3</cn><cn>4</cn><cn>3</cn><cn>7</cn><cn>4</cn>

</apply>

Sample Presentation

<mrow>

<mo>&#x27E8; </mo>

<mn>3</mn><mo>, </mo><mn>4</mn><mo>, </mo><mn>3</mn>
dmo>, </mo><mn>7</mn><mo>, </mo><mn>4</mn>
qmo>&#x27E9; </mo>
</mrow>

(3,4,3,7,4)

Content MathML

<gpply><mean/><ci>X</ci></apply>

Sdmple Presentation

<grow><mo>&#x27E8 ; </mo><mi>X</mi><mo>&#x27E9 ; </mo></mrow>
(X)

<gover><mi>X</mi><mo>&#xaf ; </mo></mover>

X

Mapping to Strict Markup

When the mean element is applied to an explicit list of arguments, the translation to Strict Confent
matkup is direct, using the mean symbol ftom the s_datal content dictionary, as described in Rewfite:
element. When it is applied to a distribution, then the mean symbol from the s_dist] content dictiorfary
should be used. In the case with qualifiers use Rewrite: n-ary domainofapplication with the same cavgat.

4.4)8.2  Standard Deviation*<sdev/>

Clakss nary-stats
Attfibutes CommonAtt, DefEncAtt
Content Empty

Qualifiers BvarQ,DomainQ
OM Symbols sdev, sdev

Th¢ sdév element is used to denote the standard deviation function for a data set or random variaple.

1 11 S . e 1 ol . . 1 1 el .
Sta 1At UTvVIaUUIT IS a4 StatlsStutdl TITASUTT UT UISPTITSTUIT SIVUEIT U Y UIT S(HUdIT TOUU UL UIC ValldallCe,
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Content MathML
<apply><sdev/>
<cn>3</cn><cn>4</cn><cn>2</cn><cn>2</cn>

</apply>
Sample Presentation
<mrow>

<mo>&#x3c3; </mo>

<mo>&#x2061 ; </mo>
dmfenced><mn>3</mn><mn>4</mn><mn>2</mn><mn>2</mn></mfenced>
</mrow>

6(3,4,2,2)

Content MathML

<dpply><sdev/>
<ci type="discrete_random_variable">X</ci>
</apply>

Sqmple Presentation
<grow><mo>&#x3c3; </mo><mo>&#x2061 ; </mo><mfenced><mi>X</mi></mfenced></mrow

o(X)

Mapping to Strict Markup

When the sdev element is applied to an explicit list of arguments, the translation to Strict Conjent
mafkup is direct, using the sdev symbol from the s_datal content dictionary, as described in Rewtite:
element. When it is applied to a distribution;‘then the sdev symbol from the s_dist] content dictiorfary
should be used. In the case with qualifiers,use Rewrite: n-ary domainofapplication with the same cavgat.

4.418.3  Variance <variance/3

Class nary-stats
Attfibutes CommenAtt, DefEncAtt
Content Empty

Qualifiers BvarQ,DomainQ
OM Symbols_< rariance, variance

Thq variance element represents the variance of a data set or random variable. Variance is a statistjcal
megsureof dispersion, averaging the squares of the deviations of possible values from their mean.
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Content MathML

<apply><variance/>
<cn>3</cn><cn>4</cn><cn>2</cn><cn>2</cn>

</apply>

Sample Presentation

<mrow>

<msup>

<mo>&#x3c3;</mo>

<mn>2</mn>

4/msup>

4qmo>&#x2061 ; </mo>
dmfenced><mn>3</mn><mn>4</mn><mn>2</mn><mn>2</mn></mfenced>
</mrow>

6% (3,4,2,2)

Content MathML

<gpply><variance/>
<ci type="discrete_random_variable"> X</ci>
</apply>

Sdmple Presentation

<grow>

qmsup><mo>&#x3c3; </mo><mn>2</mn></msup>
dmo>&#x2061 ; </mo>
dmnfenced><mi>X</mi></mfenced>

</mrow>

o (X)

Mapping to Strict Markup

When the variance element s applied to an explicit list of arguments, the translation to Strict Jon-
teny markup is direct, using the variance symbol from the s_datal content dictionary, as describedl in
Reyrite: element. When'it is applied to a distribution, then the variance symbol from the s_distl confent
dicfionary should.be used. In the case with qualifiers use Rewrite: n-ary domainofapplication withthe
sanje caveat.

4.4|8.4,~~Median <median/>

Class AT y-Stats
Attributes CommonAtt, DefEncAtt
Content Empty

Qualifiers BvarQ, DomainQ
OM Symbols median

The median element represents an operator returning the median of its arguments. The median is a
number separating the lower half of the sample values from the upper half.
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Content MathML

<apply><median/>

<cn>3</cn><cn>4</cn><cn>2</cn><cn>2</cn>

</apply>
Sample Presentation

<mrow>
<mi>median</mi>
<mo>&#x2061 ;</mo>

4
<

mfenced><mn>3</mn><mn>4</mn><mn>2</mn><mn>2</mn></mfenced>
mrow>

median (3,4,2,2)

4.4

Cla|
Att

Content Empty

Qu
OM

Thd
wit]

pping to Strict Markup

en the median element is applied to an explicit list of arguments, the tranglation to Strict Con

8.5 Mode <mode/>

kS nary-stats
Fibutes CommonAtt, DefEncAtt

lifiers BvarQ, DomainQ
Symbols mode

mode element is used to denote the made*of its arguments. The mode is the value which ocq
h the greatest frequency.

kup is direct, using the median symbol from the s_datal content dictionaty,.as described in Rewfi
element.

ent

urs

C

ntent MathML

pply><mode/>
<cn>3</cn><cn>4<%en><cn>2</cn><cn>2</cn>
apply>

mple Presentation

row>

mi>mode</mi>

mo>&#x2061 ;</mo>

mferced><mn>3</mn><mn>4</mn><mn>2</mn><mn>2</mn></mfenced>

<

mrow>

mode (3,4,2,2)

Mapping to Strict Markup

When the mode element is applied to an explicit list of arguments, the translation to Strict Content
markup is direct, using the mode symbol from the s_datal content dictionary, as described in Rewrite:
element.

© ISO/IEC 2016 — All rights reserved


https://iecnorm.com/api/?name=b1f67f221c3e9728efa6b4f62cc7373f

ISO/IEC 40314:2016(E)

252 Chapter 4. Content Markup

4.4.8.6  Moment <moment/>, <momentabout>

Class unary-functional
Attributes CommonAtt, DefEncAtt
Content Empty

Qualifiers degree, momentabout

OM Symbols moment, moment

The moment element is used to denote the ith moment of a set of data set or random variable. The
moment function accepts the degree and momentabout qualifiers. If present, the degree schema
denotes—the—order—o O Otherwise—themomentts—asstmed—to—be—the—firstorde oment.

When used with moment, the degree sche

assfimed to be the moment about zero.

Content MathML

<gpply><moment/>

<degree><cn>3</cn></degree>
<momentabout><mean/></momentabout>
<cn>6</cn><cn>4</cn><cn>2</cn><cn>2</cn><cn>5</ch>
</apply>

Sdmple Presentation

<ngsub>

4mrow>
<mo>&#x27E8; </mo>
<msup>
<mfenced><mn>6</mn><mn>4</mn><mn>2</mn><mn>2</mn><mn>5</mn></mfenced>
<mn>3</mn>
</msup>
<mo>&#x27E9 ; </mo>
4/mrow>
qdmi>mean</mi>
</msub>

((6,4,22,5)%)

mean
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Content MathML

<apply><moment/>
<degree><cn>3</cn></degree>
<momentabout><ci>p</ci></momentabout>
<ci>X</ci>

</apply>

Sample Presentation

<msub>

4mrow>

<mo>&#x27E8; </mo><msup><mi>X</mi><mn>3</mn></msup><mo>&#x27E9; </mo>

4/mrow>

qmi>p</mi>
</msub>

(x?),

Mapping to Strict Markup

When rewriting to Strict Markup, the moment symbol from the s_(datal content dictionary is used yhen
the moment element is applied to an explicit list of arguments. When it is applied to a distribution,|then
thg moment symbol from the s_distl content dictionary shéuld be used. Both operators take the d¢gree
as|the first argument, the point as the second, followed:by the data set or random variable respectipely.
<gpply><moment/>

<degree><cn>3</cn></degree>
<momentabout><ci>p</ci></momentabout>
<ci>X</ci>

</apply>

Strict Content MathML equivalent

<dpply><csymbol cd="s_dist1l">moment</csymbol>
<cn>3</cn>

<ci>p</ci>

<ci>X</ci>

</apply>

4.419 Einear Algebra

4.4|9.9 Vector <vector>

Class nary-constructor
Attributes CommonAtt, DefEncAtt
Qualifiers BvarQ, DomainQ
Content ContExp*

OM Symbol vector

A vector is an ordered n-tuple of values representing an element of an n-dimensional vector space.

For purposes of interaction with matrices and matrix multiplication, vectors are regarded as equivalent
to a matrix consisting of a single column, and the transpose of a vector as a matrix consisting of a single
rOW.
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The components of a vector may be given explicitly as child elements, or specified by rule as described
in Section 4.3.1.1.

Content MathML

<vector>
<apply><plus/><ci>x</ci><ci>y</ci></apply>
<cn>3</cn>
<cn>7</cn>

<Avector>

Sqmple Presentation

<grow>
dmo> (</mo>
dmtable>
<mtr><mtd><mrow><mi>x</mi><mo>+</mo><mi>y</mi></mrow></mtd></mtr>
<mtr><mtd><mn>3</mn></mtd></mtr>
<mtr><mtd><mn>7</mn></mtd></mtr>
4/mtable>
qmo>) </mo>
<Amrow>
x+y

3

7

<gfenced>
<mrow><mi>x</mi><mo>+</mo><mi>y</mi></mrow>
<mn>3</mn>

<mn>7</mn>

</mfenced>

(x+,3,7)

4.4]9.2  Matrix <matrix>

Class nary-coustructor
Attfibutes CommonAtt, DefEncAtt
Qualifiers BvarQ, DomainQ
Content ContExp*

OM Symbol  matrix

A rhatrix is regarded as made up of matrix rows, each of which can be thought of as a special typ¢ of
vector.

Note that the behavior of the matrix and matrixrow elements is substantially different from the
mtable and mtr presentation elements.

The matrix element is a constructor element, so the entries may be given explicitly as child elements,
or specified by rule as described in Section 4.3.1.1. In the latter case, the entries are specified by
providing a function and a 2-dimensional domain of application. The entries of the matrix correspond
to the values obtained by evaluating the function at the points of the domain.
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Content MathML

<matrix>
<bvar><ci type="integer">i</ci></bvar>
<bvar><ci type="integer">j</ci></bvar>
<condition>
<apply><and/>
<apply><in/>

L
ei>i<tet
<interval><ci>1</ci><ci>b</ci></interval>
</apply>
<apply><in/>
<ci>j</ci>
<interval><ci>b</ci><ci>9</ci></interval>
</apply>
</apply>
</condition>
<apply><power/><ci>i</ci><ci>j</ci></apply>
</Amatrix>

Sqmple Presentation

<grow>
4mo> [</mo>
dmsub><mi>m</mi><mrow><mi>i</mi><mo>, </me3<mi>j</mi></mrow></msub>
dmo> | </mo>
4mrow>
<msub><mi>m</mi><mrow><mi>i</mi><mo>,</mo><mi>j</mi></mrow></msub>
<mo>=</mo>
<msup><mi>i</mi><mi>j</mi></msup>
4/mrow>
dmo> ; </mo>
dmrow>
<mrow>

<mi>i</mi>

<mo>&#x2208 ;</mo>

<mfencedyopen="[" close="]"><mi>1</mi><mi>5</mi></mfenced>
</mrow
<mo>&#x2227 ; </mo>

<mrow>

<ui>i</mi>

<mo>&#x2208; </mo>

<mfenced open="[" close="]"><mi>5</mi><mi>9</mi></mfenced>
</mrow>

</mrow>

<mo>]</mo>
</mrow>

[m,-vj‘m,-d- = lJ,le [175]/\j6 [5’9”
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4.4.9.3  Matrix row <matrixrow>

Class nary-constructor
Attributes CommonAtt, DefEncAtt
Qualifiers BvarQ, DomainQ
Content ContExp*

OM Symbol matrixrow

This element is an n-ary constructor used to represent rows of matrices.

Matrix rows are not directly rendered by themselves outside of the context of a matrix.

4.4]9.4  Determinant <determinant/>

Clags unary-linalg
Attfibutes CommonAtt, DefEncAtt
Content Empty

OM Symbols determinant

Thik element is used for the unary function which returns the determinant of its"argument, which shquld
be § square matrix.

Content MathML

<gpply><determinant/>

<ci type="matrix">A</ci>

</apply>

Sdmple Presentation

<grow><mi>det</mi><mo>&#x2061 ; </mo3<mi>A</mi></mrow>

detA

4.49.5  Transpose <transpose/>

Class unary-linalg
Attfibutes CommonAtt, DefEncAtt
Content Empty

OM Symbols trdnspose

This elementrepresents a unary function that signifies the transpose of the given matrix or vector.

Content MathML

<apply><transpose/>
<ci type="matrix">A</ci>
</apply>

Sample Presentation
<msup><mi>A</mi><mi>T</mi></msup>

AT
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4.4.9.6  Selector <selector/>

Class nary-linalg
Attributes CommonAtt, DefEncAtt
Content Empty

OM Symbols vector_selector, matrix_selector

The selector element is the operator for indexing into vectors, matrices and lists. It accepts one or
more arguments. The first argument identifies the vector, matrix or list from which the selection is
taking place, and the second and subsequent arguments, if any, indicate the kind of selection taking
plage-

WHhen selector is used with a single argument, it should be interpreted as giving the sequence. of all
eleents in the list, vector or matrix given. The ordering of elements in the sequence for' a matrik is
understood to be first by column, then by row; so the resulting list is of matrix rows,given entry] by
entfy. That is, for a matrix (a; ;), where the indices denote row and column, respectively, the ordefing
wolild be apy, aip, ... a1, azn ... etc.

—

When two arguments are given, and the first is a vector or list, the second argument specifies the index
of gn entry in the list or vector. If the first argument is a matrix then the second argument specifies|the
indgx of a matrix row.

When three arguments are given, the last one is ignored for a list gryvector, and in the case of a mafrix,
the[second and third arguments specify the row and column indices of the selected element.

Content MathML

<dpply><selector/><ci type="vector">V</oi><cn>1</cn></apply>
Sqmple Presentation

<gsub><mi>V</mi><mn>1</mn></msub>

Vi
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Content MathML

<apply><eq/>
<apply><selector/>
<matrix>
<matrixrow><cn>1</cn><cn>2</cn></matrixrow>
<matrixrow><cn>3</cn><cn>4</cn></matrixrow>
</matrix>
<cn>1</cn>
<7appty>
<matrix>
<matrixrow><cn>1</cn><cn>2</cn></matrixrow>
</matrix>
</apply>
Sdmple Presentation

<grow>
dmsub>
<mrow>
<mo> (</mo>
<mtable>
<mtr><mtd><mn>1</mn></mtd><mtd><mn>2</mn></mtd></mtr>
<mtr><mtd><mn>3</mn></mtd><mtd><mn>4</muS</mtd></mtr>
</mtable>
<mo>)</mo>
</mrow>
<mn>1</mn>
4/msub>
dmo>=</mo>
dqmrow>
<mo> (</mo>
<mtable><mtr><mtd><mm>1</mn></mtd><mtd><mn>2</mn></mtd></mtr></mtable>
<mo>)</mo>

4/mrow>
1 2
(3),-0 2

</mrow>
4.4{95% , Vector product <vectorproduct/>

Class binary-linalg
Attributes CommonAtt, DefEncAtt
Content Empty

OM Symbols vectorproduct

This element represents the vector product. It takes two three-dimensional vector arguments and repre-
sents as value a three-dimensional vector.
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Content MathML

<apply><eq/>
<apply><vectorproduct/>
<ci type="vector"> A </ci>
<ci type="vector"> B </ci>
</apply>
<apply><times/>
<ci>a</ci>
<TI>bATI>
<apply><sin/><ci>&#x3b8;</ci></apply>
<ci type="vector"> N </ci>
</apply>
</apply>
Sqmple Presentation

<grow>
dmrow><mi>A</mi><mo>&#xd7 ; </mo><mi>B</mi></mrow>
dmo>=</mo>

4mrow>

<mi>a</mi>

<mo>&#x2062;</mo>

<mi>b</mi>

<mo>&#x2062 ;</mo>
<mrow><mi>sin</mi><mo>&#x2061 ; </mo><mi®&#x3b8;</mi></mrow>
<mo>&#x2062 ;</mo>

<mi>N</mi>

4/mrow>

</mrow>

A X B = absinbN

4.49.8  Scalar product <stalarproduct/>

Class binary¢lihalg
Attfibutes CommbnAtt, DefEncAtt
Content Empty

OM Symbols~ <$scalarproduct

Thik elemefit represents the scalar product function. It takes two vector arguments and returns a schlar

valTe.
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Content MathML

<apply><eq/>
<apply><scalarproduct/>
<ci type="vector">A</ci>
<ci type="vector">B</ci>
</apply>
<apply><times/>
<ci>a</ci>
<TI>bATI>
<apply><cos/><ci>&#x3b8;</ci></apply>
</apply>
</apply>
Sqmple Presentation

<grow>
dmrow><mi>A</mi><mo>.</mo><mi>B</mi></mrow>
4mo>=</mo>

4mrow>

<mi>a</mi>

<mo>&#x2062;</mo>

<mi>b</mi>

<mo>&#x2062;</mo>
<mrow><mi>cos</mi><mo>&#x2061 ; </mo><mi>&#x3b8;</mi></mrow>
4/mrow>

</mrow>

A.B = abcos0

4.4(9.9  Outer product <outerproduct/>

Class binary-linalg
Attfibutes CommonAtt, DefEncAtt
Content Empty

OM Symbols outerproduct

Thik element represefts-the outer product function. It takes two vector arguments and returns as vglue
a mjatrix.

Content.MathML
<gpply><outerproduct/>

\.’J.. t_yyc "\IU\atUL L A /IUJ..
<ci type="vector">B</ci>
</apply>

Sample Presentation

<mrow><mi>A</mi><mo>&#x2297 ; </mo><mi>B</mi></mrow>

A®B

4.4.10  Constant and Symbol Elements

This section explains the use of the Constant and Symbol elements.
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4.4.10.1 integers <integers/>

Class constant-set
Attributes CommonAtt, DefEncAtt
Content Empty

OM Symbols Z

This element represents the set of integers, positive, negative and zero.

Content-MathMI

<dpply><in/>

<cn type="integer"> 42 </cn>
<integers/>

</apply>

Sdmple Presentation
<grow><mn>42</mn><mo>&#x2208;</mo><mi mathvariant="double>struck">Z</mi></frow>

42eZ

4.4]10.2 reals <reals/>

Claks constant-set
Attfibutes CommonAtt, DefEncAtt
Content Empty

OM Symbols R

Thifs element represents the set of real numbers,

Content MathML

<gpply><in/>

<cn type="real"> 44.997</cn>
<reals/>

</apply>

Sdmple Presentation

<grow>
dmn>44 . 997</mn><mo>&#x2208 ; </mo><mi mathvariant="double-struck">R</mi>

</mrow>

44997 e R

4.4.10.3 Rational Numbers <rationals/>

Class constant-set
Attributes CommonAtt, DefEncAtt
Content Empty

OM Symbols Q

This element represents the set of rational numbers.
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Content MathML

<apply><in/>
<cn type="rational"> 22 <sep/>7</cn>
<rationals/>

</apply>

Sample Presentation

<mrow>
dmrow><mn>22</mn><mo>/</mo><mn>7</mn></mrow>
qmo>&#x2208 ; </mo>

dmi mathvariant="double-struck">Q</mi>
</mrow>

22/7€Q

4.4]10.4 Natural Numbers <naturalnumbers/>

Clafss constant-set
Attfibutes CommonAtt, DefEncAtt
Content Empty

OM Symbols N

Thik element represents the set of natural numbers (including zero).

Content MathML

<gpply><in/>

<cn type="integer">1729</cn>

<naturalnumbers/>

</apply>

Sqmple Presentation

<ngrow>

4mn>1729</mn><mo>&#x2208 ; </mo><mi mathvariant="double-struck">N</mi>
</mrow>

172%¢N

4.4{10,5_ complexes <complexes/>

Claks constant-set
Attributes CommonAtt, DefEncAtt
Content Empty

OM Symbols C

This element represents the set of complex numbers.
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Content MathML
<apply><in/>

<cn type="complex-cartesian">17<sep/>29</cn>

<complexes/>
</apply>
Sample Presentation
<mrow>

<mrow><mn>17</mn><mo>+</mo><mn>29</mn><mo>&#x2062 ; </mo><mi>i</mi></mrow>

dmo>&#x2208 ; </mo>
dmi mathvariant="double-struck">C</mi>

</mrow>

17+29i € C

4.4{10.6 primes <primes/>

Clalss constant-set
Attfibutes CommonAtt, DefEncAtt
Content Empty

OM Symbols P

Thik element represents the set of positive prime numbers.

Content MathML

<dpply><in/>

<cn type="integer">17</cn>
<primes/>

</apply>

Sqmple Presentation
<grow><mn>17</mn><mo>&#x2208;</mo><mi mathvariant="double-struck">P</mi></mrow>

17¢P

4.4{10.7 Exponential e <exponentiale/>

Clakss constant-arith
Attfibutes CommonAtt, DefEncAtt
Contefit Empty

(@) Qymhn] S o

This element represents the base of the natural logarithm, approximately 2.718.
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Content MathML

<apply><eq/>
<apply><ln/><exponentiale/></apply>
<cn>1</cn>

</apply>

Sample Presentation

<mrow>
<mrow><mi>1n</mi><mo>&#x2061 ;</mo><mi>e</mi></mrow>

dmo>=</mo>
dmn>1</mn>
</mrow>

Ine=1

4.4{10.8 Imaginary i <imaginaryi/>

Claks constant-arith
Attfibutes CommonAtt, DefEncAtt
Content Empty

OM Symbols i

Thiks element represents the mathematical constant which isthe square root of -1, commo

nly writtep i

Content MathML

<gpply><eq/>

<apply><power/><imaginaryi/><cn>»2</cn></apply>

<cn>-1</cn>

</apply>

Sdmple Presentation
<grow><msup><mi>i</mi><mh>2</mn></msup><mo>=</mo><mn>-1</mn></mrow>

PP =-1

4.4]10.9 Not A<Numnber <notanumber/>

Clalss constant-arith
Attfibutes CommonAtt, DefEncAtt
Conterit Empty

OM._Svibols NaN

This element represents the notion of not-a-number, i.e. the result of an ill-posed floating
See [IEEE754].

computation.
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Content MathML

<apply><eq/>
<apply><divide/><cn>0</cn><cn>0</cn></apply>
<notanumber/>

</apply>

Sample Presentation

<mrow>

<mrow><mn>0</mn><mo>/</mo><mn>0</mn></mrow>

dmo>=</mo>

4dmi>NaN</mi>

</mrow>

0/0 = NaN

4.4]10.10 True <true/>

Claks constant-arith
Attfibutes CommonAtt, DefEncAtt
Content Empty

OM Symbols true

Thifs element represents the Boolean value true, i.e. the logical‘constant for truth.

Content MathML
<dpply><eq/>
<apply><or/>

<true/>

<ci type="boolean">P</ci>

</apply>
<true/>
</apply>
Sdmple Presentation
<grow>
dmrow><mi>true</mi><mo>&#x2228;</mo><mi>P</mi></mrow>
qmo>=</me>
dmi>true</mi>
</mrotw>

true V. P — true

4.4.10.11 False <false/>

Class constant-arith
Attributes CommonAtt, DefEncAtt
Content Empty

OM Symbols false

This element represents the Boolean value false, i.e. the logical constant for falsehood.
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Content MathML

<apply><eq/>
<apply><and/>
<false/>
<ci type="boolean">P</ci>
</apply>
<false/>

</eppEy

Sdmple Presentation

<grow>

dmrow><mi>false</mi><mo>&#x2227 ;</mo><mi>P</mi></mrow>
dmo>=</mo>

dmi>false</mi>

</mrow>

false A P = false

4.4{10.12 Empty Set <emptyset/>

Clafs constant-set
Attfibutes CommonAtt, DefEncAtt
Content Empty

OM Symbols emptyset, emptyset

Thik element is used to represent the empty set, that is the set which contains no members.

Content MathML

<gpply><neq/>

<integers/>

<emptyset/>

</apply>

Sqmple Presentation

<grow>

dmi mathvardant="double-struck">Z</mi><mo>&#x2260 ;</mo><mi>&#x2205;</mi>
</mrow>

7+ &

Mapping to Strict Markup

In some situations, it may be clear from context that emptyset corresponds to the emptyset However, as
there is no method other than annotation for an author to explicitly indicate this, it is always acceptable
to translate to the emptyset symbol from the setl CD.
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4.4.10.13 pi<pi/>

Class constant-arith
Attributes CommonAtt, DefEncAtt
Content Empty

OM Symbols pi

This element represents pi, approximately 3.142, which is the ratio of the circumference of a circle to
its diameter.

Content MathML

<dpply><approx/>

<pi/>

<cn type="rational">22<sep/>7</cn>
</apply>

Sdmple Presentation

<grow>

qmi>&#x3c0;</mi>

dmo>&#x2243 ;</mo>
dmrow><mn>22</mn><mo>/</mo><mn>7</mn></mrow>
</mrow>

T~ 227

4.4{10.14 Euler gamma <eulergamma/>

Claks constant-arith
Attfibutes CommonAtt, DefEncAtt
Conmtent Empty

OM Symbols gamma

Thik element denotes the gamma censtant, approximately 0.5772.

Content MathML

<gpply><approx/>
<eulergamma/>
<cn>0.57F2156649</cn>
</apply>
Sqmple.Presentation

<mrow><mi>&#x3b3 ; ('/m'i >S<moS&ite2243 ; (/mn}(mn}(\ B7721568649< /mn>< /mrow>

Y~ 0.5772156649

4.4.10.15 infinity <infinity/>

Class constant-arith
Attributes CommonAtt, DefEncAtt
Content Empty

OM Symbols infinity

This element represents the notion of infinity.
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Content MathML
<infinity/>
Sample Presentation

<mi>&#x221e;</mi>

oo
4.5 Deprecated Content Elements
4.511 Declare <declare>
Attfibutes CommonAtt, type, scope, occurrence, definitionURE}-encoding
type Attribute defines the MathML element type of the identifiet,declared.
scqpe Attribute defines the scope of application of the declarafion.
naygs Attribute number of arguments for function declarations.
ocgqurrence Attribute values "prefix"|"infix"|"function-model"
deflinitionURL Attribute URI pointing to detailed semantics of-the function.
enqgoding Attribute syntax of the detailed semantics ofthe function.
Content ContExp, ContExp?

MathML2 provided the declare element to bind properti€s’like types to symbols and variables anfl to
define abbreviations for structure sharing. This elementis.deprecated in MathML 3. Structure shafing
can|obtained via the share element (see Section 4.2.7{or details).

4.52 Relation <reln>
Comtent  ContExp*

MathML1 provided the reln element to construct an equation or relation. This usage was deprecgted
in MathML 2.0 in favor of the midre’generally usable apply.

4.5{3 Relation <fp>
Conptent ContExp

MathML1 provided the fn element to extend the collection of known mathematical functions. This
usage was deprecated in MathML 2.0 in favor of the more generally applicable csymbol.

4.6 The Strict Content MathML Transformation

MathML 3 assigns semantics to content markup by defining a mapping to Strict Content MathML.
Strict MathML, in turn, is in one-to-one correspondence with OpenMath, and the subset of OpenMath
expressions obtained from content MathML expressions in this fashion all have well-defined seman-
tics via the standard OpenMath Content Dictionary set. Consequently, the mapping of arbitrary content
MathML expressions to equivalent Strict Content MathML plays a key role in underpinning the mean-
ing of content MathML.
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The mapping of arbitrary content MathML into Strict content MathML is defined algorithmically. The
algorithm is described below as a collection of rewrite rules applying to specific non-Strict construc-
tions. The individual rewrite transformations have been described in detail in context above. The goal
of this section is to outline the complete algorithm in one place.

The algorithm is a sequence of nine steps. Each step is applied repeatedly to rewrite the input until no
further application is possible. Note that in many programming languages, such as XSLT, the natural
implementation is as a recursive algorithm, rather than the multi-pass implementation suggested by
the description below. The translation to XSL is straightforward and produces the same eventual Strict
Content MathMI_.. However, because the overall structure of the multi-pass algorithm is clearer, that is
the|formulation given here.

To fransform an arbitrary content MathML expression into Strict Content MathML, applyceach of|the
following rules in turn to the input expression until all instances of the target construtts-have been
elirhinated:

1. Rewrite non-strict bind and elminate deprecated elements: Change the.outer bind tagp in

binding expressions to apply if they have qualifiers or multiple children. This simplifies|the

algorithm by allowing the subsequent rules to be applied to non:Strict binding expressions

without case distinction. Note that the later rules will change the)apply elements introduced

in this step back to bind elements. Also in this step, depreedted reln elements are rewriften

to apply, and £n elements are replaced by the child expressions they enclose.

2. Apply special case rules for idiomatic uses of qualifiers:

(a) Rewrite derivatives with rules Rewrite: diff;\Rewrite: nthdiff, and Rewrite: partijld-
iffdegree to explicate the binding statusQf the variables involved.

(b) Rewrite integrals with the rules Rewrifes int, Rewrite: defint and Rewrite: defint litpits
to disambiguate the status of bouddsand free variables and of the orientation of|the
range of integration if it is given as a lowlimit/uplimit pair.

(c) Rewrite limits as described in;Rewrite: tendsto and Rewrite: limits condition.

(d) Rewrite sums and products,as described in Section 4.4.6.1 and Section 4.4.6.2.

(e) Rewrite roots as described in Section 4.4.2.11.

(f) Rewrite logarithms as-described in Section 4.4.7.7.

(g) Rewrite moments.as described in Section 4.4.8.6.

3. Rewrite Qualifiers to domainofapplication: These rules rewrite all apply constructions

using bvar and.qualifiers to those using only the general domainofapplication qualifier.

(a) Interwals? Rewrite qualifiers given as interval and lowlimit/uplimit to interyals
ofintegers via Rewrite: interval qualifier.

(b) ~Multiple conditions: Rewrite multiple condition qualifiers to a single one by taljing
their conjunction. The resulting compound condition is then rewritten to
domainofapplication according to rule Rewrite: condition.

(c) Multiple domainofapplications: Rewrite multiple domainofapplication quali-
fiers to a single one by taking the intersection of the specified domains

4. Normalize Container Markup:

(a) Rewrite sets and lists by the rule Rewrite: n-ary setlist domainofapplication.

(b) Rewrite interval, vectors, matrices, and matrix rows as described in Section 4.4.1.1,
Section 4.4.9.1, Section 4.4.9.2 and Section 4.4.9.3. Note any qualifiers will have been
rewritten to domainofapplication and will be further rewritten in Step 6.

(c) Rewrite lambda expressions by the rules Rewrite: lambda and Rewrite: lambda do-
mainofapplication

(d) Rewrite piecewise functions as described in Section 4.4.1.9.
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5. Apply Special Case Rules for Operators using domainofapplication Qualifiers: This step
deals with the special cases for the operators introduced in Section 4.4. There are different
classes of special cases to be taken into account:

(a) Rewrite min, max, mean and similar n-ary/unary operators by the rules Rewrite: n-ary
unary set, Rewrite: n-ary unary domainofapplication and Rewrite: n-ary unary single.

(b) Rewrite the quantifiers forall and exists used with domainofapplication to ex-
pressions using implication and conjunction by the rule Rewrite: quantifier.

(c) Rewrite integrals used with a domainofapplication element (with or without a
bvar) according to the rules Rewrite: int and Rewrite: defint.

{d)_ Rewrlite sums and products used with a domainolapplication element (with oL with-
out a bvar) as described in Section 4.4.6.1 and Section 4.4.6.2.

6. Eliminate domainofapplication: At this stage, any apply has at most one

domainofapplication child and special cases have been addressed. As

domainofapplication is not Strict Content MathML, it is rewritten

(a) 1into an application of a restricted function via the rule Rewrite: restriction if the apply
does not contain a bvar child.

(b) into an application of the predicate_on_list symbol via the rufe§ Rewrite: n-ary relations
and Rewrite: n-ary relations bvar if used with a relation

(c) into a construction with the apply_to_list symbol vid-the general rule Rewrite: njary
domainofapplication for general n-ary operators.

(d) into a construction using the suchthat symboldrom the setl content dictionary infan
apply with bound variables via the Rewritef\apply bvar domainofapplication rule.

7. Rewrite non-strict token elements:

(a) Rewrite numbers represented as cn elements where the type attribute is one of
"e-notation", "rational", "caomplex-cartesian", "complex-polar",
"constant" as strict cn via rtiles Rewrite: cn sep, Rewrite: cn based_integer pnd
Rewrite: cn constant.

(b) Rewrite any ci, csymbolir cn containing presentation MathML to semantics gle-
ments with rules Rewrite; cn presentation mathml and Rewrite: ci presentation mathml
and the analogous rule for csymbol.

8. Rewrite operators: Rewrite any remaining operator defined in Section 4.4 to a csympol

referencing the symbel identified in the syntax table by the rule Rewrite: element. As nqted

in the descriptions of each operator element, some require special case rules to determine{the
proper choice of symbol. Some cases of particular note are:

(a) The erder of the arguments for the selector operator must be rewritten, and the sym-
Bolidepends on the type of the arguments.

(b)~<T'he choice of symbol for the minus operator depends on the number of the argumefts.

(¢)~ The choice of symbol for some set operators depends on the values of the type of|the
arguments.

(d) The choice of symbol for some statistical operators depends on the values of the types
of the arguments.

9. Rewrite non-strict attributes:

(a) Rewrite the type attribute: At this point, all elements that accept the type, other than
ci and csymbol, should have been rewritten into Strict Content Markup equivalents
without type attributes, where type information is reflected in the choice of operator
symbol. Now rewrite remaining ci and csymbol elements with a type attribute to a
strict expression with semantics according to rules Rewrite: ci type annotation and
Rewrite: csymbol type annotation.

(b) Rewrite definitionURL and encoding attributes: If the definitionURL and
encoding attributes on a csymbol element can be interpreted as a reference to a con-
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tent dictionary (see Section 4.2.3.2 for details), then rewrite to reference the content
dictionary by the cd attribute instead.

(c) Rewrite attributes: Rewrite any element with attributes that are not allowed in strict
markup to a semantics construction with the element without these attributes as the
first child and the attributes in annotation elements by rule Rewrite: attributes.
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Chapter 5

Mixing Markup Languages for Mathematical Expressions

MathML markup can be combined with other markup languages, and these mixing censtructions|are
realized by the semantic annotation elements. The semantic annotation elements provide an imporfant
too| for making associations between alternate representations of an expression, afidfor associating se-
maftic properties and other attributions with a MathML expression. These eleents allow presentajion
matkup and content markup to be combined in several different ways. One'method, known as mixed
mafkup, is to intersperse content and presentation elements in what is essentially a single tree. Another
method, known as parallel markup, is to provide both explicit presentation markup and content markup
in 4 pair of markup expressions, combined by a single semantics-element.

5.1 Annotation Framework

Anfimportant concern of MathML is to represent asse¢iations between presentation and content markup
foris for an expression. Representing associations between MathML expressions and data of other
kingls is also important in many contexts. Fog this reason, MathML provides a general framework]for
annotation. A MathML expression may be decorated with a sequence of pairs made up of a synjbol
thaf indicates the kind of annotation, known as the annotation key, and associated data, known as|the
annjotation value.

5.1{1 Annotation elements

Th¢ semantics, annoetation, and annotation-xml elements are used together to represent annfta-
tior}s in MathML. The-semantics element provides the container for a expression and its annotatigns.
Th¢ annotation‘element is the container for text annotations, and the annotation-xml elemert is
usef for struCtured annotations. The semantics element contains the expression being annotated a$ its
firsf child;"followed by a sequence of zero or more annotation and/or annotation-xml elementp.

<s¢manmtics>

mrow
<mrow>
<mi>sin</mi>
<mo>&ApplyFunction;</mo>
<mfenced><mi>x</mi></mfenced>
</mrow>
<mo>+</mo>
<mn>5</mn>
</mrow>
<annotation encoding="application/x-tex">

272
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\sin x + 5
</annotation>
<annotation-xml encoding="application/openmath+xml">
<OMA xmlns="http://www.openmath.org/OpenMath">
<OMS cd="arithl" name="plus"/>
<OMA><0OMS cd="transcl" name="sin"/><0MV name="x"/></0MA>
<0OMI>5</0OMI>
</0MA>
</annotation-xml>
</4emantics>

Nofe that this example makes use of the namespace extensibility that is only available in the. XML
syntax of MathML. If this example is included in an HTML document then it would be ¢onsidgred
invfilid and the OpenMath elements would be parsed as elements un the MathML namespace. See
Seqtion 5.2.3.3 for details.

Thq semantics element is considered to be both a presentation element and.a ¢ontent element, pnd
may be used in either context. All MathML processors should process the semantics element, even if
they only process one of these two subsets of MathML.

5.142 Annotation keys

An|annotation key specifies the relationship between an exptéssion and an annotation. Many kinds
of felationships are possible. Examples include alternate représentations, specification or clarificajion
of §emantics, type information, rendering hints, and private data intended for specific processors. [The
anrfotation key is the primary means by which a processor determines whether or not to procesy an
annjotation.

The logical relationship between an expression and an annotation can have a significant impact on
the|proper processing of the expression. For' example, a particular annotation form, called semaptic
attrijbutions, cannot be ignored withou¢ altering the meaning of the annotated expression, at least in
some processing contexts. On the‘dther hand, alternate representations do not alter the meaning of
an ¢xpression, but may alter the\presentation of the expression as they are frequently used to proyide
renflering hints. Still other annotations carry private data or metadata that are useful in a specific contgxt,
but|do not alter either the.sémantics or the presentation of the expression.

In MathML 3, annotation keys are defined as symbols in Content Dictionaries, and are specified|us-
ing|of the cd and frame attributes on the annotation and annotation-xml elements. For backward
compatibility with- MathML 2, an annotation key may also be referenced using the definitionPRL
attrjbute as-an alternative to the cd and name attributes. Further details on referencing symbols in CJon-
ten{ Dictionaries are discussed in Section 4.2.3. The symbol definition in a Content Dictionary fof an
annotation key may have a role property. Two particular roles are relevant for annotations: a role| of

"attributiont-tdentifresagenercanmotation-that canbe-tgnored-withoutattermg-the-meaning-of the
annotated term, and a role of "semantic-attribution" indicates that the annotation is a semantic
annotation, that is, the annotation cannot be ignored without potentially altering the meaning of the
expression.

MathML 3 provides two predefined annotation keys for the most common kinds of annotations: alternate-
representation and contentequiv defined in the mathmlkeys content dictionary. The alternate-representation
annotation key specifies that the annotation value provides an alternate representation for an expression

in some other markup language, and the contentequiv annotation key specifies that the annotation value
provides a semantically equivalent alternative for the annotated expression. Further details about the
use of these keys is given in the sections below.
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The default annotation key is alternate-representation when no annotation key is explicitly specified on
an annotation or annotation-xml element.

Typically, annotation keys specify only the logical nature of the relationship between an expression and
an annotation. The data format for an annotation is indicated with the encoding attribute. In MathML
2, the encoding attribute was the primary information that a processor could use to determine whether
or not it could understand an annotation. For backward compatibility, processors are encouraged to
examine both the annotation key and encoding attribute. In particular, MathML 2 specified the prede-
fined encoding values MathML, MathML-Content, and MathML-Presentation. The MathML encoding
value is used to indicate an annotation-xml element contains a MathML expression. The use of the
othgr values is more specific, as discussed in following sections.

While the predefined alternate-representation and contentequiv keys cover many commomuse cages,
usef communities are encouraged to define and standardize additional content dictionaries as ne¢es-
sary. Annotation keys in user-defined, public Content Dictionaries are preferred over private endod-
ing|attribute value conventions, since content dictionaries are more expressive, mere open and nfore
majntainable than private encoding values. However, for backward compatibility with MathML 2,[the
encpding attribute may also be used.

5.143 Alternate representations

Alternate representation annotations are most often used to provide’renderings for an expression, gr to
propide an equivalent representation in another markup language. In general, alternate representafion
annotations do not alter the meaning of the annotated expression, but may alter its presentation.

A particularly important case is the use of a presentatien MathML expression to indicate a prefefred
renflering for a content MathML expression. This.¢dse may be represented by labeling the annotafion
with the application/mathml-presentatign*xml value for the encoding attribute. For backward
compatibility with MathML 2.0, this case ean also be represented with the equivalent
MathML-Presentation value for the encoding attribute. Note that when a presentation MathML
anrotation is present in a semantics element, it may be used as the default rendering of the semantjcs
eleEent, instead of the default rendeting of the first child.

—

In the example below, the semantics element binds together various alternate representations fgr a
conjtent MathML expression. The presentation MathML annotation may be used as the default rengler-
ing| while the other annotations give representations in other markup languages. Since no attribufion
keyps are explicitly specified, the default annotation key alternate-representation applies to each of]the
anrjotations.

<s¢gmantics>

fapply=>

<plus/>

<apply><sin/><ci>x</ci></apply>

<cn>5</cn>

</apply>

<annotation-xml encoding="MathML-Presentation">
<mrow>

<mrow>

<mi>sin</mi>

<mo>&ApplyFunction;</mo>

<mfenced open="(" close=")"><mi>x</mi></mfenced>
</mrow>
<mo>+</mo>
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<mn>5</mn>
</mrow>
</annotation-xml>
<annotation encoding="application/x-maple">
sin(x) + 5
</annotation>
<annotation encoding="application/vnd.wolfram.mathematica">
Sin[x] + 5
</annotation>
Jannotation encoding-"application/X-tex >
\sin x + 5
4/annotation>
dannotation-xml encoding="application/openmath+xml">
<OMA xmlns="http://www.openmath.org/OpenMath">
<OMA>
<0MS cd="arithl" name="plus"/>
<OMA><0OMS cd="transcl" name="sin"/><0MV name="x"/><70OMA>
<OMI>5</0MI>
</0MA>
</0MA>
4/annotation-xml>

</demantics>

Nofe that this example makes use of the namespace extensibility that is only available in the XML
syntax of MathML. If this example is included in anlHTML document then it would be considgred
invalid and the OpenMath elements would be parsed as elements un the MathML namespace. [See
Sedtion 5.2.3.3 for details.

5.14 Content equivalents

Conmtent equivalent annotations provide additional computational information about an expression. An-
notptions with the contentequiy-key cannot be ignored without potentially changing the behavior of an
expression.

An|important case arises\when a content MathML annotation is used to disambiguate the meaning of
a presentation MathML expression. This case may be represented by labeling the annotation with fhe
apglication/mathml-content+xml value for the encoding attribute. In MathML 2, this typ¢ of
annotation waswepresented with the equivalent MathML-Content value for the encoding attribute|, so
professors are-uirged to support this usage for backward compatibility. A content MathML annotatjon,
whe¢ther(ipnMathML 2 or 3, may be used for other purposes as well, such as for other kinds of semaptic
assgrtions. Consequently, in MathML 3, the contentequiv annotation key should be used to makg an
explicif assertion that the annotation provides a definitive content markup equivalent for an expression.

In the example below, an ambiguous presentation MathML expression is annotated with a
MathML-Content annotation clarifying its precise meaning.

<semantics>
<mrow>
<mrow>
<mi>a</mi>
<mfenced open="(" close=")">
<mrow><mi>x</mi><mo>+</mo><mn>5</mn></mrow>
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</mfenced>
</mrow>
</mrow>
<annotation-xml cd="mathmlkeys" name="contentequiv"
encoding="MathML-Content">
<apply>
<ci>a</ci>
<apply><plus/><ci>x</ci><cn>5</cn></apply>
</apply>
{7annotation-xml>

</demantics>

5.1]5 Annotation references

In tfhe usual case, each annotation element includes either character data content (in the case of
angotation) or XML markup data (in the case of annotation-xml) that represents the annotafion
valpie. There is no restriction on the type of annotation that may appear within'a semantics elempnt.
Forlexample, an annotation could provide a TgX encoding, a linear inputform for a computer alggbra
sysfem, a rendered image, or detailed mathematical type information.

In dome cases the alternative children of a semantics element are-net an essential part of the behayior
of the annotated expression, but may be useful to specialized/processors. To enable the availabflity
of geveral annotation formats in a more efficient manner, aysemantics element may contain empty
angotation and annotation-xml elements that provide encoding and src attributes to specify an
extgrnal location for the annotation value associated<with the annotation. This type of annotatiop is
kndwn as an annotation reference.

<sgmantics>
dmfrac><mi>a</mi><mrow><mi>a</mi><mo>+</mo><mi>b</mi></mrow></mfrac>
d4annotation encoding="image/png'" src="333/formulab6.png"/>
d4annotation encoding="applitation/x-maple" src="333/formula56.ms"/>
</gemantics>

Processing agents that anticipéte that consumers of exported markup may not be able to retrieve|the
ext¢rnal entity referenced by such annotations should request the content of the external entity at|the
ind|cated location and peplace the annotation with its expanded form.

AnJannotation reference follows the same rules as for other annotations to determine the annotation key
that specifies thetelationship between the annotated object and the annotation value.

5.2 Elements for Semantic Annotations

This section explains the semantic mapping clements semantics, annotation, and
annotation-xml. These elements associate alternate representations for a presentation or content ex-
pression, or associate semantic or other attributions that may modify the meaning of the annotated
expression.

5.2.1 The <semantics> element
5.2.1.1  Description

The semantics element is the container element that associates annotations with a MathML expres-
sion. The semantics element has as its first child the expression to be annotated. Any MathML
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expression may appear as the first child of the semantics element. Subsequent annotation and
annotation-xml children enclose the annotations. An annotation represented in XML is enclosed in
an annotation-xml element. An annotation represented in character data is enclosed in an
annotation element.

As noted above, the semantics element is considered to be both a presentation element and a content
element, since it can act as either, depending on its content. Consequently, all MathML processors
should process the semantics element, even if they process only presentation markup or only content
markup.

Thd
use|the information contained in the annotations to customize its rendering of the annotated eleniefjt.

<sgmantics>

4mrow>

<mrow>
<mi>sin</mi>
<mo>&ApplyFunction;</mo>
<mfenced><mi>x</mi></mfenced>

</mrow>

<mo>+</mo>

<mn>5</mn>

4/mrow>

Jannotation-xml cd="mathmlkeys" name="contenbequiv" encoding="MathML-Conté¢nt">

<apply>
<plus/>
<apply><sin/><ci>x</ci></apply>
<cn>5</cn>

</apply>

4/annotation-xml>

dannotation encoding="application/x-tex">

\sin x + 5

4/annotation>

</4emantics>

5.2(1.2  Attributes

‘ Nhme * values ‘ defaflt
dg ﬁnitionURLT URI ‘ nong
Thedeocation of an external source for semantic information
erjcoding ‘ string ‘ nong
The encoding of the external semantic information

The semantics element takes the definitionURL and encoding attributes, which reference an ex-
ternal source for some or all of the semantic information for the annotated element, as modified by the
annotation. The use of these attributes on the semantics element is deprecated in MathML3.

5.2.2 The <annotation> element
5.2.2.1  Description

The annotation element is the container element for a semantic annotation whose representation is
parsed character data in a non-XML format. The annotation element should contain the character
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data for the annotation, and should not contain XML markup elements. If the annotation contains one
of the XML reserved characters &, < then these characters must be encoded using an entity reference or
(in the XML syntax) an XML CDATA section.

5.2.2.2  Attributes

‘ Name ‘ values ‘ default

definitionURL | URI | none
The location of the annotation key symbol

erfcoding \ string \ none
The encoding of the semantic information in the annotation

cq ‘ string ‘ mathmlkeys
The content dictionary that contains the annotation key symbol

ngme ‘ string ‘ alternate-representatipn
The name of the annotation key symbol

st ‘ URI ‘ rnone
The location of an external source for semantic information

TaKen together, the cd and name attributes specify the annotation key~symbol, which identifies|the
reldtionship between the annotated element and the annotation, as déscribed in Section 5.1.1. The
deflinitionURL attribute provides an alternate way to reference the annotation key symbol as a sirpgle
attrjbute. If none of these attributes are present, the annotatien key symbol is the symbol alternpte-
repfesentation from the mathmlkeys content dictionary.

The¢ encoding attribute describes the content type of:the annotation. The value of the encoding| at-
tribute may contain a media type that identifies the data format for the encoding data. For data formats
that do not have an associated media type, implementors may choose a self-describing character stfing
to iflentify their content type.

Thg src attribute provides a mechanism, to'attach external entities as annotations on MathML expfes-
sioms.
<annotation encoding="image/png" src="333/formulab6.png"/>

Th¢ annotation element is a-semantic mapping element that may only be used as a child of ‘tle
senjantics element. While\there is no default rendering for the annotation element, a renderer rpay
use|the information cofitained in an annotation to customize its rendering of the annotated element

5.2]3 Thel<annotation-xml> element
5.2|13.1 _«Pescription

The¢ anfietation-xml element is the container element for a semantic annotation whose representafion

iS S IULLUICL‘I mcukup. T‘IIC dIlIl()'Ed'Bi()Il_XIHJ_ CICIHCIIL b}lUU]L‘l LUIlLdiIl l‘[lC mcukup CiClIlClllb, d,l,l,lib Les,
and character data for the annotation.
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5.2.3.2  Attributes

Name ‘ values ‘ default
definitionURL | URI | none
The location of the annotation key symbol
encoding ‘ string ‘ none
The encoding of the semantic information in the annotation
cd ‘ string ‘ mathmlkeys
The content dictionary that contains the annotation key symbol
name 1 string. 1 alternate-representation
The name of the annotation key symbol
st ‘ URI ‘ none
The location of an external source for semantic information

Talden together, the cd and name attributes specify the annotation key symbol, which*identifies|the
reldtionship between the annotated element and the annotation, as described inpSection 5.1.1. The
deflinitionURL attribute provides an alternate way to reference the annotatiomkey symbol as a sipgle
attrjbute. If none of these attributes are present, the annotation key symbolis the symbol alternpte-
repfesentation from the mathmlkeys content dictionary.

The¢ encoding attribute describes the content type of the annotations, Fhe value of the encoding at-
tribute may contain a media type that identifies the data format for’the encoding data. For data fornpats
that do not have an associated media type, implementors may-clioose a self-describing character stfing
to iflentify their content type. In particular, as described abgyevand in Section 6.2.4, MathML specifies
MahML, MathML-Presentation, and MathML-Content, as predefined values for the encoding at-
tribute. Finally, The src attribute provides a mechanisni-to attach external XML entities as annotations
on MathML expressions.

<afpnotation-xml cd="mathmlkeys" namex'"contentequiv" encoding="MathML-Content{">
Japply>

<plus/>
<apply><sin/><ci>x</ci></apply>
<cn>5</cn>

{/apply>

</4nnotation-xml>

<afnotation-xml (€ncoding="application/openmath+xml">

40MA xmlns="http://www.openmath.org/OpenMath">

<OMS cd€Marithl" name="plus"/>

<OMA><LOMS cd="transcl" name="sin"/><0MV name="x"/></0MA>
<OMI>6</0MI>

4/BMA>

</c IINOLall1OI=XIL~

When the MathML is being parsed as XML and the annotation value is represented in an XML dialect
other than MathML, the namespace for the XML markup for the annotation should be identified by
means of namespace attributes and/or namespace prefixes on the annotation value. For instance:

<annotation-xml encoding="application/xhtml+xml">
<html xmlns="http://www.w3.o0rg/1999/xhtml">
<head><title>E</title></head>
<body>
<p>The base of the natural logarithms, approximately 2.71828.</p>
</body>
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</html>
</annotation-xml>

The annotation-xml element is a semantic mapping element that may only be used as a child of the
semantics element. While there is no default rendering for the annotation-xml element, a renderer
may use the information contained in an annotation to customize its rendering of the annotated element.

5.2.3.3  Using annotation-xml in HTML documents

Note that the Namespace extensibility used in the above examples may not be available if the MathML
is npt being treated as an XML document. In particular HTML parsers treat xm1ns attributes as ordirfary
attrjbutes, so the OpenMath example would be classified as invalid by an HTML validator. The\Open-
Math elements would still be parsed as children of the annotation-xml element, however they wquld
be placed in the MathML namespace. The above examples are not rendered in the HTML' versiop of
thig specification, to ensure that that document is a valid HTMLS5 document.

Thg details of the HTML parser handling of annotation-xml is specified infHTMLS5] and sumpma-
rizdd in Section 6.4.3, however the main differences from the behavior of d&n XML parser that affect
MathML annotations are that the HTML parser does not treat xm1ns attributes, nor : in element names
as gpecial and has built-in rules determining whether the three ‘knowfi;namespaces, HTML, SV or
MafhML are used.

° If the annotation-xml has an encoding attribute/that’is (ignoring case differences)
"text/html" or "annotation/xhtml+xml" then the content is parsed as HTML pnd
placed (initially) in the HTML namespace.
° Otherwise it is parsed as foreign content.and parsed in a more XML-like manner (Jike
MathML itself in HTML) in which /> signifies an empty element. Content will be placed
in the MathML namespace.If any recognised HTML element appears in this foreign confent
annotation the HTML parser will effectively termnate the math expression, closing all open
elements until the math elements closed, and then process the nested HTML as if it were
not inside the math context, Any following MathML elements will then not render correftly
as they are not in a mathdontext, or in the MathML namespace.

Thgse issues mean that the following example is valid whether parsed by an XML or HTML parset:

<mgth>

<gemantics>

qmi>a</mi>

dannotation-%ml encoding="text/html">
<span>xxx£/span>

4/annotation-xml>

</semantics>

<mo3¥#</mo>

<m>b<imt
</math>
However the if the encoding attribute is omitted then the expression is only valid if parsed as XML:
<math>
<semantics>
<mi>a</mi>
<annotation-xml>
<span>xxx</span>
</annotation-xml>
</semantics>
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<mo>+</mo>

<mi>b</mi>
</math>
If the above is parsed by an HTML parser it produces a result equivalent to the following invalid input,
where the span element has caused all MathML elements to be prematurely closed. The remaining
MathML elements following the span are no longer contained within <math> so will be parsed as
unknown HTML elements and render incorrectly.

<math xmlns="http://www.w3.org/1998/Math/MathML">
<semantics>

dmi>a</mi>
Jannotation-xml>
4/annotation-xml>
</semantics>
</nath>
<span xmlns="http://www.w3.org/1999/xhtml">xxx</span>
<mq xmlns="http://www.w3.org/1999/xhtml">+</mo>
<mj xmlns="http://www.w3.org/1999/xhtml">b</mi>

Nofe here that the HTML span element has caused all open MathMI>¢€lements to be prematufely
cloged, resulting in the following MathML elements being treated as unknown HTML elements as they
are|no longer descendents of math. See Section 6.4.3 for more details of the parsing of MathML in
HTML.

-

Any use of elements in other vocabularies (such as thes@penMath examples above) is considered| in-
valld in HTML. If validity is not a strict requirementit-is possible to use such elements but they pvill
be parsed as elements on the MathML namespacgZDocuments SHOULD NOT use namespace pre-
fixgs and element names containing colon (:), as'the element nodes produced by the HTML pafser
with have local names containing a colon, wiich can not be constructed by a namespace aware XML
parper. Rather than use such foreign annetations, when using an HTML parser it is better to encpde
the|annotation using the existing vocabulary. For example as shown in Chapter 4 OpenMath may be
encpded faithfuly as Strict Content MathML. Similarly RDF annotations could be encoded using RIPFa
in gext/html annotation or (say)"N3 notation in annotation rather than using RDF/XML encoding

in dn annotation-xml element.

5.3 Combining Presentation and Content Markup

Prepentation(niarkup encodes the notational structure of an expression. Content markup encodes|the
funtionalsstructure of an expression. In certain cases, a particular application of MathML may reqfiire
a combination of both presentation and content markup. This section describes specific constraints fhat

govern the nse of preqf‘nmtinn mm’knp within content mm’knp and vice versa

5.3.1 Presentation Markup in Content Markup

Presentation markup may be embedded within content markup so long as the resulting expression re-
tains an unambiguous function application structure. Specifically, presentation markup may only appear
in content markup in three ways:

1. within ci and cn token elements
2. within the csymbol element
3. within the semantics element
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Any other presentation markup occurring within content markup is a MathML error. More detailed
discussion of these three cases follows:

Presentation markup within token elements. The token elements ci and cn are permitted to contain
any sequence of MathML characters (defined in Chapter 7) and/or presentation elements.
Contiguous blocks of MathML characters in ci or cn elements are treated as if wrapped in
mi or mn elements, as appropriate, and the resulting collection of presentation elements is
rendered as if wrapped in an implicit mrow element.

Presentation markup within the csymbol element. The csymbol element may contain either MathML

characters interspersed with presentation markup, or content markup. It is a MathML er-

ror for a csymbol element to contain both presentation and content elements. When jlhe
csymbol element contains character data and presentation markup, the same rendering tjiles
that apply to the token elements ci and cn should be used.

Prgsentation markup within the semantics element. One of the main purposes of the«semantjcs

element is to provide a mechanism for incorporating arbitrary MathML expressions into don-

tent markup in a semantically meaningful way. In particular, any valid|presentation expfes-
sion can be embedded in a content expression by placing it as the first child of a semantjcs
element. The meaning of this wrapped expression should be indiedted by one or more anno-
tation elements also contained in the semantics element.

5.3)2 Content Markup in Presentation Markup

Content markup may be embedded within presentation marKup so long as the resulting expression fhas
an Inambiguous rendering. That is, it must be possible,.n principle, to produce a presentation markup
fragment for each content markup fragment that appearsiin the combined expression. The replacenjent
of ¢ach content markup fragment by its corresponding presentation markup should produce a wiell-
forined presentation markup expression. A preSentation engine should then be able to process fhis
prepentation expression without reference to the content markup bits included in the original expressjon.

In general, this constraint means that each embedded content expression must be well-formed, 3s a
corjtent expression, and must be ableMo stand alone outside the context of any containing confent
mafkup element. As a result, the following content elements may not appear as an immediate child
of & presentation element: anfhotation, annotation-xml, bvar, condition, degree, logbage,
loylimit, uplimit.

In gddition, within présentation markup, content markup may not appear within presentation token
elements.

5.4 Parallel Markup

Sompesapplications are able to use both presentation and content information. Parallel markup |s a
way to combine two or more markup trees for the same mathematical expression. Parallel markup is
achieved with the semantics element. Parallel markup for an expression may appear on its own, or as
part of a larger content or presentation tree.

54.1 Top-level Parallel Markup

In many cases, the goal is to provide presentation markup and content markup for a mathematical
expression as a whole. A single semantics element may be used to pair two markup trees, where
one child element provides the presentation markup, and the other child element provides the content
markup.
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The following example encodes the Boolean arithmetic expression (a+b)(c+d) in this way.

<semantics>
<mrow>
<mrow><mo>(</mo><mi>a</mi> <mo>+</mo> <mi>b</mi><mo>)</mo></mrow>
<mo>&InvisibleTimes;</mo>
<mrow><mo> (</mo><mi>c</mi> <mo>+</mo> <mi>d</mi><mo>)</mo></mrow>
</mrow>
<annotation-xml encoding="MathML-Content">
<apply><and/>
<apply><xor/><ci>a</ci> <ci>b</ci></apply>
<apply><xor/><ci>c</ci> <ci>d</ci></apply>
</apply>
4/annotation-xml>
</gemantics>

Nofe that the above markup annotates the presentation markup as the first child element, with|the
conftent markup as part of the annotation-xml element. An equivalent fornicould be given thatfan-
notptes the content markup as the first child element, with the presentatiery’markup as part of fhe
angotation-xml element.

5.4{2 Parallel Markup via Cross-References

To pccommodate applications that must process sub-expressions of large objects, MathML suppprts
crops-references between the branches of a semantics element to identify corresponding sub-structfires.
Thgse cross-references are established by the use of ‘the"id and xref attributes within a semantjcs
element. This application of the id and xref attributés within a semantics element should be vieyed
as I::st practice to enable a recipient to select arbitrary sub-expressions in each alternative branch df a
senantics element. The id and xref attributes may be placed on MathML elements of any type.

Thq following example demonstrates crpss-references for the Boolean arithmetic expression (a+b)(ctd).

<sgmantics>
dmrow id="E">
<mrow id="E.1">
<mo id="E.1.1'">(</mo>
<mi id="E.1(2¥>a</mi>
<mo id="E.\J3">+</mo>
<mi id=%E>1.4">b</mi>
<mo Ads"E.1.5">)</mo>
</mrow>
<me_id="E.2">&InvisibleTimes;</mo>
<mfow id="E.3">
<mo id="E.3.1">(</mo>
<mi id="E.3.2">c</mi>
<mo id="E.3.3">+</mo>
<mi id="E.3.4">d</mi>
<mo id="E.3.5">)</mo>
</mrow>
</mrow>

<annotation-xml encoding="MathML-Content">
<apply xref="E">
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<and xref="E.2"/>
<apply xref="E.1">
<xor xref="E.1.3"/><ci xref="E.1.2">a</ci><ci xref="E.1.4">b</ci>
</apply>
<apply xref="E.3">
<xor xref="E.3.3"/><ci xref="E.3.2">c</ci><ci xref="E.3.4">d</ci>
</apply>
</apply>
</annotation-xml>

</demantics>

An|id attribute and associated xref attributes that appear within the same semantics elementesfab-
lisH the cross-references between corresponding sub-expressions.

Forl parallel markup, all of the id attributes referenced by any xref attribute should'be in the sgme
brapch of an enclosing semantics element. This constraint guarantees that the Crgss-referencey do
not|create unintentional cycles. This restriction does not exclude the use of id-attributes within ofher
brahches of the enclosing semantics element. It does, however, exclude references to these othel id
attrjbutes originating from the same semantics element.

Thgre is no restriction on which branch of the semantics element.may contain the destination| id
attrjbutes. It is up to the application to determine which branch to use.

In general, there will not be a one-to-one correspondence<between nodes in parallel branches. [For
example, a presentation tree may contain elements, such as parentheses, that have no correspond¢nts
in the content tree. It is therefore often useful to put theid attributes on the branch with the finpst-
gralned node structure. Then all of the other branches will have xref attributes to some subset of the
id pttributes.

In gbsence of other criteria, the first branch ©f‘the semantics element is a sensible choice to confain
the|id attributes. Applications that add ef,remove annotations will then not have to re-assign tHese
attrjbutes as the annotations change.

In general, the use of id and xreflattributes allows a full correspondence between sub-expressiong to
be given in text that is at most ‘a_ gonstant factor larger than the original. The direction of the refererjces
should not be taken to imply, that sub-expression selection is intended to be permitted only on one child
of the semantics element. It is equally feasible to select a subtree in any branch and to recover|the
corfesponding subtrées)of the other branches.

Parpllel markupywith cross-references may be used in any XML-encoded branch of the semantic|an-
nothtions, as(shown by the following example where the Boolean expression of the previous sectiop is
annjotated With OpenMath markup that includes cross-references:

<sgmamtics>

CR P [ ok A 1]
MITOW T pary ary

<mrow id="EE.1">
<mo id="EE.1.1">(</mo>
<mi id="EE.1.2">a</mi>
<mo id="EE.1.3">+</mo>
<mi id="EE.1.4">b</mi>
<mo id="EE.1.5">)</mo>
</mrow>
<mo id="EE.2">&InvisibleTimes;</mo>
<mrow id="EE.3">
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<mo id="EE.3.1">(</mo>

<mi id="EE.3.2">c</mi>
<mo id="EE.3.3">+</mo>
<mi id="EE.3.4">d</mi>
<mo id="EE.3.5">)</mo>
</mrow>
</mrow>

<annotation-xml encoding="MathML-Content">
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<apply Xrei="EE">
<and xref="EE.2"/>
<apply xref="EE.1">

</apply>
<apply xref="EE.3">

</apply>
</apply>
4/annotation-xml>

dannotation-xml encoding="application/openmath#xml">
<om:0MS name="and" cd="logicl" href="EE{2"/>

<om:(0MA href="EE.1">
<om:0MS name="xor" cd="logicI* href="EE.1.3"/>
<om:0MV name="a" href="EE.132"/>
<om:0MV name="b" href="EE\t.4"/>

</om:0OMA>

<om:0MA href="EE.3!>
<om:0MS name="xor¥" cd="logicl" href="EE.3.3"/>
<om:0MV name=!"c" href="EE.3.2"/>
<om:0MV ndme="d" href="EE.3.4"/>
</om:0MA>
</om:0OMA>
4/annotation-xml>
</g4emantics>

Ill d11( dr1anIC CSPC NC CNCC O 1

<xor xref="EE.1.3"/><ci xref="EE.1.2">a</ci><ci xref="EE.1.4!>b</ci

<xor xref="EE.3.3"/><ci xref="EE.3.2">c</ci><ci xrefi="EE.3.4">d</ci

<om:0MA xmlns:om="http://www.openmath.org/OpenMath" href="EE">

Hete BMA;/OMS and OMV are elements defined in the OpenMath standard for representing applicatfon,

A4

A4

annotation-xml is not considered valid in the HTML syntax. Use of colons and namespace-prefixed
element names should be avoided as the HTML parser will generate nodes with local name om:0MA
(for example), and such nodes can not be constructed by a namespace-aware XML parser.
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Chapter 6

Interactions with the Host Environment

6.1 Introduction

To pe effective, MathML must work well with a wide variety of renderers, processors; translators pnd
edifors. This chapter raises some of the interface issues involved in generating andtendering MathyL.
Sinpe MathML exists primarily to encode mathematics in Web documents, perhaps the most imporfant
intgrface issues relate to embedding MathML in [HTMLS5], and [XHTMUD[and in any newer HTML
when it appears.

Thgre are three kinds of interface issues that arise in embedding MathML in other XML documejts.
Firgt, MathML markup must be recognized as valid embedded¢XML content, and not as an error. This
issye could be seen primarily as a question of managing namiespaces in XML [Namespaces].

Sedond, in the case of HTML/XHTML, MathML rendering must be integrated with browser softwhre.
Sorpe browsers already implement MathML rendering’natively, and one can expect more browsers
will do so in the future. At the same time, other/brewsers have developed infrastructure to facilifate
the|rendering of MathML and other embedded XML content by third-party software or other byilt-
in technology. Examples of this built-in technology are the sophisticated CSS rendering engines :[ow
avz:ﬁable, and the powerful implementations of JavaScript/ECMAScript that are becoming comnjon.
Usilng these browser-specific mechanisms generally requires additional interface markup of some port
to dctivate them. In the case of CSS;‘there is a special restricted form of MathML3 [MathMLforCSS]
that is tailored for use with CSSrendering engines that support CSS 2.1 [CSS21]. This restricted prqfile
of MathML3 does not offer the full expressiveness of MathML3, but it provides a portable simpler fprm
thaf can be rendered accéptably on the screen by modern CSS engines.

—

Thilrd, other tools fdr generating and processing MathML must be able to communicate. A nunjber
of MathML tools-have been or are being developed, including editors, translators, computer alggbra
sysfems, and.gther scientific software. However, since MathML expressions tend to be lengthy, pnd
prope to erfer-when entered by hand, special emphasis must be made to ensure that MathML can eafily
be penefated by user-friendly conversion and authoring tools, and that these tools work together |n a
dependable, platform-independent, and vendor-independent way.

This chapter applies to both content and presentation markup, and describes a particular processing
model for the semantics, annotation and annotation-xml elements described in Section 5.1.

6.2 Invoking MathML Processors
6.2.1 Recognizing MathML in XML

Within an XML document supporting namespaces [XML], [Namespaces], the preferred method to
recognize MathML markup is by the identification of the math element in the MathML namespace by
the use of the MathML namespace URI http://www.w3.org/1998/Math/MathML.

286
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The MathML namespace URI is the recommended method to embed MathML within [XHTML] doc-
uments. However, some user-agents may require supplementary information to be available to allow
them to invoke specific extensions to process the MathML markup.

Markup-language specifications that wish to embed MathML may require special conditions to recog-
nize MathML markup that are independent of this recommendation. The conditions should be similar
to those expressed in this recommendation, and the local names of the MathML elements should remain
the same as those defined in this recommendation.

6.22—Recognizing MathvEImHEME—————————————————————————————————————

HTML does not allow arbitrary namespaces, but has built in knowledge of the MathML namespace. [The
math element and its descendants will be placed in the http://www.w3.org/1998/Math/MathML
namespace by the HTML parser, and will appear to applications as if the input had been XHTML with
the|namespace declared as in the previous section. See Section 6.4.3 for detailed gules of the HTML
parper’s handling of MathML.

6.2{3 Resource Types for MathML Documents

Although rendering MathML expressions often takes place in a Web,browser, other MathML procesding
funftions take place more naturally in other applications. Particulasty common tasks include operfing
a MathML expression in an equation editor or computer algebfa system. It is important therefor¢ to
spefify the encoding names by which MathML fragments should be identified.

—_
—

Outside of those environments where XML namespacgs are recognized, media types [RFC2045],
[RHC2046] should be used if possible to ensure the invocation of a MathML processor. For those
enviironments where media types are not appropriate, such as clipboard formats on some platforms,|the
encpding names described in the next section.should be used.

6.2{4 Names of MathML Encodings

MathML contains two distinct vaeabularies: one for encoding visual presentation, defined in Chaptdr 3,
and one for encoding computational structure, defined in Chapter 4. Some MathML applications thay
import and export only oneyof these two vocabularies, while others may produce and consume each jn a
difflerent way, and still pthers may process both without any distinction between the two. The following
encpding names may_be used to distinguish between content and presentation MathML markup when
needed.

° MathiML-Presentation: The instance contains presentation MathML markup only.
=" Media Type: application/mathml-presentation+xml
L Windows Clipboard Flavor: MathML Presentation
—  Universal Type Identifier: public.mathml.presentation
° MathML-Content: The instance contains content MathML markup only.
—  Media Type: application/mathml-content+xml
—  Windows Clipboard Flavor: MathML Content
—  Universal Type Identifier: public.mathml.content
° MathML (generic): The instance may contain presentation MathML markup, content MathML
markup, or a mixture of the two.
—  File name extension: .mml
—  Media Type: application/mathml+xml
—  Windows Clipboard Flavor: MathML
—  Universal Type Identifier: public.mathml
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See Appendix B for more details about each of these encoding names.

MathML 2 specified the predefined encoding values MathML, MathML-Content, and
MathML-Presentation for the encoding attribute on the annotation-xml element. These values
may be used as an alternative to the media type for backward compatibility. See Section 5.1.3 and
Section 5.1.4 for details. Moreover, MathML 1.0 suggested the media-type text/mathml, which has
been superseded by [RFC3023].

6.3 Transferring VMathVIC

MathML expressions are often exchanged between applications using the familiar copy-and=past¢ or
drap-and-drop paradigms and are often stored in files or exchanged over the HTTP protocol. This
secfion provides recommended ways to process MathML during these transfers.

Thg transfers of MathML fragments described in this section occur between the centexts of two apjpli-
catjons by making the MathML data available in several flavors, often called"media types, clipbqard
forfnats, or data flavors. These flavors are typically ordered by preference by, the producing appljca-
tior}, and are typically examined in preference order by the consuming apphication. The copy-and-pjste
parpdigm allows an application to place content in a central clipboard; with one data stream per dlip-
boqrd format; a consuming application negotiates by choosing to read the data of the format it prefrs.
Thg¢ drag-and-drop paradigm allows an application to offer content by declaring the available formiats;
a pptential recipient accepts or rejects a drop based on the list of available formats, and the drop acfion
allgws the receiving application to request the delivery of the data in one of the indicated formats.|An
HT|TP GET transfer, as in [HTTP11], allows a clientt0-'submit a list of acceptable media types;|the
seryer then delivers the data using the one of the indicated media types. An HTTP POST transfey, as
in [HTTP11], allows a client to submit data labelled with a media type that is acceptable to the sefver
application.

Cugrent desktop platforms offer copy-and-paste and drag-and-drop transfers using similar architectufes,
but|with varying naming schemes depending on the platform. HTTP transfers are all based on mgdia
typgs. This section specifies what transfer types applications should provide, how they should be nanjed,
and how they should handle the special semantics, annotation, and annotation-xml elements.

To pummarize the three nggotiation mechanisms, the following paragraphs will describe transfer |fla-
vorp, each with a namé (a'character string) and content (a stream of binary data), which are offefed,
accepted, and/or experted.

6.3{1 Basic Transfer Flavor Names and Contents

Thg names listed in Section 6.2.4 are the exact strings that should be used to identify the transfer flayors
tha{ cerrespond to the MathML encodings. On operating systems that allow such, an application shquld
register their support for these flavor names (e.g. on Windows, a call to RegisterClipboardFormat, or,
on the Macintosh platform, declaration of support for the universal type identifier in the application
descriptor).

When transferring MathML, an application MUST ensure the content of the data transfer is a well-
formed XML instance of a MathML document type. Specifically:

1. The instance MAY begin with an XML declaration, e.g. <?xml version="1.0">
2. The instance MUST contain exactly one root math element.
3. The instance MUST declare the MathML namespace on the root math element.
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4. The instance MAY use a schemalocation attribute on the math element to indicate the
location of the MathML schema that describes the MathML document type to which the
instance conforms. The presence of the schemalLocation attribute does not require a con-
sumer of the MathML instance to obtain or use the referenced schema.

5. The instance SHOULD use numeric character references (e.g. &#x03bl;) rather than char-
acter entity names (e.g. &alpha;) for greater interoperability.
6. The instance MUST specify the character encoding, if it uses an encoding other than UTF-8,

either in the XML declaration, or by the use of a byte-order mark (BOM) for UTF-16-
encoded data.

6.3]2 Recommended Behaviors when Transferring

Anfapplication that transfers MathML markup SHOULD adhere to the following conventions:

1. An application that supports pure presentation markup and/or pure content markup SHOULD
offer as many of these flavors as it has available.

2. An application that only exports one MathML flavor SHOULD nam¢’itMathML if it is ungble
to determine a more specific flavor.

3. If an application is able to determine a more specific flavor, it SHOULD offer both the geper-

ic and specific transfer flavors, but it SHOULD only delivefithe specific flavor if it knpws
that the recipient supports it. For an HTTP GET transfet;.for example, the specific tranffer
types for content and presentation markup should only be returned if they are included in|the
the HTTP Accept header sent by the client.
4. An application that exports the two specific transfer flavors SHOULD export both the confent
and presentation transfer flavors, as well asithe generic flavor, which SHOULD combine|the
other two flavors using a top-level MathNIL semantics element (see Section 5.4.1).
5. When an application exports a MathME fragment whose only child of the root elemert is
a semantics element, it SHOULDOffer, after the above flavors, a transfer flavor for eqch
annotation or annotation-xml element, provided the transfer flavor can be recognized
and named based on the encdoding attribute value, and provided the annotation key is {the
default) alternate-represénitation. The transfer content for each annotation should contain|the
character data in the-'specified encoding (for an annotation element), or a well-formed
XML fragment (for anl annotation-xml element), or the data that results by requesting|the
URL given by.the src attribute (for an annotation reference).
6. As a final fallback, an application MAY export a version of the data in a plain-text [fla-
vor (such‘as text/plain, CF_UNICODETEXT, UnicodeText, or NSStringPboardType).
When an application has multiple versions of an expression available, it may choose the yer-
sipnmyte export as text at its discretion. Since some older MathML processors expect MathML
insfances transferred as plain text to begin with a math element, the text version SHOLlf;D

generally omit the XML declaration, DOCTYPE declaration, and other XML prolog ma-
terial that would appear before the math element. The Unicode text version of the data
SHOULD always be the last flavor exported, following the principle that exported flavors
should be ordered with the most specific flavor first and the least specific flavor last.

6.3.3 Discussion

To determine whether a MathML instance is pure content markup or pure presentation markup, the
math, semantics, annotation and annotation-xml elements should be regarded as belonging to
both the presentation and content markup vocabularies. The math element is treated in this way be-
cause it is required as the root element in any MathML transfer. The semantics element and its child
annotation elements comprise an arbitrary annotation mechanism within MathML, and are not tied to
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either presentation or content markup. Consequently, an application that consumes MathML should
always process these four elements, even if it only implements one of the two vocabularies.

It is worth noting that the above recommendations allow agents that produce MathML to provide binary
data for the clipboard, for example in an image or other application-specific format. The sole method
to do so is to reference the binary data using the src attribute of an annotation, since XML character
data does not allow for the transfer of arbitrary byte-stream data.

While the above recommendations are intended to improve interoperability between MathML-aware
applications that use these transfer paradigms, it should be noted that they do not guarantee interoper-
abilify. For example, reicrences to external Tesources (€.g. stylesheets, etc.) in MathVIL data cancquse
intdroperability problems if the consumer of the data is unable to locate them, as can happen when
cutfing and pasting HTML or other data types. An application that makes use of referencesto-extefnal
respurces is encouraged to make users aware of potential problems and provide alternate Ways to obfain
the|referenced resources. In general, consumers of MathML data that contains references they carfnot
resplve or do not understand should ignore the external references.

6.314 Examples
6.3[4.1  Example 1

An|e-Learning application has a database of quiz questions, sofe of which contain MathML. The
MathML comes from multiple sources, and the e-Learning application merely passes the data on|for
display, but does not have sophisticated MathML analysis_¢apabilities. Consequently, the applicafion
is ot aware whether a given MathML instance is pure ptesentation or pure content markup, nor does
it khow whether the instance is valid with respect to“a“particular version of the MathML schemg. It
therefore places the following data formats on theclipboard:

Flayor Name Flavor Content

MathML <math xmlns="http://wuw.wd%org/1998/Math/MathML">. ..</math>
Unjcode Text <math xmlns="http://ww)w3.org/1998/Math/MathML">. ..</math>

6.3[4.2  Example 2

Anlequation editor on the Windows platform is able to generate pure presentation markup, valid With
respect to MathML 3. Consequently, it exports the following flavors:

Flayor Name Flavor Content
MatthML Presentfation <math xmlns="http://www.w3.org/1998/Math/MathML">...</math>
Tiff (a rendering sample)
Unicode- Text <math xmlns="http://www.w3.org/1998/Math/MathML">. ..</math>

6.3.4.3  Example 3

A schema-based content management system on the Mac OS X platform contains multiple MathML
representations of a collection of mathematical expressions, including mixed markup from authors,
pure content markup for interfacing to symbolic computation engines, and pure presentation markup
for print publication. Due to the system’s use of schemata, markup is stored with a namespace prefix.
The system therefore can transfer the following data:
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Flavor Name Flavor Content

public.mathml.presentation <math xmlns="http://www.w3.org/1998/Math/MathML"
xmlns:xsi="http://www.w3.0rg/2001/XMLSchema-instance"
xsi:schemalocation=
"http://www.w3.org/Math/XMLSchema/mathm13/mathml3.xsd">

<mrow>
<mrow>
</math>
public.mathml.content <math xmlns="http://www.u3.org/1998/Math/MathML"
xmlns:xsi="http://www.w3.org/2001/XMLSchema-instance"
xsi:schemalocation=
"AETTp://www.w3.org/Math/ XMLSchema/mathml3/mathml3. xsd ">
<apply>
<apply>
</math>
public.mathml <math xmlns="http://www.w3.org/1998/Math/MathML"
xmlns:xsi="http://www.w3.org/2001/XMLSchema-instance"
xsi:schemalocation=
"http://www.w3.org/Math/XMLSchema/mathml3/mathml3.xsd">
<mrow>
<apply>
. content markup within pregéntation markup ...
</apply>
</mrow>
</math>
public.plain-text.tex x \over x-1
public.plain-text <math xmlns="http://wwidw3.org/1998/Math/MathML"
xmlns:xsi=thttp://www.w3.org/2001/XMLSchema-instance"
xsi:schemallocation=
"htp://www.w3.org/Math/XMLSchema/mathm13/mathml3. xsd">
<mrow>
<mrow>
</math>

6.3|4.4  Example 4

A dimilar content managemenf system is web-based and delivers MathML representations of mathe-
matfical expressions. The system is able to produce MathML-Presentation, MathML-Content, TeX pnd
pictures in TIFF format..In* Web-pages being browsed, it could produce a MathML fragment sucl as
the[following:

<m3gth xmlns="http://www.w3.org/1998/Math/MathML">

{semantics>

<mrow>w .</mrow>

<afinptation-zxml encoding="MathML-Content">...</annotation-xml>
<amnotation encoding="TeX">{1l \over x}</annotation>
<annotation encoding="1lmage/tifi" src="formulassdc.tifii"/>

</semantics>
</math>

A web-browser on the Windows platform that receives such a fragment and tries to export it as part of
a drag-and-drop action, can offer the following flavors:
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Flavor Name Flavor Content

MathML Presentation <math xmlns="http://www.w3.org/1998/Math/MathML"
xmlns:xsi="http://www.w3.0rg/2001/XMLSchema-instance"
xsi:schemalocation=

"http://www.w3.org/Math/XMLSchema/mathm13/mathml3.xsd">

<mrow>
<mrow>
</math>
MathML Content <math xmlns="http://www.w3.org/1998/Math/MathML"

xmlns:xsi="http://www.w3.org/2001/XMLSchema-instance"
xsi:schemalocation=

"ATTp://www.w3.org/Math/ XMLSchema/mathml3/mathml3. xsd >
<apply>
<apply>
</math>
MafhML <math xmlns="http://www.w3.org/1998/Math/MathML"

xmlns:xsi="http://www.w3.org/2001/XMLSchema-instance"
xsi:schemalocation=
"http://www.w3.org/Math/XMLSchema/mathm}8/mathml3.xsd">
<mrow>
<apply>
. content markup within presentation giarkup ...
</apply>
</mrow>
</math>
Te) x \over x-1
CF|TIFF (the content of the picture file, requested froim formula3848.tiff)

CFJUNICODETEXT <math xmlns="http://www.w3.org/l998/Math/MathML"
xmlns:xsi="http://www.w3.0rg/2001/XMLSchema-instance"
xsi:schemalocatiion=
"http://www.w3.org/Math/XMLSchema/mathm13/mathml3.xsd">
<mrow>
<mrow>
</math>

6. Combining MathML and Other Formats

MafhML is usually used-ii;eombination with other markup languages. The most typical case is perhjaps
the|use of MathML within a document-level markup language, such as HTML or DocBook. It is §lso
common that othefobject-level markup languages are also included in a compound document forthat,
such as MathMI-and SVG in HTMLS5. Other common use cases include mixing other markup within
MathML. Forexample, an authoring tool might insert an element representing a cursor position or ofher
state information within MathML markup, so that an author can pick up editing where it was broken
off)

Most document markup languages have some concept of an inline equation, (or graphic, object, etc.) so
there is a typically a natural way to incorporate MathML instances into the content model. However, in
the other direction, embedding of markup within MathML is not so clear cut, since in many MathML
elements, the role of child elements is defined by position. For example, the first child of an apply
must be an operator, and the second child of an mfrac is the denominator. The proper behavior when
foreign markup appears in such contexts is problematic. Even when such behavior can be defined in a
particular context, it presents an implementation challenge for generic MathML processors.

For this reason, the default MathML schema does not allow foreign markup elements to be included
within MathML instances.
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In the standard schema, elements from other namespaces are not allowed, but attributes from other
namespaces are permitted. MathML processors that encounter unknown XML markup should behave

as follows:
l. An attribute from a non-MathML namespace should be silently ignored.
2. An element from a non-MathML namespace should be treated as an error, except in an

annotation-xml element. If the element is a child of a presentation element, it should be
handled as described in Section 3.3.5. If the element is a child of a content element, it should
be handled as described in Section 4.2.9.

For_example, if the second child of an mfrac element is an unknown element, the fraction should be
renflered with a denominator that indicates the error.

WHen designing a compound document format in which MathML is included in a larger docament type,
the|designer may extend the content model of MathML to allow additional elements. For €xample, a
common extension is to extend the MathML schema such that elements from non-MathML namespdces
arefallowed in token elements, but not in other elements. MathML processors that.encounter unkngwn
mafkup should behave as follows:

An unrecognized XML attribute should be silently ignored.

An unrecognized element in a MathML token element should be ‘silently ignored.
An element from a non-MathML namespace should be tteated as an error, except in |an
annotation-xml element. If the element is a child ofa,presentation element, it should be
handled as described in Section 3.3.5. If the element4s a child of a content element, it shquld
be handled as described in Section 4.2.9.

Extending the schema in this way is easily achieved using the Relax NG schema described in Ap-
penldix A, it may be as simple as including the MathMLschema whilst overriding the content moddl of
mtgxt:

default namespace m = "http://www.w3%org/1998/Math/MathML"

W=

indlude "mathml3.rnc" {
mtgxt = element mtext {mtext.attributes, (token.content|anyElement)x*}

}

Thq definition given here would’'allow any well formed XML that is not in the MathML namesplace
as g child of mtext. In practice this may be too lax. For example, an XHTML+MathML Schema thay
jus{ want to allow inline)XHTML elements as additional children of mtext. This may be achieved
by feplacing anyElemént by a suitable production from the schema for the host document type, |see
Sedtion 6.4.1.

Considerations) about mixing markup vocabularies in compound documents arise when a compofind
for
till

, ’ - . afice.
Since MathML is most often generated by authoring tools, a particularly common and important case
is where an authoring tool needs to store information about its internal state along with a MathML
expression, so an author can resume editing from a previous state. For example, placeholders may be
used to indicate incomplete parts of an expression, or a insertion point within an expression may need
to be stored.

An application that needs to persist private data within a MathML expression should generally attempt
to do so without altering the underlying content model, even in situations where it is feasible to do so.
To support this requirement, regardless of what may be allowed by the content model of a particular
compound document format, MathML permits the storage of private data via the following strategies:
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1. In a format that permits the use of XML Namespaces, for small amounts of data, attributes
from other namespaces are allowed on all MathML elements.

2. For larger amounts of data, applications may use the semantics element, as described in
Section 5.1.

3. For authoring tools and other applications that need to associate particular actions with pre-

sentation MathML subtrees, e.g. to mark an incomplete expression to be filled in by an
author, the maction element may be used, as described in Section 3.7.1.

6.4.1 Mixing MathML and XHTML

To fully integrate MathML into XHTML, it should be possible not only to embed MathML in XHTML.,
but|also to embed XHTML in MathML. The schema used for the W3C HTMLS5 validater. eéxterds
mtgxt to allow all inline (phrasing) HTML elements (including svg) to be used within the confent
of mtext. See the example in Section 3.2.2.2. As noted above, MathML fragments using XHTML
eleinents within mtext will not be valid MathML if extracted from the document andyiised in isolatjon.
Edring tools may offer support for removing any HTML markup from within-mtext and replacing it
by 4 text alternative.

In 1post cases, XHTML elements (headings, paragraphs, lists, etc.) eithet do not apply in mathematjcal
conjtexts, or MathML already provides equivalent or improved furnefionality specifically tailoreq to
mathematical content (tables, mathematics style changes, etc.).

Consult the W3C Math Working Group home page for compatibility and implementation suggestions
for |current browsers and other MathML-aware tools.

6.42 Mixing MathML and non-XML contexts

Thgre may be non-XML vocabularies which #equire markup for mathematical expressions, wheie it
makes sense to reference this specification . HTML is an important example discussed in the next gec-
tior), however other examples exist. It ispossible to use a TeX-like syntax such as \fracab rather than
expllicitly using <mfrac> and <mi'>."If a system parses a specified syntax and produces a tree fhat
may be validated against the MathML schema then it may be viewed as as a MathML applicatjon.
Note however that documents(using such a system are not valid MathML. Implementations of su¢h a
syntax should, if possiblegoftfer a facility to output any mathematical expressions as MathML in|the
XML syntax defined herexSuch an application would then be a MathML-output-conformant procegsor
as described in Section,273.1.

6.4{3 Mixing MathML and HTML

Anfimportant example of a non-XML based system is defined in [HTMLS5]. When considering MathML
in HEML there are two separate issues to consider. Firstly the schema is extended to allow HTML| in

mtextasdescribed-aboveimrthecontextof XHTME—Secondty-amr HEviEparserts—used-rather-than
an XML parser. The parsing of MathML by an HTML parser is normatively defined in [HTMLS5]. The
description there is aimed at parser implementers and written in terms of the state transitions of the
parser as it parses each character of the input. The non-normative description below aims to give a
higher level description and examples.

XML parsing is completely regular, any XML document may be parsed without reference to the partic-
ular vocabulary being used. HTML parsing differs in that it is a custom parser for the HTML vocabulary
with specific rules for each element. Similarly to XML though, the HTML parser distinguishes pars-
ing from validation; some input, even if it renders correctly, is classed as a parse error which may be
reported by validators (but typically is not reported by rendering systems).
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The main differences that affect MathML usage may be summarized as:

° Attribute values in most cases do not need to be quoted: <mfenced open=( close=)>
would parse correctly.

End tags may in many cases be omitted.

HTML does not support namespaces other than the three built in ones for HTML, MathML
and SVG, and does not support namespace prefixes. Thus you can not use a prefix form like
<mml:math xmlns:mml="http://www.w3.org/1998/Math/MathML"> and while you may
use <math xmlns="http://www.w3.org/1998/Math/MathML">, the namespace decla-
ration is essentially ignored and the input is treated as <math>. In either case the math
element and its descendants are placed in the MathML namespace. As noted in Chaptér 5
the lack of namespace support limits some of the possibilities for annotating MathML.With
markup from other vocabularies when used in HTML.
° Unlike the XML parser, the HTML parser is defined to accept any input stringand produce
a defined result (which may be classified as non-conforming. The extreni¢-example
<math></<><z =5> for example would be flagged as a parse error by \validators but wquld
return a tree corresponding to a math element containing a comment{< and an element z with
an attribute that could not be expressed in XML with name =5 andivalue "".

° Unless inside the token elements <mtext>, <mo>, <mn>, <mi>) <ms>, or inside an
<annotation-xml> with encoding attribute "text/html” or
"annotation/xhtml+xml", the presence of an HTMkE element will terminate the njath
expression by closing all open MathML elements, so‘that the HTML element is interprgted
as being in the outer HTML context. Any following MathML elements are then not don-
tained in <math> so will be parsed as invalid HTML elements and not rendered as MathlyIL.
See for example the example given in Section’5.2.3.3.

In the interests of compatibility with existing MathiML applications authors and editing systems shquld
use|MathML fragments that are well formed XML, even when embedded in an HTML document. Also
as noted above, although applications accepfing MathML in HTML documents must accept MathML
making use of these HTML parser features, they should offer a way to export MathML in a portgble
XML syntax.

6.44 Linking

In MathML 3, an elementis designated as a link by the presence of the href attribute. MathML hag no
element that correspgnds’to the HTML/XHTML anchor element a.

MafhML allows.the href attribute on all elements. However, most user agents have no way to imple-
meht nested inks or links on elements with no visible rendering; such links may have no effect.

Thg list of presentation markup elements that do not ordinarily have a visual rendering, and thus shquld
not|bgused as linking elements, is given in the table below.

MathML elements that should not be linking elements
mprescripts none

malignmark maligngroup

For compound document formats that support linking mechanisms, the id attribute should be used to
specify the location for a link into a MathML expression. The id attribute is allowed on all MathML
elements, and its value must be unique within a document, making it ideal for this purpose.

Note that MathML 2 has no direct support for linking; it refers to the W3C Recommendation "XML
Linking Language" [XLink] in defining links in compound document contexts by using an
xlink:href attribute. As mentioned above, MathML 3 adds an href attribute for linking so that
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xlink:href is no longer needed. However, x1ink:href is still allowed because MathML permits
the use of attributes from non-MathML namespaces. It is recommended that new compound document
formats use the MathML 3 href attribute for linking. When user agents encounter MathML elements
with both href and xlink:href attributes, the href attribute should take precedence. To support
backward compatibility, user agents that implement XML Linking in compound documents containing
MathML 2 should continue to support the use of the x1ink:href attribute in addition to supporting
the href attribute.

645  MathMIL and Graphical Markup

Apqrt from the introduction of new glyphs, many of the situations where one might be inclined to is¢ an
imgge amount to displaying labeled diagrams. For example, knot diagrams, Venn diagrams¢Dynkin| di-
agrpms, Feynman diagrams and commutative diagrams all fall into this category. As suchitheir confent
wotld be better encoded via some combination of structured graphics and MathML markup. Howeper,
at the time of this writing, it is beyond the scope of the W3C Math Activity to define'a’markup langufage
to gncode such a general concept as ‘labeled diagrams.” (See http://www.w3.org/Math for current W3C
actjvity in mathematics and http://www.w3.org/Graphics for the W3C graplfics activity.)

On¢ mechanism for embedding additional graphical content is via the- semantics element, as in|the
following example:

<sgmantics>
4apply>
<intersect/>
<ci>A</ci>
<ci>B</ci>
{/apply>
d4annotation-xml encoding="image/swg+xml">
<svg xmlns="http://www.w3.0rg/2000/svg" viewBox="0 0 290 180">
<clipPath id="a">
<circle cy="90" cx="100™r="60"/>
</clipPath>
<circle fill="#AAAAAA" cy="90" cx="190"
r="60"wstyle="clip-path:url(#a)"/>
<circle stroke="black" fill="none" cy="90" cx="100" r="60"/>
<circle stroke="black" fill="none" cy="90" cx="190" r="60"/>
</svg>
4/annotation-xml>
dannotation-xml encoding="application/xhtml+xml">
<imgy'xmlns="http://www.w3.org/1999/xhtml"
src="intersect.gif" alt="A intersect B"/>
</annotation-xml>
</semantics>

Here, the annotation-xml elements are used to indicate alternative representations of the MathML-
Content depiction of the intersection of two sets. The first one is in the ‘Scalable Vector Graphics’
format [SVGI.1] (see [XHTML-MathML-SVG] for the definition of an XHTML profile integrating
MathML and SVG), the second one uses the XHTML img element embedded as an XHTML frag-
ment. In this situation, a MathML processor can use any of these representations for display, perhaps
producing a graphical format such as the image below.
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Note that the semantics representation of this example is given in MathML-Content markup, as the
firstchild g - is regardoitis the .
attrjbute of the img element in XHTML, and would
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likely be the best choice for non-visual rendeti

6.5 Using CSS with MathML

WHhen MathML is rendered in an environment that supports CSS [CSS21], centfolling mathemaltics
style properties with a CSS style sheet is desirable, but not as simple as it might first appear, becquse
the|formatting of MathML layout schemata is quite different from the €SS visual formatting mqgdel
and many of the style parameters that affect mathematics layout have no-ditect textual analogs. Eveh in
casgs where there are analogous properties, the sensible values for these properties may not correspgnd.
Begause of this difference, applications that support MathML patively may choose to restrict the ¢SS
properties applicable to MathML layout schemata to those properties that do not affect layout.

Generally speaking, the model for CSS interaction with\the math style attributes runs as followy. A
CSB style sheet might provide a style rule such as:

math *.[mathsize="small"] {
font-size: 80%

}
Thik rule sets the CSS font-size property, for all children of the math element that have the mathsjze
attrjbute set to small. A MathML renderer would then query the style engine for the CSS enviijon-
ment, and use the values returned, @s input to its own layout algorithms. MathML does not specify|the
me¢hanism by which style information is inherited from the environment. However, some suggested
renflering rules for the interaction between properties of the ambient style environment and MathNIL-
spefific rendering rules-are discussed in Section 3.2.2, and more generally throughout Chapter 3.

It should be stressed,-however, that some caution is required in writing CSS stylesheets for MathlYIL.
Begause changingtypographic properties of mathematics symbols can change the meaning of an equa-
tion}, styleshéets should be written in a way such that changes to document-wide typographic styleg do
not|affectembedded MathML expressions.

Angtherpitfall to be avoided is using CSS to provide typographic style information necessary to|the
proper understanding ol an expression. EXpressions dependent on CSS 1or meaning will not be portable
to non-CSS environments such as computer algebra systems. By using the logical values of the new
MathML 3.0 mathematics style attributes as selectors for CSS rules, it can be assured that style infor-
mation necessary to the sense of an expression is encoded directly in the MathML.

MathML 3.0 does not specify how a user agent should process style information, because there are
many non-CSS MathML environments, and because different users agents and renderers have widely
varying degrees of access to CSS information.
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6.5.1 Order of processing attributes versus style sheets

CSS or analogous style sheets can specify changes to rendering properties of selected MathML ele-
ments. Since rendering properties can also be changed by attributes on an element, or be changed au-
tomatically by the renderer, it is necessary to specify the order in which changes requested by various
sources should occur. The order is defined by [CSS21] cascading order taking into account precedence
of non-CSS presentational hints.
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Chapter 7

Characters, Entities and Fonts

7.1 Introduction

Noftation and symbols have proved very important for mathematics. Mathematic$ has grown in part
becpuse its notation continually changes toward being succinct and suggestive- Many new signs have
beepn developed for use in mathematical notation, and many have been adgpted that were originplly
intrpduced elsewhere.The result is that mathematics makes use of a very-large collection of symbpls.
It i difficult to write mathematics fluently if these characters are not available for use. It is difficult to
readl mathematics if corresponding glyphs are not available for preséntation on specific display deviges.

Theg W3C Math Working Group therefore took on the job of Specifying part of the mechanism nded-
ed fo proceed from notation to final presentation, and hasycollaborated with the Unicode Technjcal
Committee (UTC) and the STIX Fonts Project in undertaking specification of the rest.

Thifs chapter contains discussion of characters for use within MathML, recommendations for their yise,
and warnings concerning the correct form of the corresponding code points given in the Univefsal
Mulitiple-Octet Coded Character Set (UCS) [lSO10646] as codified in Unicode [Unicode]. For gim-
plidity we refer to this character set by the short name Unicode. Unless otherwise stated, the mappings
dis¢ussed in this chapter and elsewhere in the MathML 3.0 recommendation are based on Unicode p.2.
Conformant MathML processors (see Section 2.3) are free to use characters defined in Unicode 5.2 or
latdr.

While a long process of review and adoption by UTC and ISO/IEC of the characters of special intefest
athematics and MathML is now complete, more characters may be added in the future. For|the
latgst character tables-and font information, see the [Entities] and the Unicode Home Page, notdbly
Unjcode Work in Rrogress and Unicode Technical Report #25 “Unicode Support for Mathematics™

A NMathML toKemrelement (see Section 3.2, Section 4.2.1, Section 4.2.2, Section 4.2.3) takes as confent
a sgquence ‘of-MathML characters or mglyph elements. The latter are used to represent characters fhat
do phot have'a Unicode encoding, as described in Section 3.2.1.2. The need for mglyph should be fare
becpuseUnicode 3.1 provided approximately one thousand alphabetic characters for mathematics, pnd
Unicode 3.2 added over 900 more special mathematical symbols.

7.2 Unicode Character Data

Any character allowed by XML may be used in MathML. More precisely, the legal Unicode characters
have the hexadecimal code numbers 09 (tab = U+0009), OA (line feed = U+000A), 0D (carriage re-
turn = U+000D), 20-D7FF (U+0020..U+D7FF), EO00-FFFD (U+E000..U+FFFD), and 10000-10FFFF
(U+10000..U+10FFFF). The exclusions above code number D7FF are of the blocks used in surrogate
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pairs, and the two characters guaranteed not to be Unicode characters at all. U+FFFE is excluded to
allow determination of byte order in certain encodings.

There are essentially three different ways of encoding character data in an XML document.

° Using characters directly: For example, the ¢’ (character U+00E9 [LATIN SMALL LET-
TER E WITH ACUTE]) may have been inserted. This option is only useful if the character
encoding specified for the XML document includes the character intended. Note that if the
document is, for example, encoded in Latin-1 (ISO-8859-1) then only the characters in that
encoding are available directly; for instance character U+00E9 (eacute) is, but character
H+03BH-adpharisnot
° Using numeric XML character references: For example, ’é¢” may be represented as ,&#933;
(decimal) or &#xE9; (hex), or &#0233; (decimal) or &#x00E9;. Note that the numbers in|the
character references always refer to the Unicode encoding (and not to the character’encoding
used in the XML file). By using character references it is always possible to,access the entire
Unicode range.
° Using entity references: The MathML DTD defines internal entities that'¢xpand to charafter
data. Thus for example the entity reference &eacute; may be usedrather than the charafter
reference &#xE9;. An XML fragment that uses an entity reference which is not defined |n a
DTD is not well-formed; therefore it will be rejected by anZXML parser. For this reason|ev-
ery fragment using entity references must use a DOCTYPE declaration which specifies|the
MathML DTD, or a DTD that at least declares any entity reference used in the MathML] in-
stance. The need to use a DOCTYPE complicatesdtictusion of MathML in some documejnts.
However, entity references can be useful for small illustrative examples.

7.3 Entity Declarations

Eaiflier versions of this MathML specification included detailed listings of the entity definition$ to
be fised with the MathML DTD. These-entity definitions are of more general use, and have now been
sepprated into an ancillary document; XML Entity Definitions for Characters [Entities]. The tables there
list|the entity names and the cartesponding Unicode character references. That document describes
sevpral entity sets; not all of thein are used in the MathML DTD. The MathML DTD references|the
corhbined HTML MathMIg.entity set defined in [Entities].

7.4 Special'Characters Not in Unicode

For| special ‘purposes, one may need a symbol which does not have a Unicode representation. In these
casps orie miay use the mglyph element for direct access to a glyph as an image, or (in some systens)
fro1n a‘font that uses a non-Unicode encoding. All MathML token elements accept characters in their
content and also accept an mglyph there. Beware, however, that use of mglyph to access a font is
deprecated and the mechanism may not work in all systems. The mglyph element should always supply
a useful alternative representation in its alt attribute.

7.5 Mathematical Alphanumeric Symbols

In mathematical and scientific writing, single letters often denote variables and constants in a given
context. The increasing complexity of science has led to the use of certain common alphabet and font
variations to provide enough special symbols of this letter-like type. These denotations are generally
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not letters that may be used to make up words with recognized meanings, but individual carriers of
semantics themselves. Writing a string of such symbols is usually interpreted in terms of some com-
position law, for instance, multiplication. Many letter-like symbols may be quickly interpreted as of a
certain mathematical type by specialists in a given area: for instance, bold symbols, whether based on
Latin or Greek letters, as vectors in physics or engineering, or Fraktur symbols as Lie algebras in part
of pure mathematics.

The additional Mathematical Alphanumeric Symbols provided in Unicode 3.1 have code points in the
range U+1D400 to U+1D7FF in Plane 1, that is, in the first plane with Unlcode Values hlgher than 2'°.

mathematical alphanumeric symbols as Unicode code points, and the deployient of software and f¢nts
that support them. Namely, one uses the mathvariant attribute on astoken element such as mi to
ind|cate that the character data in the token element selects a mathematioal alphanumeric symbol.

In principle, any mathvariant value may be used with any charactep data to define a specific symbplic
token. In practice, only certain combinations of character data*and mathvariant values will be vispal-
ly dlistinguished by a given renderer. In this section we eXpldin the correspondence between cerfain
characters in Plane O that, when modified by the mathvariant attribute, are considered equivalerjt to
mathematical alphanumeric symbol characters.

Th¢ mathematical alphanumeric symbol characters'in Plane 1 include alphabets for Latin upper-dase
and lower-case letters, including dotless i andyj; Greek upper-case and lower-case letters, Greek sym-
bolf (also known as variants), including upper-case and lower-case digamma, and Latin digits. THese
alphabets provide Plane 1 Unicode code points that differ from corresponding Plane O characters dnly
by p variation in font that carries mathematical semantics when used in a formula.

Th¢ mathvariant attribute uses,exactly this correspondence to provide an alternate markup encoding
tha{ selects these Plane 1 characters. For example, the Mathematical Italic alphabet runs from U+1D§#34
("A") to U+1D467 ("z").Thus, a typical example of an identifier for a variable, marked up as

<mj>a</mi>
and rendered in.d&mathematical italic font (as described in Section 3.2.3) could equivalently be marked
up s

<mi>&#xIDA4E; <! --MATHEMATICAL ITALIC SMALL A--></mi>

whichiinvokes the Mathematical Italic lower-case a explicitly.

An important use of the mathematical alphanumeric symbols in Plane 1 is for identifiers normally
printed in special mathematical fonts, such as Fraktur, Greek, Boldface, or Script. As another example,
the Mathematical Fraktur alphabet runs from U+1D504 ("A") to U+1D537 ("z"). Thus, an identifier for
a variable that uses Fraktur characters could be marked up as

<mi>&#x1D504 ;<! --BLACK-LETTER CAPITAL A--></mi>

An alternative, equivalent markup for this example is to use the common upper-case A, modified by
using the mathvariant attribute:

<mi mathvariant="fraktur">A</mi>
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A MathML processor must treat a mathematical alphanumeric character (when it appears) as identi-
cal to the corresponding combination of the unstyled character and mathvariant attribute value. It is
important to note that the mathvariant attribute specifies a semantic class of characters, each of which
has a specific appearance that should be protected from document-wide style changes, so the intended
meaning of the character may be preserved. The use of a mathematical alphanumeric character is also
intended to preserve this specific appearance, and so these characters are also not to be affected by
surrounding style changes.

Not all combinations of character data and mathvariant values have assigned Unicode code points. For

ed,
tin-
the
hat
have equivalent Unicode code points, and renderers are free to ignore those combination$ that havg no
assjgned Unicode code point or for which adequate font support is unavailable.
Thg exact correspondence between a mathematical alphabetic character and @n,unstyled charactdr is
complicated by the fact that certain characters that were already present in.Ufuicode in Plane O are[not
in the “expected’ sequence in Plane 1. The table below shows the Plane/O\mathematical alphanumgric
symbols, listing for each character its Unicode code point, its Unicodé-character name, its correspqnd-
ing|unstyled alphabetic character, and the code point in Plane 1 whete one might naturally have soyght
thig character.
Unjcode code point Unicode name BMP code Plane-1 cpde
U+R10E PLANCK CONSTANT U+0068 U+1D45]
U+p12C SCRIPT CAPITAL B U+0042 U+1D49D
U+p130 SCRIPT CAPITAL E U+0045 U+1D4AD
U+P131 SCRIPT CAPITALF U+0046 U+1D4All
U+P10B SCRIPT CAPITAE H U+0048 U+1D4AB
U+p110 SCRIPT CAPITAL I U+0049 U+1D4AHK
U+p112 SCRIPT GAPITAL L U+004C U+1D4Af
U+p133 SCRIPT'CAPITAL M U+004D U+1D4AB
U+p11B SCRIPT CAPITAL R U+0052 U+1D4AD
U+R12F SCRIPT SMALL E U+0065 U+1D4BA
U+PR10A SCRIPT SMALL G U+0067 U+1D4BC
U+p134 SCRIPT SMALL O U+006F U+1D4CH
U+p12D BLACK-LETTER CAPITAL C U+0043 U+1D50¢
U+p10C BLACK-LETTER CAPITAL H U+0048 U+1D50
U+p111 BLACK-LETTER CAPITAL I U+0049 U+1D50
U+p11C BLACK-LETTER CAPITAL R U+0052 U+1D51
U+p128 BLACK-LETTER CAPITAL Z U+005A U+1D51
U+p1a2 DOURIE-STRIICK CAPITAL C 1140043 1I+1D53
U+210D DOUBLE-STRUCK CAPITAL H U+0048 U+1D53F
U+2115 DOUBLE-STRUCK CAPITAL N U+004E U+1D545
U+2119 DOUBLE-STRUCK CAPITAL P U+0050 U+1D547
U+211A DOUBLE-STRUCK CAPITAL Q U+0051 U+1D548
U+211D DOUBLE-STRUCK CAPITAL R U+0052 U+1D549
U+2124 DOUBLE-STRUCK CAPITAL Z U+005A U+1D551

Mathematical Alphanumeric Symbol characters should not be used for styled prose. For example,
Mathematical Fraktur A must not be used to just select a blackletter font for an uppercase A as it would
create problems for searching, restyling (e.g. for accessibility), and many other kinds of processing.
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7.6 Non-Marking Characters

Some characters, although important for the quality of print or alternative rendering, do not have glyph
marks that correspond directly to them. They are called here non-marking characters. Their roles are
discussed in Chapter 3 and Chapter 4.

In MathML, control of page composition, such as line-breaking, is effected by the use of the proper
attributes on the mo and mspace elements.

The characters below are not simple spacers. They are especially important new additions to the UCS
because they provide textual clues which can increase the quality of print rendering, permit coryect
audio rendering, and allow the unique recovery of mathematical semantics from text which is visuplly

ambiguous.

Unicode code point Unicode name Description

U+p061 FUNCTION APPLICATION character showing function application in pre-
sentation tagging (Section 3.2.5)

U+p062 INVISIBLE TIMES marks multiplication when it i1s understood wjith-
out a mark (Section 3.2.5)

U+R063 INVISIBLE SEPARATOR used as a separdator, e.g., in indices (Jec-
tion 3.2.5)

U+p064 INVISIBLE PLUS marks addition, especially in constructs such as
15 (Section'3.2.5)

7.7 Anomalous Mathematical Characters

Sorpe characters which occur fairly often in mathematical texts, and have special significance there,
are|frequently confused with other similar characters in the UCS. In some cases, common keybdard
characters have become entrenched as alt€rnatives to the more appropriate mathematical characters.
In ¢thers, characters have legitimate us€s in both formulas and text, but conflicting rendering and font
conjventions. All these characters arelcalled here anomalous characters.

7.711 Keyboard Characters

Typical Latin-1-based keyboards contain several characters that are visually similar to important mfth-
emitical characters. Consequently, these characters are frequently substituted, intentionally or uninfen-
tionjally, for theirmore correct mathematical counterparts.

7.7\1.1 ~ Minus

Thq most common ordinary text character which enjoys a special mathematical use is U+002D [HYRHEN-
MINUS]. As its Unicode name suggests, it is used as a hyphen in prose contexts, and as a minus or
negative sign in formulas. For text use, there is a specific code point U+2010 [HYPHEN] which is
intended for prose contexts, and which should render as a hyphen or short dash. For mathematical
use, there is another code point U+2212 [MINUS SIGN] which is intended for mathematical formulas,
and which should render as a longer minus or negative sign. MathML renderers should treat U+002D
[HYPHEN-MINUS] as equivalent to U+2212 [MINUS SIGN] in formula contexts such as mo, and as
equivalent to U+2010 [HYPHEN] in text contexts such as mtext.
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7.7.1.2  Apostrophes, Quotes and Primes

On a typical European keyboard there is a key available which is viewed as an apostrophe or a single
quotation mark (an upright or right quotation mark). Thus one key is doing double duty for prose
input to enter U+0027 [APOSTROPHE] and U+2019 [RIGHT SINGLE QUOTATION MARK]. In
mathematical contexts it is also commonly used for the prime, which should be U+2032 [PRIME].
Unicode recognizes the overloading of this symbol and remarks that it can also signify the units of
minutes or feet. In the unstructured printed text of normal prose the characters are placed next to
one another. The U+0027 [APOSTROPHE] and U+2019 [RIGHT SINGLE QUOTATION MARK]
are marked with glyphs that are small and raised with respect to the center line of the text. The fonts
usefl provide small raised glyphs in the appropriate places indexed by the Unicode codes. The U32p32
[PRIME] of mathematics is similarly treated in fuller Unicode fonts.

MathML renderers are encouraged to treat U+0027 [APOSTROPHE] as U+2032 [PRIME] when |ap-
propriate in formula contexts.

A final remark is that a ‘prime’ is often used in transliteration of the Cyrilli¢xcharacter U+044C
[CYRILLIC SMALL LETTER SOFT SIGN]. This different use of primes,is_not part of considg¢ra-
tior)s for mathematical formulas.

7.711.3  Other Keyboard Substitutions

While the minus and prime characters are the most common dnd important keyboard characters With
mofe precise mathematical counterparts, there are a numbeiof other keyboard character substitutions
thaf are sometime used. For example some may expect
<mg¢>’’</mo>

to be treated as U+2033 [DOUBLE PRIME], and-analogous substitutions could perhaps be mfade
for|U+2034 [TRIPLE PRIME] and U+2057 [QUADRUPLE PRIME]. Similarly, sometimes U+0(7C
[VERTICAL LINE] is used for U+2223 [DIVIDES]. MathML regards these as application-spedific
authoring conventions, and recommends that authoring tools generate markup using the more preg¢ise
mathematical characters for better int€roperability.

—

7.712 Pseudo-scripts

Thgre are a number of characters in the UCS that traditionally have been taken to have a natural ‘sciipt’
asppct. The visual presentation of these characters is similar to a script, that is, raised from the baseljne,
and smaller than the base font size. The degree symbol and prime characters are examples. For usp in
tex{, such characters occur in sequence with the identifier they follow, and are typically rendered uging
the[same font. These characters are called pseudo-scripts here.

In 4lmo§t all mathematical contexts, pseudo-script characters should be associated with a base expfes-
si011 using explicit script markup in MathML. For example, the preferred encoding of ‘x prime’ is

<msup><mi>x</mi><mo>&#x2032; <! --PRIME--></mo></msup>

and not

<mi>x’</mi>

or any other variants not using an explicit script construct. Note, however, that within text contexts such
as mtext, pseudo-scripts may be used in sequence with other character data.

There are two reasons why explicit markup is preferable in mathematical contexts. First, a problem
arises with typesetting, when pseudo-scripts are used with subscripted identifiers. Traditionally, sub-
scripting of x’ would be rendered stacked under the prime. This is easily accomplished with script
markup, for example:
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<mrow><msubsup><mi>x</mi><mn>0</mn><mo>&#x2032; <! --PRIME--></mo></msubsup></mrow>
By contrast,

<mrow><msub><mi>x’</mi><mn>0</mn></msub></mrow>

will render with staggered scripts.

Note this means that a renderer of MathML will have to treat pseudo-scripts differently from most other

character codes it finds in a superscript position; in most fonts, the glyphs for pseudo-scripts are already
shrunk and raised from the baseline.

Th draocaon ot o et qoint axloa o £, hla ¢t ebanacitran—af-charaoctarc o 1 t it
G=SeCohaTeasoh— o CX P St P T acH P S Prererat et p oSO or—Cratracters—5— s

generally better reflects the intended mathematical structure. For example,

<mgup>
qmrow><mo> (</mo><mrow><mi>f</mi><mo>+</mo><mi>g</mi></mrow><mo>)</fmo></mrpw>
dmo>&#x2032; <! -PRIME-></mo>
</nsup>

accprately reflects that the prime here is operating on an entire expression, afnid does not suggest fhat
the|prime is acting on the final right parenthesis.
Howwever, the data model for all MathML token elements is Unicode/text, so one cannot rule out|the
posgibility of valid MathML markup containing constructions such¢as
<mfow><mi>x’</mi></mrow>

and
<mgow><mi>x</mi><mo>’</mo></mrow>
While the first form may, in some rare situations, legitmately be used to distinguish a multi-charafter
ideptifer named x” from the derivative of a functiofi X, such forms should generally be avoided. Autlor-
ing|and validation tools are encouraged to genetate the recommended script markup:
<mgow><msup><mi>x</mi><mo>&#x2032}<! --PRIME--></mo></msup></mrow>

Th¢ U+2032 [PRIME] character is perliaps the most common pseudo-script, but there are many othgrs,
as listed below:
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Pseudo-script Characters

U+0022 QUOTATION MARK

U+0027 APOSTROPHE

U+002A ASTERISK

U+0060 GRAVE ACCENT

U+00AA FEMININE ORDINAL INDICATOR
U+00B0O DEGREE SIGN

U+00B2 SUPERSCRIPT TWO

U+00B3 SUPERSCRIPT THREE

U+poB# ACUTEACCENT

U+p0OB9 SUPERSCRIPT ONE

U+pOBA MASCULINE ORDINAL INDICATOR
U+p018 LEFT SINGLE QUOTATION MARK
U+p019 RIGHT SINGLE QUOTATION MARK
U+PRO1A SINGLE LOW-9 QUOTATION MARK
U+p01B SINGLE HIGH-REVERSED-9/QUOTATION MARK
U+p01C LEFT DOUBLE QUOTATION MARK
U+R01D RIGHT DOUBLE QUOTATION MARK
U+RO1E DOUBLE LOW-9 QUOTATION MARK
U+pO1F DOUBLE HIGH-REYERSED-9 QUOTATION MARK
U+p032 PRIME

U+p033 DOUBLE PRIME

U+p034 TRIPLE PRIME

U+p035 REVERSED PRIME

U+p036 REVERSED DOUBLE PRIME

U+p037 REVERSED TRIPLE PRIME

U+p057 QUADRUPLE PRIME

In fddition, the characters in the Unicode ‘Superscript and Subscript block (beginning at U+2(70)
should be treated as pseudo-scripts whew'they appear in mathematical formulas.

Nofe that several of these charaeters are common on keyboards, including U+002A [ASTERISK],
U+pOBO [DEGREE SIGN], U+2033 [DOUBLE PRIME], and U+2035 [REVERSED PRIME] §lso
kndwn as a back prime.

7.713 Combining’Characters

In the UCS ther€ are many combining characters that are intended to be used for the many accentp of
nurherous different natural languages. Some of them may seem to provide markup needed for mathe-
mafical aceents. They should not be used in mathematical markup. Superscript, subscript, undersctipt,
and overscript constructions as just discussed above should be used for this purpose. Of course, cpm-
bining characters may be used in multi-character identifiers as they are needed, or in text contexts.

There is one more case where combining characters turn up naturally in mathematical markup. Some
relations have associated negations, such as U+226F [NOT GREATER-THAN] for the negation of
U+003E [GREATER-THAN SIGN]. The glyph for U+226F [NOT GREATER-THAN] is usually just
that for U+003E [GREATER-THAN SIGN] with a slash through it. Thus it could also be expressed by
U+003E-0338 making use of the combining slash U+0338 [COMBINING LONG SOLIDUS OVER-
LAY]. That is true of 25 other characters in common enough mathematical use to merit their own Uni-
code code points. In the other direction there are 31 character entity names listed in [Entities] which
are to be expressed using U+0338 [COMBINING LONG SOLIDUS OVERLAY].
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In a similar way there are mathematical characters which have negations given by a vertical bar overlay
U+20D2 [COMBINING LONG VERTICAL LINE OVERLAY]. Some are available in pre-composed
forms, and some named character entities are given explicitly as combinations. In addition there are ex-
amples using U+0333 [COMBINING DOUBLE LOW LINE] and U+20E5 [COMBINING REVERSE
SOLIDUS OVERLAY], and variants specified by use of the U+FEOO [VARIATION SELECTOR-1].
For fuller listing of these cases see the listings in [Entities].

The general rule is that a base character followed by a string of combining characters should be treated
just as though it were the pre-composed character that results from the combination, if such a character
exists
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Parsing MathML

A.] Use of MathML as Well-Formed XML

A MathML document must be a well-formed XML document using elements in theyMathML nanpes-
pacg as defined by this specification, however it is not required that the document'refer to any spedific
Dogument Type Definition (DTD) or schema that specifies MathML. It is sofnetimes advantageous|not
to gpecify such a language definition as these files are large, often much-larger than the MathML [ex-
prepsion and unless they have been previously cached by the MathMI~application, the time takep to
fetdh the DTD or schema may have an appreciable effect on the précessing of the MathML document.

Nofe that if no DTD is specified with a DOCTYPE declaration, that entity references (for exanjple
efer to MathML characters by name) may not be usedy"The document should be encoded ir] an
encpding (for example UTF-8) in which all needed characters may be encoded as character dataf or
acters may be referenced using numeric charactec seferences, for example &#x222B; rather than

MathML fragment is parsed without a DTD, in other words as a well-formed XML fragment, |t is
the[responsibility of the processing applicdtion to treat the white space characters occurring outsid¢ of

Hoyever, in many circumstances, especially while producing or editing MathML, it is useful to ufe a
language definition to constraimr the editing process or to check the correctness of generated files. [The
owing section, Section A.2, discusses the RelaxXNG Schema for MathML3 [RELAX-NG], which
forins a normative part of-the specification. Following that, Section A.4, and Section A.3 discusq al-
terrjative languages definition using the document type definitions (DTD) and the W3C XML sch¢ma
language, [ XMLS¢heémas], both of which are derived from the normative RelaxNG schema autorhat-
ically. One shouldinote that the schema definitions of the language is currently stricter than the D TD
verpion. Thaf 1§,"a schema validating processor will declare invalid documents that are declared vhlid

by } ay
expres$ additional constraints not expressable in the DTD, and partly due to the fact that for reagons
of ¢ampatibili vith earlier release he DTD is intentiona oroivine in some places and doeslnot

enforce constraints that are specified in the text of this specification.

A2 Using the RelaxNG Schema for MathML3

MathML documents should be validated using the RelaxNG Schema for MathML, either in the XML
encoding (http://www.w3.org/Math/RelaxNG/mathml3/mathml3.rng) or in compact notation
(http://www.w3.org/Math/RelaxNG/mathml3/mathml3.rnc) which is also shown below.

In contrast to DTDs there is no in-document method to associate a RelaxNG schema with a document.

308
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We provide five RelaxNG schema for MathML3 in five parts:

The grammar for full MathML

The grammar for elements common to Content and Presentation
The grammar for Presentation MathML

The grammar for Strict Content MathML

The grammar for Content MathML3

A2.1 Full MathML

The¢ RelaxNG schema for full MathML builds on the schema describing the various parts of the |an-
gugge which are given in the following sections. It can be found at http://www.w3.org/Math/
RelaxNG/mathml3/mathml3.rnc.

# This is the Mathematical Markup Language (MathML) 3.0, an XML

# application for describing mathematical notation and captuxring

# both its structure and content.

#

# Copyright 1998-2010 W3C (MIT, ERCIM, Keio)

#

# Use and distribution of this code are permitted\under the terms

# W3C Software Notice and License

# http://www.w3.org/Consortium/Legal/2002/copyright-software-20021231

default namespace m = "http://www.w3.org/1998/Math/MathML"

## |Content MathML
indlude "mathml3-content.rnc"

## |Presentation MathML
in¢lude "mathml3-presentation.rnc"

## |math and semantics common to both Content and Presentation
in¢lude "mathml3-cemmon.rnc"

A2 Elements Common to Presentation and Content MathML

# This is the Mathematical Markup Language (MathML) 3.0, an XML

# a.yyli\.atiuu fUJ. dCDL/J. J'.bj.lls ulathculati\,al u.uta.tiuu. GJ.J.d \,ayt\.u. J..J.].B

# both its structure and content.

#

# Copyright 1998-2014 W3C (MIT, ERCIM, Keio, Beihang)

#

# Use and distribution of this code are permitted under the terms

# W3C Software Notice and License

# http://www.w3.org/Consortium/Legal/2002/copyright-software-20021231
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default namespace m = "http://www.w3.org/1998/Math/MathML"
namespace local = ""

start = math

math = element {math} {math.attributes,MathExpression*}
MathExpression = semantics

NonMathMLAtt = attribute {(x - (local:*|m:*)}) {xsd:string}

CogmonDeprecatedAtt = attribute {other} {text}?

CommonAtt = attribute {id} {xsd:ID}7,
attribute {xref} {text}?,
attribute {class} {xsd:NMTOKENS}?7,
attribute {style} {xsd:string}?,
attribute {href} {xsd:anyURI}?,
CommonDeprecatedAtt,

NonMathMLAtt*

mafh.attributes = CommonAtt,

attribute {display} {"block". [<"inline"}7,

attribute {maxwidth} {length}?,

attribute {overflow} {"limebreak" | "scroll" | "elide" |
"truncate" | "scale"}7?,

attribute {altimgl} {xsd:anyURI}?,

attribute {altimgk~width {length}?,

attribute {altimg}-height {length}?,

attribute {alitimg}-valign {length | "top" | "middle" |
"bottom"}7?,

attribute-Aqalttext} {text}?,

attribute {cdgroup} {xsd:anyURI}?,

math)deprecatedattributes

# the mathml3spresentation schema adds additional attributes
# fo the math element, all those valid on mstyle

math deprecatedattributes = attribute {mode} {xsd:stringl}?,
attribute {macros} {xsd:string}?

name = attribute {name} {xsd:NCName}
cd = attribute {cd} {xsd:NCName}

src = attribute {src} {xsd:anyURI}?
annotation = element {annotation} {annotation.attributes,text}

annotation-xml.model = (MathExpression|anyElement)*

© ISO/IEC 2016 — All rights reserved


https://iecnorm.com/api/?name=b1f67f221c3e9728efa6b4f62cc7373f

ISO/IEC 40314:2016(E)

A.2. Using the RelaxNG Schema for MathML3 311

anyElement = element (* - m:*) {(attribute * {text}|text| anyElement)x*}

annotation-xml = element {annotation}-xml {annotation.attributes,
annotation-xml.model}
annotation.attributes = CommonAtt,
cd?,
name?,
DefEncAtt,
STC?

DefEncAtt

attribute {encoding} {xsd:stringl}?,
attribute {definitionURL} {xsd:anyURI}?

senjantics = element {semantics} {semantics.attributes,
MathExpression,
(annotation|annotation-xml) ¥
senantics.attributes = CommonAtt,DefEncAtt,cd?,name?

lefgth = xsd:string {
pattern = ’\s*((-7[0-9]1*([0-9]\.7I\.[0-9]) [0-9]* (e [mx] |in|cm|mm|p[xtc] %)) |
(negative)?((very){0,2}thi(n|ck) Imedium)mathspace) \s*’

+

A.23 The Grammar for Presentation MathML

# This is the Mathematical Markup Language (MathML) 3.0, an XML

# application(for describing mathematical notation and capturing
# both its_structure and content.

#

# Copyright 1998-2014 W3C (MIT, ERCIM, Keio, Beihang)

#

# Use and distribution of this code are permitted under the terms
# W3C Software Notice and License

# http://wuw.w3.org/Consortium/Legal/2002/copyright-software-20021231

default namespace m = "http://www.w3.org/1998/Math/MathML"
MathExpression |= PresentationExpression
ImpliedMrow = MathExpression*

TableRowExpression = mtr|mlabeledtr
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TableCellExpression = mtd

MstackExpression = MathExpression|mscarries|msline|msrow|msgroup
MsrowExpression = MathExpression|none

MultiScriptExpression = (MathExpression|none), (MathExpression|none)

mpadded-length = xsd:string {

Appendix A. Parsing MathML

!
width)?) |e[mx] |inlcm|mm|p[xtc] | ((negative)?((very){0,2}thi(n]|
medium)mathspace))?)\s*’ }

lifgestyle = "none" | "solid" | "dashed"

verticalalign
Iltopll |
"bottom"

"center"

"baseline"
IlaXiS n

columnalignstyle = "left" | "center" | "right"

"actuarial"

notationstyle
"longdiv"
|
"radical"
I
"roundedbox"
"circle" |
"left" |
"right" |
"top" |
"bottom" |
"updiagonalstrike" |
"downdiagonalstrike"
"verkticalstrike" |
"horizontalstrike"
madruwb"

"bOX"

attern = “\S*¥([\T\=]LU=91*(CLO=9T\. 7T\, [U=9]) L0=9*\s*x( (/L r\s*(helght|dep

hi
ck) |

text
unsigned-integer
integer

idref

xsd:unsignedLong
xsd:integer

number xsd:decimal

character
pattern

xsd:string {

’\s*\S\s*’}

color

xsd:string {
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pattern = ’\s*((#[0-9a-fA-F]{3}([0-9a-fA-F1{3})?) | [aA] [qQ] [uU] [aA] |
[bB] [1L] [aA] [cC] [kK] | [bB] [1L] [uU] [eE] | [£F] [uU] [cC] [hH] [sS] [iI] [aAll
[gG] [rR] [aA] [yY] | [gG] [xR] [eE] [eE] [nN] | [1L] [iI] [mM] [eE] |
[mM] [aA] [xR] [00] [00] [nN] | [nN] [aA] [vV] [yY] | [00] [1L] [iI] [vV] [eE] |
(pP] [uU] [rR] [pP] [1L] [eE] | [rR] [eE] [dD] | [sS] [iI] [1L] [vV] [eE] [rR] |
[(tT] [eE] [aA] [1L] | [wW] [hH] [iI] [tT] [eE] | [yY] [eE] [1L] [1L] [00] [wW])\s*’}

group-alignment = "left" | "center" | "right" | "decimalpoint"

grqup-alignment-1ist = I11st {group-alignmenttr

grqup-alignment-list-list = xsd:string {

attern = ’> (\s*\{\s*x(left|center|right|decimalpoint) (\s+(left|center|xrigh
decimalpoint))*\})*\s*’ }

itive-integer = xsd:positivelnteger

Lt

0

po

TofenExpression = mi|mn|mo|mtext|mspace|ms
to}fen.content = mglyph|malignmark|text

mi [= element {mi} {mi.attributes, token.contentx}
mijattributes =

ommonAtt,

ommonPresAtt,

okenAtt

_—l OO

mn [= element {mn} {mn.attributesj\token.content*}
mn {attributes =

ommonAtt,

ommonPresAtt,

okenAtt

OO

mo |= element {mo} {mo.attributes, token.contentx*}
mo Jattributest=

(GommonAtt,

(ommonPresAtt,

TokenAtt,

dttribute {form} {"prefix" | "infix" | "postfix"}7,
attribute {fence} {"true" | "false"}?,

attribute {separator} {"true" | "false"}7?,

attribute {lspace} {length}?,

attribute {rspace} {length}?,

attribute {stretchy} {"true" | "false"}?,
attribute {symmetric} {"true" | "false"}7,
attribute {maxsize} {length | "infinity"}?,
attribute {minsize} {length}?,

attribute {largeop} {"true" | "false"}?,
attribute {movablelimits} {"true" | "false"}7,
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attribute {accent} {"true" | "false"}7?,
attribute {linebreak} {"auto" | "newline" | "nobreak" | "goodbreak" |

"badbreak"}?,
attribute {lineleading} {length}?,
attribute {linebreakstyle} {"before" | "after" | "duplicate" |
"infixlinebreakstyle"}?,
attribute {linebreakmultchar} {text}?,
attribute {indentalign} {"left" | "center" | "right" | "auto" | "id"}7,
attribute {indentshift} {length}?,
dttribute {indenttarget) {idreirr,
qttribute {indentalignfirst} {"left" | "center" | "right" | "auto" | "@d"||
"indentalign"}7?,
gqttribute {indentshiftfirst} {length | "indentshift"}?,
dqttribute {indentalignlast} {"left" | "center" | "right" | "auto!“| "id"
"indentalign"}7?,
qttribute {indentshiftlast} {length | "indentshift"}?

mtgxt = element {mtext} {mtext.attributes, token.contemt*}
mtgxt.attributes =

(GommonAtt,

(GommonPresAtt,

TokenAtt

mspace = element {mspace} {mspace.attributes, empty}
mspace.attributes =

(ommonAtt,

(ommonPresAtt,

TokenAtt,

gqttribute {width} {length}7,

gttribute {height} {lemgth}?,

gqttribute {depth} {length}?,

qttribute {linebreak} {"auto" | "newline" | "nobreak" | "goodbreak" |
"badbreak!)| "indentingnewline"}7,
dttribute {%ndentalign} {"left" | "center" | "right" | "auto" | "id"}7,

dttributes{indentshift} {lengthl}?,
qttribute” {indenttarget} {idref}?,
qttribute {indentalignfirst} {"left" | "center" | "right" | "auto" | "id"||
"indentalign"}?,

attribute {indentshiftfirst} {length | "indentshift"}?,
attribute {indentalignlast} {"left" | "center" | "right" | "auto" | "id" |

"indentalign"}7,
attribute {indentshiftlast} {length | "indentshift"}?

ms = element {ms} {ms.attributes, token.contentx}
ms.attributes =

CommonAtt,

CommonPresAtt,
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TokenAtt,
attribute {lquote} {text}?,
attribute {rquote} {text}?

mglyph = element {mglyph} {mglyph.attributes,mglyph.deprecatedattributes,
emptyl}
mglyph.attributes =
CommonAtt, CommonPresAtt,
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dttribute {srcr {xsd:anyURI}7,
gttribute {width} {length}?,
gttribute {height} {length}?,
gttribute {valign} {length}?,
gqttribute {alt} {text}?
mglyph.deprecatedattributes =
qttribute {index} {integer}?,

dttribute {mathvariant} {"normal" | "bold" | "italic" |.%beld-italic" |
"double-struck" | "bold-fraktur" | "script" | "bold-script" |
"fraktur" | "sans-serif" | "bold-sans-serif" |“"sans-serif-italic"
"sans-serif-bold-italic" | "monospace" | "initial" | "tailed" |
"looped" | "stretched"}?,

gttribute {mathsize} {"small" | "normal" | “big" | lengthl}?,

DeprecatedTokenAtt

msline = element {msline} {msline.attributes,emptyl}

msline.attributes =

(GommonAtt, CommonPresAtt,

dttribute {position} {integer}?;

qttribute {length} {unsignedcinteger}?,

gqttribute {leftoverhang} {lengthl}?,

gqttribute {rightoverhang}’/{length}?,

gqttribute {mslinethickness} {length | "thin" | "medium" | "thick"}?

noge = element {néne} {none.attributes,empty}
noye.attributes ‘=

GommonAtt,

GommonPresAtt

mpyescripts = element {mprescripts} {mprescripts.attributes,empty}
mpfescripts.attributes =

CommonAtt,
CommonPresAtt

CommonPresAtt =
attribute {mathcolor} {color}?,
attribute {mathbackground} {color | "transparent"}?

TokenAtt =
attribute {mathvariant} {"normal" | "bold" | "italic" | "bold-italic" |

© ISO/IEC 2016 — All rights reserved


https://iecnorm.com/api/?name=b1f67f221c3e9728efa6b4f62cc7373f

ISO/IEC 40314:2016(E)

316 Appendix A. Parsing MathML
"double-struck" | "bold-fraktur" | "script" | "bold-script" |
"fraktur" | "sans-serif" | "bold-sans-serif" | "sans-serif-italic" |
"sans-serif-bold-italic" | "monospace" | "initial" | "tailed" |
"looped" | "stretched"}?,

attribute {mathsize} {"small" | "normal" | "big" | length}?,
attribute {dir} {"ltr" | "rtl"}7?,
DeprecatedTokenAtt
DeprecatedTokenAtt =
4qttribute rontlfamllyr 1TeXtr?’,
qttribute {fontweight} {"normal" | "bold"}7,
gttribute {fontstyle} {"normal" | "italic"}?,

gttribute {fontsize} {length}?,

gttribute {color} {color}?,

gqttribute {background} {color | "transparent"}?
MalignExpression = maligngroup|malignmark

malignmark = element {malignmark} {malignmark.attribute€s, empty}
malignmark.attributes =

(GommonAtt, CommonPresAtt,
gqttribute {edge} {"left" | "right"}?

maligngroup = element {maligngroup} {maligngroup.attributes, empty}
maligngroup.attributes =
(GommonAtt, CommonPresAtt,

PrgsentationExpression = 'TokenExpression|MalignExpression|

mphantom |

munderoven|

mrqw\="element {mrow} {mrow.attributes, MathExpression*}

dttribute {groupalign} {"left"\}™"center" | "right" | "decimalpoint"}?

mrow |mfrac|msqrt |mroot |mstyle |merror |mpadded|
mfenced|menclose|msub|msup |msubsup |munder |mover|

mnultiscripts|mtable|mstack|mlongdiv|maction

mrow.attributes =
CommonAtt, CommonPresAtt,
attribute {dir} {"1ltr" | "rtl"}?

mfrac = element {mfrac} {mfrac.attributes, MathExpression, MathExpression}

mfrac.attributes =
CommonAtt, CommonPresAtt,
attribute {linethickness} {length | "thin" | "medium" | "thick"}?
attribute {numalign} {"left" | "center" | "right"}7?,

B
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attribute {denomalign} {"left" | "center" | "right"}7,
attribute {bevelled} {"true" | "false"}7

msqrt = element {msqrt} {msqrt.attributes, ImpliedMrow}
msqrt.attributes =
CommonAtt, CommonPresAtt

mrdot = element {mroo mMroot.attributes, Ma Xpression, Ma Xpression
mrqot.attributes =
(GommonAtt, CommonPresAtt

mstyle = element {mstyle} {mstyle.attributes, ImpliedMrow}
mstyle.attributes =

(ommonAtt, CommonPresAtt,

nstyle.specificattributes,

nstyle.generalattributes,

nstyle.deprecatedattributes

msfyle.specificattributes =

gqttribute {scriptlevel} {integer}?,

dqttribute {displaystyle} {"true" | "false{'}?,

gqttribute {scriptsizemultiplier} {number}?,

qttribute {scriptminsize} {length}7%

dttribute {infixlinebreakstyle} {"before" | "after" | "duplicate"}7,
dttribute {decimalpoint} {character}?

msfyle.generalattributes =

gqttribute {accent} {"true” | "false"}7?,

dttribute {accentunder} {"true" | "false"}7,

gqttribute {align} {Uleft" | "right" | "center"}7,

dttribute {alighimentscope} {list {("true" | "false") +}}7,
dttribute {bevelled} {"true" | "false"}7,

dttribute {charalign} {"left" | "center" | "right"}?,
gqttributes{charspacing} {length | "loose" | "medium" | "tight"}?,

qttribute” {close} {text}?,

gqttribute {columnalign} {list {columnalignstyle+} }7,
gttribute {columnlines} {list {linestyle +}}7,

attribute {columnspacing} {list {(length) +}1}7,

attribute {columnspan} {positive-integer}?,

attribute {columnwidth} {list {("auto" | length | "fit") +}1}7,

attribute {crossout} {list {("none" | "updiagonalstrike" |
"downdiagonalstrike" | "verticalstrike" | "horizontalstrike")*}}7,

attribute {denomalign} {"left" | "center" | "right"}7,

attribute {depth} {length}?,

attribute {dir} {"ltr" | "rtl"}7?,

attribute {edge} {"left" | "right"}7?,

attribute {equalcolumns} {"true" | "false"}7,
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attribute {equalrows} {"true" | "false"}7,
attribute {fence} {"true" | "false"}7,
attribute {form} {"prefix" | "infix" | "postfix"}7,

attribute {frame} {linestyle}?,

attribute {framespacing} {list {length, length}}?,
attribute {groupalign} {group-alignment-list-list}?,
attribute {height} {length}?,

attribute {indentalign} {"left" | "center" | "right" | "auto" | "id"}7,

attribute {indentalignfirst} {"left" | "center" | "right" | "auto" | "id" |
mindentalign "y 7,

gttribute {indentalignlast} {"left" | "center" | "right" | "auto" | "id"

"indentalign"}7?,

gqttribute {indentshift} {length}?,

gqttribute {indentshiftfirst} {length | "indentshift"}?,
gqttribute {indentshiftlast} {length | "indentshift"}7,
dttribute {indenttarget} {idref}?,

dttribute {largeop} {"true" | "false"}7,

dttribute {leftoverhang} {length}?,

dttribute {length} {unsigned-integer}?,

qttribute {linebreak} {"auto" | "newline" | "nobréak" | "goodbreak" |
"badbreak"}?,

gttribute {linebreakmultchar} {text}?,

gqttribute {linebreakstyle} {"before" | "aftér" | "duplicate" |
"infixlinebreakstyle"}?,

qttribute {lineleading} {length}?,

dttribute {linethickness} {length [*“thin" | "medium" | "thick"}?,

qttribute {location} {"w" | "nw".E*"'n" | "ne" | "e" | "se" | "s" | "sw"}?

dttribute {longdivstyle} {"lefttop" | "stackedrightright" |
"mediumstackedrightrighty | "shortstackedrightright" | "righttop" |
"left/\right" | "leftD.(right" | ":right=right" | "stackedleftleft" |

"stackedleftlinetop!¥?,
gttribute {lquote} {textl}?,
gttribute {lspace}‘{length}?,

qttribute {mathgize} {"small" | "normal" | "big" | lengthl}?,

dttribute {mathvariant} {"normal" | "bold" | "italic" | "bold-italic" |
"double=struck" | "bold-fraktur" | "script" | "bold-script" |
"fraktur" | "sans-serif" | "bold-sans-serif" | "sans-serif-italic" |
'sans-serif-bold-italic" | "monospace" | "initial" | "tailed" |
"Looped" | "stretched"}?,

gttribute {maxsize} {length | "infinity"}7?,
attribute {minlabelspacing} {length}?,
attribute {minsize} {length}?,

attribute {movablelimits} {"true" | "false"}7,

attribute {mslinethickness} {length | "thin" | "medium" | "thick"}7,
attribute {notation} {text}?,

attribute {numalign} {"left" | "center" | "right"}7,

attribute {open} {text}?,

attribute {position} {integerl}?,

attribute {rightoverhang} {length}?,

attribute {rowalign} {list {verticalalign+} 1}7,
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attribute {rowlines} {list {linestyle +}}7,
attribute {rowspacing} {list {(length) +}}7,
attribute {rowspan} {positive-integer}?,
attribute {rquote} {textl}?,

attribute {rspace} {length}?,

attribute {selection} {positive-integer}?,
attribute {separator} {"true" | "false"}7,
attribute {separators} {text}?,

attribute {shift} {integer}?,

ISO/IEC 40314:2016(E)
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gqttribute {subscriptshift} {lengthl}?,
dttribute {superscriptshift} {length}?,
dqttribute {symmetric} {"true" | "false"}7?,
qttribute {valign} {length}?,

qttribute {width} {length}?

msfyle.deprecatedattributes =
DeprecatedTokenAtt,

gqttribute {veryverythinmathspace} {length}?,
gqttribute {verythinmathspace} {lengthl}?,
gttribute {thinmathspace} {length}?,
gqttribute {mediummathspace} {length}?,
qttribute {thickmathspace} {lengthl}?,
dttribute {verythickmathspace} {length}?,
dttribute {veryverythickmathspacek*{length}?

mafh.attributes &= CommonPresAtt
math.attributes &= mstyle.specificattributes
math.attributes &= mstyle.generalattributes

mexror = element {merror} {merror.attributes, ImpliedMrow}

mexqror.attributes =
(ommonAtt, CommonPresAtt

gitribute isidey 1 leIt” | "right” | "lerItoverlap” | "rightoverlap r¥,
dttribute {stackalign} {"left" | "center" | "right" | "decimalpoint"}?)
dttribute {stretchy} {"true" | "false"}7,

mpadded = element {mpadded} {mpadded.attributes, ImpliedMrow}

mpadded.attributes =
CommonAtt, CommonPresAtt,
attribute {height} {mpadded-length}?,
attribute {depth} {mpadded-length}?,
attribute {width} {mpadded-length}?,
attribute {lspace} {mpadded-length}?,
attribute {voffset} {mpadded-length}?
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mphantom = element {mphantom} {mphantom.attributes, ImpliedMrow}
mphantom.attributes =
CommonAtt, CommonPresAtt

mfenced = element {mfenced} {mfenced.attributes, MathExpression*}
mfenced.attributes =
CommonAtt, CommonPresAtt,
attribute {open} {text}?,
gqttribute {1closer 1tTextr’,
dttribute {separators} {text}?

mefclose = element {menclose} {menclose.attributes, ImpliedMrow}
menjclose.attributes =

(ommonAtt, CommonPresAtt,

qttribute {notation} {text}?

msyb = element {msub} {msub.attributes, MathExpression, MathExpression}
msyb.attributes =

(GommonAtt, CommonPresAtt,

gqttribute {subscriptshift} {length}?

msyp = element {msup} {msup.attributes) MathExpression, MathExpression}
msyp.attributes =

(ommonAtt, CommonPresAtt,

gqttribute {superscriptshift}({length}?

msybsup = element {msubsup} {msubsup.attributes, MathExpression,
MathExpressiony, MathExpression}

msybsup.attributes =

(GommonAtt, CommonPresAtt,

dttribute {subscriptshift} {length}?,
dttribute\{superscriptshift} {length}?

muijder” = element {munder} {munder.attributes, MathExpression, MathExpressiom}
munder.attributes =

CommonAtt, CommonPresAtt,

attribute {accentunder} {"true" | "false"}?,

attribute {align} {"left" | "right" | "center"}?

mover = element {mover} {mover.attributes, MathExpression, MathExpression}
mover.attributes =

CommonAtt, CommonPresAtt,

attribute {accent} {"true" | "false"}7,
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attribute {align} {"left" | "right" | "center"}?

munderover = element {munderover} {munderover.attributes, MathExpression,

MathExpression, MathExpression}

munderover.attributes =

CommonAtt, CommonPresAtt,
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attribute {accent} {"true" | "false"}7,
attribute {accentunder} {"true" | "false"}?,
gqttribute 1aligns 1"1lert” | "right™ | "center"rr

mmyltiscripts = element {mmultiscripts} {mmultiscripts.attributes,

MathExpression,MultiScriptExpression#, (mprescripts,
MultiScriptExpression*)?}

mmyltiscripts.attributes =

nsubsup.attributes

mtgdble = element {mtable} {mtable.attributes, TableRowExpressionx}

gble.attributes =

(GommonAtt, CommonPresAtt,

gttribute {align} {xsd:string {

pattern =’\s*(top|bottom|center|baseldne|axis) (\s+-7[0-9]+)?\s*’}}7,
dttribute {rowalign} {list {verticalalign+} }7,

qttribute {columnalign} {list {columnalignstyle+} }7,
dttribute {groupalign} {group-alignment-list-1list}?,

dttribute {alignmentscope} {list{("true" | "false") +}}7,
qttribute {columnwidth} {lisf){("auto" | length | "fit") +}3}7,
gttribute {width} {"auto'\[. lengthl}?,

gqttribute {rowspacing} {list {(length) +}}7,

gttribute {columnspacing} {list {(length) +}1}7,

gttribute {rowlines} {list {linestyle +}1}7,

qttribute {columnlines} {list {linestyle +}}7,

qttribute {frame} {linestyle}?,

dttribute {frnamespacing} {list {length, length}}?,

dttributes{equalrows} {"true" | "false"}7?,

gqttribute” {equalcolumns} {"true" | "false"}7?,

gqttribute {displaystyle} {"true" | "false"}7?,

qttribute {side} {"left" | "right" | "leftoverlap" | "rightoverlap"}?,

attribute {minlabelspacing} {length}?

mlabeledtr = element {mlabeledtr} {mlabeledtr.attributes,

TableCellExpression+}

mlabeledtr.attributes =

mtr.attributes

mtr = element {mtr} {mtr.attributes, TableCellExpression*}
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mtr.attributes =
CommonAtt, CommonPresAtt,
attribute {rowalign} {"top" | "bottom" | "center" | "baseline" | "axis"}7,
attribute {columnalign} {list {columnalignstyle+} }7,
attribute {groupalign} {group-alignment-list-1list}?

mtd = element {mtd} {mtd.attributes, ImpliedMrow}

mtd.attributes =

(ommonAtt, CommonPresAtt,

gqttribute {rowspan} {positive-integerl}?,

gqttribute {columnspan} {positive-integer}?,

gqttribute {rowalign} {"top" | "bottom" | "center" | "baseline" | "axis"1}?
gttribute {columnalign} {columnalignstyle}?,

dqttribute {groupalign} {group-alignment-1list}?

msfack = element {mstack} {mstack.attributes, MstackExpfession*}
mstack.attributes =

(ommonAtt, CommonPresAtt,

gttribute {align} {xsd:string {

pattern =’\s*(top|bottom|center|baseline|akis) (\s+-7[0-9]1+)7\s*’}}7,

dqttribute {stackalign} {"left" | "center".[<"right" | "decimalpoint"}?7,
gttribute {charalign} {"left" | "center\ ' "right"}?,
dttribute {charspacing} {length | "logse" | "medium" | "tight"}?

mlgngdiv = element {mlongdiv} {mlorngdiv.attributes, MstackExpression,
MstackExpression,MstackEgpression+}

mlgngdiv.attributes =

nsgroup.attributes,

gqttribute {longdivstyle} {"lefttop" | "stackedrightright" |
"mediumstackedxightright" | "shortstackedrightright" | "righttop" |
"left/\righty" | "left) (right" | ":right=right" | "stackedleftleft" |

"stackedleftlinetop"}?

msgroup «=>&lement {msgroup} {msgroup.attributes, MstackExpression*}
msgroup.attributes =

(GommonAtt, CommonPresAtt,

attribute {position} {integer}?,

attribute {shift} {integer}?

msrow = element {msrow} {msrow.attributes, MsrowExpression*}
msrow.attributes =

CommonAtt, CommonPresAtt,

attribute {position} {integer}?
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mscarries = element {mscarries} {mscarries.attributes, (MsrowExpression|
mscarry)*}
mscarries.attributes =
CommonAtt, CommonPresAtt,
attribute {position} {integer}?,

attribute {location} {”W" | "HW" I unu | nnen | neu | useu | "S" I "SW"}?,
attribute {crossout} {list {("none" | "updiagonalstrike" |
"downdiagonalstrike" | "verticalstrike" | "horizontalstrike")*}1}7,

attribute {scriptsizemultiplier} {number}?

msdarry = element {mscarry} {mscarry.attributes, MsrowExpressionx}
ms¢arry.attributes =
(GommonAtt, CommonPresAtt,

ettribute {location} {"W" | "HW" I "H" | nnen | neu | useu | usn I "SW"}?
dttribute {crossout} {list {("none" | "updiagonalstrike" |
"downdiagonalstrike" | "verticalstrike" | "horizontalstrike")*}1}7

magtion = element {maction} {maction.attributes, MathExpression+}
ma¢tion.attributes =

(GommonAtt, CommonPresAtt,

gqttribute {actiontype} {text},

gqttribute {selection} {positive-integer}?

A24 The Grammar for Strict Content MathM1L3

Th¢ grammar for Strict Content MdthML3 can be found at http://www.w3.org/Math/RelaxNG/
mathml3/mathml3-strict-content.rnc

This is the Mathematical Markup Language (MathML) 3.0, an XML
application fer\‘describing mathematical notation and capturing
both its structure and content.

Copyright' 1998-2014 W3C (MIT, ERCIM, Keio, Beihang)
Use~and distribution of this code are permitted under the terms

W3C Software Notice and License
hitp://uww.wl.org/Consortinm/legal /2002/copyright-software-20021231

H OH OH B H HF H K H®

default namespace m = "http://www.w3.org/1998/Math/MathML"

ContExp = semantics-contexp | cn | ci | csymbol | apply | bind | share |
cerror | cbytes | cs

cn = element {cn} {cn.attributes,cn.content}
cn.content = text
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